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PREDATOR-PREY INTERACTIONS WITH HUNGER STