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§1 MOTIVATION

The following quote is a piece of the celebrated and classical work of Harry Furstenberg
53, Noncommuting random products, Trans. AMS, 1963]

Let Xj,..., X, be a sequence of independent real valued random variables with
a common distribution function F(x), and consider the sums X; + X5 + ... + Xj,.
A fundamental theorem of classical probability theory is the strong law of large
numbers which asserts that with probability one, X; + X + ... + X, ~ n {xdF(x),
provided that { |x|dF(x) is finite. It is natural to inquire whether there exist laws
governing the asymptotic behavior of products X, X;_1...X;, where the X; are
now identically distributed independent random variables with values in an arbi-
trary group.

Let us rewrite this inquiry from the point of view of the ergodic theory. Consider (Q, i)
a probability space, T: () ©©O a measure preserving transformation, and G a group (or semi-
group) non-necessarily commutative. Given a function g: () — G, we can define, for each
n e N and w € ), the following Birkhoff products:

—

. -1 . -1
& (W) = gw)g(Tw)...g(T""w) and ¢ ,(w):=g(T" w)...8(Tw)g(w).
*This is lectures notes of the satellite seminar for the minicourse: Hyperbolic groups and Martin boundaries given
by Manuel Stadlbauer in the summer program of the Institute of Mathematics of UFR], February 2023.

fWe are thankful to professor Katrin Gelfert for the review of this text and the patience to listen to our
preparations talk. We will also be thankful for any corrections that the reader can tell us.




The map g : IN x Q — G (resp. ‘q) is called right cocycle on G (resp. left cocycle). In fact, these
maps satisfy the respective cocycle identities, that is,

?m-&-n(w) = ?m(w)?n(’rm_lw) and <g_m+n(w) = ?n(Tm_l(‘J)gm(w) (11)

A classical situation occurs when G = (IR, +). In this case, if g: 3 — R is integrable,
Birkhoff proved in the 30’s that

1_, 1. 1 ol
. g, (w) = . g, (w) = . Z goTw Liman fg(w)dy(w), for p-a.e. we Q.
j=0

It is instructive to compare this result with the strong law of large numbers in the probability
theory, as it was written in the quote above. The map (1, w) — gu(w) = g(w) + ...+ g(T" 'w)
is called an additive cocycle. Kingman made an important generalization of this result in the
60’s. A function f: N x Q) — R, (n,w) — f,(w) is called a subadditive cocycle with respect to
T: () ©Oif forevery w e Qand m,n e N

frin(@) < fun(w) + fu(T"  w). (1.2)

Theorem 1.1 ([Kin68]). Consider a subaddtive cocycle f: IN x () — R and assume that T is ergodic.
If fu: Q — R is measurable for each n € N and f{" is integrable, then there exists ¢ > —o such that

ful@) nooo,

. ¢, for p-almost w € Q).

Moreover, ¢ = inf, 1§ f,dy.

Our main goal in this note is to understand to what extend these results. In particular, we
prove a theorem due A. Karlsson and G. Margulis which provides a deep and elegant result
for the asymptotic behavior of the Birkhoff Products in some nice group actions which applies
to many different situations. Also, we will prove Kingman’s and Birkhoff’s ergodic theorems
as a by-product.

§2 FORMULATION OF THE MAIN THEOREM

2.1. Drift of a cocycle of semi-contractions

Let (H,d) be a metric space and consider G the group of semi-contractions of H. That is,
foreachge Gand p,ge H

d(gp,g9) < d(p,q)- (2.1)

Given a mensurable map g: Q) — G, the map (1,w) € N x Q) — ¢, (w) is called a cocycle
of semi-contraction of H. We will fix some notations

¢ Choose a point pg € H, we call it origin or base point.

* Each p,(w) == ¢, (w)po € H is called the n-steps. The distance of p,(w) to the origin is
denoted by d,(w), that is, d,(w) = d(po, pn(w)).
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e We say that g has finite first moment (or satisfies the integrability hypothesis) if
J di(w) dp(w) < 0. (2.2)
Q

Exercise 2.1. Show that the map (n, w) — dy(w) defined above is a subbaditive cocycle, that is, inequality (1.2) holds.
EXERCISE 2.2. Show that the integrability hypothesis does not depend on the choice of the origin.

Proposition 2.1 (Drift). Let g : IN x Q) — G be a mensurable cocycle of semi-contractions of H with
finite first moment. Then there exists D > 0 such that

dn(w) n—+00
n

D, for u-almost everywhere w € Q).

The number D is called drift of the cocycle g .

Proof. It is an immediate consequence of the Exercise 2.1 and the Theorem 1.1. O

Exercise 2.3. The statement of Proposition 2.1 suggests that D does not depend on the choice of the origin. Prove this.

2.2. Karlsson-Margulis metric space

A geodesic path with velocity v > 0 joining p, g € H (or, more briefly, a geodesic from p to g)
isa map : [0,7] € R — H such that y(0) = p, ¥(7) = g and

d(y(t),v(s)) =v|t—s|, Vtse]|0,T].

In particular, d(p,q) = vt. If v = 1 we say that it is a unitary speed geodesic. The image of - is
called geodesic segment joining p and q and it is denoted by [p; ], or simply [p; q] if there is no
risk of confusion. A geodesic ray in H starting in p with velocity v is a map 7: [0,00) — H such
that d(y(t),y(s)) = v|t —s| for all t,s = 0 and (0) = p. The metric space (H,d) is said to be a
(uniquely) geodesic space if every two points in H are joined by a (unique) geodesic segment.

A subset C  H is called convex if every pair of points p,q € C can be joined by a geodesic
v and [p; q], < C. In particular, if (H, d) is a geodesic space, so is convex.

Remark 2.1. If (H,d) is a complete metric space, then (H, d) is a geodesic space if and only if
for each pair p,q € H there exists a midpoint in H. That is, there exists m,,; € H such that

1
d(p,mpq) = d(mpq,q) = Ed(P/Q)-

Indeed, given a unitary geodesic y: [0,7] — H joining p and g, the point m,; = 7(7/2)
satisfies the desired conclusion. On the other hand, we can construct a function #: Q; N
[0,7] — H where Q; = {4 : k,m € Z. } is the dyadic rational number by putting:

7(7/2) = midpoint of p and g;
7(1/4) = midpoint of p and 7(7/2);
7(37/4) = midpoint of #(7/2) and g;
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Constructing 1 recursively by this way, we obtain a Lipschitz function on Q> n [0, T]. Since
this set is dense in [0, 7], the completeness of (H,d) implies that we can extend # to a unique
Lipschitz map v: [0, 7] — H.

If H is a Banach space, Clarkson introduced in the 30s the concept of uniformly convexity.
More especifically, the Banach space H is said to be uniformly convex if

p.qe H,|pl =lq] =1
lp—qll =€

Ve > 036 > 0 such that } = ||mpy| <1—-0. (2.3)

where m,, stands for midpoint of p and 4.

Definition 2.1. We say that H is uniformly convex if it is convex and there is a continuous
strictly decreasing function h: [0,1] © with (1) = 0 such that

,p.qeH
m = midpoint of p,q R

where R := max{d(po, p),d(po,q)}-

Exercise: Compare the definitions (2.3) and (2.4). What can you say about it? How to interpret geometrically
these implications? make a drawing to convince yourself.

Proposition 2.2. If (H,d) is a complete and uniformly convex metric space, then for every p,q € H
there exists a unique midpoint between p and q. In particular, (H,d) is uniquely geodesic.

Proof. We argue by contradiction. Assume that there are mj,m; € H midpoints of some
p,q € H. Let m’ be the midpoint of m; and my. Now, putting R = d(p, q)/2, by uniformly
convexity, it follows that

d(p,m’) d(my, my) )
R <h 7R — d(p,m’) < R.

Analougsly, d(m’,q) < R. Then, d(p,q) < d(p,m’") +d(m’,q) < 2R yields a contradiction. [

Many examples satisfy the definition above: Euclidean spaces, hyperbolic spaces and
symmetric spaces of noncompact type such as GL,(IR)/O,(IR), or more generally CAT(0)-
space (e.g. R-trees).

Definition 2.2. A convex metric space (H,d) is said to be nonpositively curved in the sense of
Busemann if

1
for every po, p,q € H, d(impop, mpyg) < 5d(p,q). (2.5)

Definition 2.3. A metric space (H,d) is called Karlsson-Magulis space if it is complete, uni-
formly convex (hence uniquely geodesic) and nonpositively curved in the sense of Busemann.

page 4 of 15



Theorem 2.1 (Main theorem, [KM99]). Let T: (O, u) O an ergodic transformation and (H, d)
a Karlsson-Margulis space. Consider g: ) — G a cocycle of semi-contractions and po € H. Then,
for p-almost every w € Q) there exists a unique geodesic ray <y, : [0, 0) — H starting in po with
velocity D (the drift) such that

d(Yo(n), pn(w)) = o(n).

Remark 2.2. If D = 0 the geodesic is the constant funcion equals to py.

The proof will be divided into two parts, a geometric and an ergodic one.

§ 3 PROOF OF THE MAIN THEOREM

3.1. Geometric tools

Consider (H, d) a Karlsson-Margulis metric space. We note that the condition of nonpositive
curvature implies that t — d(1(), v2(t)) is a convex function for any two geodesics 7y; and
72. In particular, for two rays 1 and 7, with same origin, we have that

t —s %d(’yl(t), 72(t)) is non-decreasing. (3.1)

Exercise 3.1 Don't trust us. Prove that (3.1) holds (or you can simply look for the answer in []. Jost, p. 46, Nonpositive
Curvature: Geometric and Analytic Aspects, 1997]).

Let (yn)n be a sequence of unitary speed rays with same origin such that (y,(t)), is a
Cauchy sequence in H for every t. By completeness of (H,d) we can define a function

Eos (1) = lim pa(h)

It is immediate that <y is a unitary speed ray starting at the same origin as any of the rays 7.
We say that 7 is the limit geodesic of 7y,.

The next lemma is a fundamental part of the proof of the Theorem 2.1. It basically says
that if a triangle is “thin”, so one of its vertices is next to the opposite edge. We suggest you
make your own drawings along the following proof for your best understanding.

Lemma 3.1 (Geometric lemma). There exists a function 6 = 6(e) on [0, 1] with lim,_,0d(e) = 0
such that, for each € € [0,1]

p.q,reH, d(qp)+d(p,r)<d(qr)+edlqp) = dpp) <d)d(q,p) (3.2)

where p is the point in [q; ] such that d(q, p) = d(q, p).

Proof. Provide p,q,r € H, let m be the midpoint of § and p. Uniform convexity implies that
d(m,r) < max{d(p,r),d(p,r)}.

By definition of i we have d(m,r) = d(q,7) —d(q, p) and by hypothesis that d(p,r) < d(q,r) —
d(q,p) +ed(q, p) we get
d(m,r) < d(q,r) —d(q,p) +ed(q, p).
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Hence it follows, by A-inequality, that

d(q,m) > d(q,p) —ed(q,p) = (1 - )R (33)
where R := d(q, p) = max{d(q, p);d(q, P)}. Again by uniform convexity, we have

d(ﬂ;q) < h<d(§zlap)>'

From the inequality (3.3) and since  is decreasing we get

B (5, )
11 _ PrF
h (1 8) = R

Recalling that R = d(q, p) and letting (¢) := 2h~!(1 — ¢) we obtain the desired conclusion. [J

3.2. Ergodic tools

E. Riesz [Rie45] introduced a new short proof of the so-called maximal ergodic theorem on
which Birkhoff’s ergodic theorem is based. A. Karlsson [Kar17] presents a proof of the sub-
badtive ergodic theorem (Theorem 1.1) as an extension of F. Riesz’s approach to the Birkhoff
ergodic theorem. In both works, they use a combinatorial lemma which we state as follows.

Consider a finite sequence of real number (a;,ay,...,a,). We say that ¢ is a good index if

Si(ag) =as+ap1+...+ap;=>0, forall 0<j<n—V~

Otherwise, if there exists some j for which S;(a/) is negative, we say that / is a bad index. Each
element a, with a bad index is called a leader.

Lemma 3.1 (Riesz’s combinatorial lemma). The sum of the leaders of any finite sequence of real
numbers is nonpositive (by convention, an empty sum is 0). In the other words,

Z ay < 0.

¢ bad index

Proof. We will argue by induction on the number of elements of the sequence. That is, if it
holds for all finite sequences with k elements for which k < n, we will conclude that it holds
for all finite sequences with 1 elements. The conclusion is clear for k = 1. Assume now, that
is holds for any integer smaller than n. So provide a sequence (a,...,a,), let’s split in two
cases.

Case 1: ¢/ = 1 is a good index. Then all the bad indices are also bad indices in the
shifted sequence (ay,...,a,) and hence, by induction hypothesis, the sum of the leaders is
nonpositive.

Case 2: ¢ = 1 is a bad index. Then consider m the smaller index for which a; + ... + ay,
is negative. We claim that 2,...,m are also bad indices. Indeed, if one of them, say i, were
a good index, then a; + ... + a, would be nonnegative and hence a; + ... + 4;_1 negative,
contrary to the choice of m. The leaders a1, a5, ...,a, thus have negative sum; the remaining
leaders (if there are any) have nonpositive sum because they lead in sequence shorter than n.
This completes the proof. O
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Henceforth in this section, consider a subbaditive cocycle f: N x () — R such that

Jffr(w) du(w) < +oo.

So we have that F, := { f,(w)du(w) < +oo for all n (but it is possible F, = —o0). Note that
(F1)n is a real subbaditive sequence, that is, F,4» < F, + F,. The standard Fekete’s lemma
implies that

1
F :=1lim EF" < +o00.

Consider the functions Lf: ) — R, defined by

f(w) == liminf M, f(w) :== limsup fni(iw) (3.4)

o n—0 n n—00
Lemma 3.2. The functions f and f are T*-invariant for every k € N. That is,
f=fo T*, f=foTt u-almost everywhere.

In particular, if T is ergodic, these functions are constant almost everywhere.

Proof. Let us consider only f, the argument for f is analogous. By subadditivity we have that
fuoTF = fuix — fr. Hence for each w

n+k 1

71n+kﬁM@n—iﬂw):$foﬂ>f.

% fn(Tkw) >
Which implies Sio Tk — fdu=0. O
Fix some ¢ > 1 and define

£Z<C(J) = hk“lg‘f fki(gw), 7@(“}) = lilgcrlsol;p fkic(gw) (3.5)

The following lemma have been used by Karlsson in [Kar17] to prove the Kingmann theorem
(Theorem 1.1).

Lemma 3.3. Consider f: N x Q) — R a nonpositive subbaditive cocycle, that is, f,(w) < 0 every-
where. Then for each { > 1 we have

l

flw)=flw),  flw) =Ff(w) foreveryw.
Proof. Since {k/¢} is subsequence of {k} we get f(w) > f(w) and 7€(a}) f(w) for each w.

<
On the other hand, for each n € N we can find some k = k(1) € N and 0 < r(n) < ¢ such that
n = kl + r. By subadditivity and nonpositivity we have

fiorye(w) < fu(w) + fro(T"w) < fu(w) (3.6)
Fu(W) < fro(w) + f(THw) < f(w). (3.7)
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Hence letting n — +o0

1 1 !
(k+ D 1 1 1;{1 fHw) < f(w)
no (k+ 1)ff(k+1)€(w) < nfn(w) ST kéfke(w) - FE(W) - F(w)

Exercise 3.2 Prove that the conclusion of the Lemma 3.3 still holds (almost everywhere) if we omit the hypothesis of non-
positivity. (See, if necessary, [Con13, Lemma 7.8 and Proposition 7.7])

The following two propositions are the unique “ergodic tools” used in the proof of Theo-
rem 2.1. They can be considered ergodic versions of Pliss Lemma (see, e.g. [Mn&7, Chapter 4,
lemma 11.8]).

Proposition 3.1 (Weak ergodic Pliss lemma). Let T: (Q), u) O be a measure preserving trans-
formation and F > 0. Consider the set

E; = {w e Q) | 3 infinitely many n such that

ful@) = fai(T'w) = 0
Vk: 1<k<n |

Then, u(E;) > 0.

Proof. For every i € IN, consider
M; = {weQFk : 1<k <iand fi(w)— fi_(T*w) < 0}.

We must show that the set of w € () for which w ¢ M; for infinitely many i has a positive
measure. For this purpose, consider the function

¢i(w) == Nij(w) — fi_1(Tw).

We note that

k—1
fn(w) _fnfk(Tkw) = Z (Pn—j(Tjw)- (3.8)
j=0
and, in particular,
n—1
fulw) = > gu_j(Tw). (3.9)
j=0

In view of (3.8), if T*w € M,,_ then for some j, k < j < n — 1 we have
Pui(T'w) + ... + qon,j(TfaJ) <0.

From this and the combinatorial lemma (Lemma 3.1, letting a, := ¢,_;(T'w)) we deduce that
forevery we Qand n e N,

> pui(T'w) <. (3.10)
0<k<sn—1
T*w € M,_j
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Using the T-invariance of i, we get from the last inequality that

j_ZlfMj¢j(w)dﬂ(w)= D f Pur(@)dp(w)

0<k<n—1

f 9 TE0)dpi(w) (3.11)
T*kﬂdn_k

0<k<n—1

| ( > <Pnk(Tkw)>dﬂ(w) <o.

O<k<sn—1
Tkw eM,

On the other hand, recalling F, = § f,(w)dp(w) and (3.9), from the T-invariance we get

n
Fo= 3 | ojwdn() (3.12)
j=17%
By hypothesis we have that lim F,,/n = F > 0, so there exists a number N such that
F, > %n, for all n > N. (3.13)

Let M{ := O\M;, then, in view of (3.11), (3.12) and (3.13) and the inequality ¢;(w) =
filw) = fi-1(Tw) < fi(w) < fi" (w), we obtain

Jif A (@)dp(w ZJ gj(@)dp(w (3.14)

for all » > N. Let x,, = Z}Ll 1 M:/ where 1,4 denotes the indicator function of a set A < Q.
Let Fj" :== { f*(w)du(w) and
B, ={weQ|n= (w)>in
g = > Xn 3EF .

Since

F
B = {weQ —n = xp(w) 20},

3FF

we have that

3 J, Attt = | @)
A @p(@dn) + f £ (@) () (@)

j fi (w)dp(w 3F+ J fi (w)dp(w)

n| A wdute)+ 5
By
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combining this inequality and the inequality (3.14) we get that

JB fi (w)dpu(w) > g (3.15)

for all n > N.
The condition § f;"du < oo implies the existence of § > 0 such that

MO <6 = [ frwni) < 3.

Hence it follows from (3.15) that u(B,) > 0 for every n > N. Let

F )
Cp = {w € O | w e M for ate least 3" positive integers z},
1
so B, c C, and C,,;1 < C,. Therefore, the measure of the set

ﬂ Cy = {w € Q| w e M for infinitely many i}

n=1

is greater than or equal to 6 > 0. Now recalling the definition of M; we get the desired
statement. O

Proposition 3.2 (Ergodic Pliss Lemma). Assume that T is ergodic and F > —oo. For any
e> 0, let

3 k = k(e) and a infinite set No = N s.t.

E.=<{we) -
VneN, andk : k<k<n.

fa(w) = fai(TFw) = (F —e)k }

Consider E = (.- Ec, then u(E) = 1.

>0

Proof. For any € > 0, let ,(w) := fy(w) — (F — e)n. Then ¢ is a subadditive cocycle and, by
definition of F,

lim % fQ P (w)dp(w) =€ > 0.

Note also that
fa(w) = fai(TFw) = (F —e)k
is equivalent to
Pn(w) — Pu_i(TFw) = 0.

Therefore, Proposition 3.1 applied to ¢ gives us that u(E;) > 0.
By definition of subadditivity,

fu(T'w) = fui(T"w) = fryi(w) = fouriy— sy (T w) = fi(w).
It follows that T'E, — E,, for all i > 0. Then, u(Ez) = 1. a

We note that Lemma 3.2 does not rely on Birkhoff’s (Additive) or Kingmann’s (Subad-
ditive) Ergodic Theorems. So we present a simple proof of Kingman'’s result (hence of the
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Birkhoff’s one) as a corollary of the results of this section.

Proof of Theorem 1.1. Subadditivity and Proposition 3.2 implies that for almost every w, we
have that for each & > 0 there exists k(e) such that for every k > k(e) there exists n = n(e) > k
such that

(F— o)k < fulw) — fu_i(T'w) < fi(w) (3.16)
Hence 1
111{n glf T filw) = F—e (3.17)

Moreover, since ¢ is take arbitrarily, we have
i(w) > F. (3.18)

If f is an additive cocycle, then in particular —f is a subadditive cocycle such that

1 1
lim— | —fudu=——| fudu = —-F e R.
im nf fulp =~ f Fodt e
Then by the same arguments as in (3.16)

—felw)

= F-e for large enough k = limsup < F+e

k—o0

felw)
k

Hence
flw) = f(w), (3.19)

This prove the convergence almost everywhere in case of additive cocycle.
Exercise. Convince yourself that, at this point, we have proved Birkhoff’s theorem as stated in §1.

In the case of a general subadditive cocycle f we can assume, without lost of generality,
that f,,(w) < 0 for every n and w. Indeed, if were not, for each ¢ > 1 consider the additive
cocycle

n—1
(n,w) — a’(w) = Z froTlw
j=0
and so, note that f —a' < 0 everywhere. Moreover,

fulw) = far(w) = ay(w).
is a nonpositive subadditive cocycle.

EXercisE 3.3. (a) Again, don't trust us. Show that in fact f' is a nonpositive subadditive cocycle. (b) prove that if the
conclusion of the theorem holds for f! then it holds for f, where f is an arbitrary subadditive cocycle.

Now, fix an ¢ > 0 and take ¢ = /(¢) large enough such that

% J fo@)du(w) < F+e. (3.20)
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We claim that

fi(w)
0= hkrié?f Kt

Indeed, consider F’ := lim } { f{du the drift associated to the cocycle k — f{. By (3.20) we
have

= —&.

4 il

1 1 1
= kgffkgd‘u—kgjgo(l:-l-f ngky F—e¢.

Since (£ Fy) is a subsequence of (1 F) which converge to F, we obtain $F‘ > —¢. By nonpos-
itive of the cocycle and (3.18) we get

0> hmmfkffk( w) = €F€>—s.

as we desired and the claim is proved.
From this claim, the nonpositivity and subadditivity of f, Lemma 3.3 and the convergence
for additive cocycles, it follows that

f(w) = f(w) = limsup éfu((d) - lilgrlinf éfu((,d)

k—0o0

_ 1
:hmsupkjff( ) — 11m1nf—fk( ) < 11mg)1fk7fk( ) <

k—o0

Therefore lim,_,o, 1 f,(w) exists and it is constant almost everywhere since T is assumed
ergodic. Finally, we note that this constant is exactly F. Since f, < 0 for every, the dominated
convergence theorem assures that

fim o) = [ fim (o) = fim | e
This proves the theorem. O

3.3. Proof of the main theorem

Unicity. Assume there exists two different of such geodesic rays 71 and ;. Then, the follow-
ing A-inequality shows a contradiction.

0 < 4n®),720) _ dn®.p0), i)
k k k
| S S—
never deacrease

O]

Existence. If D = 0 we can consider by convention 7y, = po and the result follows by Theorem
1.1. Assume then D > 0. Let E be the set defined in Proposition 3.2. Consider w € E in the full
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measure set where Kingmann theorem holds. From now on, w will frequently be supressed
in the notations.
For each i € N, consider ¢; > 0 small enough such that

5< 5 f8> <27 and & =50, (3.21)
1

where 0 is the function given by Lemma 3.1 (geometric Lemma). For each i € IN, consider
N; := N, and r; such that
(D —¢)k < di(w) < (D +¢)k (3.22)

for all k > r; and

(D — ek < dy(w) — dy_(T'w) (3.23)

for all n € N; and k(g;) < k < n.
Consider K; := r; v k(e;), then (3.22) and (3.23) holds simultaneuosly for every n € N; and
k such that K; < k < n. Consider (n;); defined recursively as follows*

ny = min{n € F1 n> Kl \% Kz}, niy1 = min {1’1 € Pi+1 n> Ki+2 \Y Tli}.
Remark 3.1. Consider Ky := min; K;, so
|JIKi, n] = [Ko, 0). (3.24)
ielN
Then, joining (3.22) and (3.23), we have for each i and k € [K;, n;] that

dn-

1

D — ¢k + dy(w) (3.25)

(w) — dnl.,k(Tkw +(D+¢)k = (
> di(w) + dp_1(Trw) (3.26)

Ay, (w) + 2¢;

1

Recall the definition of d and the semi-contraction property to observe that

dy,— (T w) = d(po, (T w) ... g(T" ' w)po)
> d (g (w)po, E’k(w)g(Tkw) .. .g(T”i_lw)po) (3.27)
= d(pr(w), pn,(w)).

Note that for (3.27) holds it is important that the cocycle is a right cocycle. Then, (3.26) and
(3.27) implies that

d(w) + d(pr(w), pr(w)) < dn (@) + 2eik
<dy,(w) + &di(w) (3.28)
where §; := szisf‘ We can rewrite (3.28) by
d(po, pr) + d(pr, pn;) < d(pu, po) + &d(po, pi).- (3.29)

This means that the origin and the k and n;-step form a “thin” triangle. Consider «; the

“Recall the notation a v b := max{a, b} for each 4,0 € R
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unitary speed geodesic joining po and pj,, then the Lemma 3.1 implies

d(7i(di), pr) < 0(€)dx.
Claim 1. For each t > 0, the sequence (7y;(t)); is Cauchy in H.

Proof. First note that, since D > 0, we have lim;_,,, d,, = +00. Fixing t > 0, consider i large
enough such that d,,; > t. Since K;;1 < n; < n;;1 we have that

d(')/i—i-l(dni)/ ’)’i(dni)) = d(')’i-&-l(dﬂi)/ pni) < 5(§i+l)dﬂi'

Then, the condition (3.1) implies

d(yier (), 1i(t)) < 8(E)t <27t

Hence, for each m € IN

m
d(Yiem (), 7i(H) < D27t < 27t — 0.
=1

Concluding the claim. O

Consider -y the limit geodesic of (vy;);, we must reparametrize to obtain a geodesic with
velocity D, ¥(t) := y(tD) for all t > 0. Rest to show that 7 is the geodesic we are looking for.
That is, 1d(7(k), px) — 0. Indeed, in view of (3.24) for k > K, we can take i = i(k) such that
K; < k < n;. It's clear that i — o0 as k — oo0. Then, we have

kD + |kD — dk| + 5(Si)dk

< 27'kD + €k + 6(¢;) (D + €;)k
= (27D +¢; + 8(ei)(D + €)) k.

d(y(kD), p) < d(v(kD),vi(kD)) + d(vi(kD), vi(dx)) + d(vi(dk), pr)
<2

That is,
d(y(k), ;
lim sup M < lim (27'D +¢; 4+ 0(¢;)(D +¢;)) =0

k—+00 k k—0o0

since k — oo implies i — oo which implies ¢; — 0 which implies é(e;) — 0. This proves the
theorem O
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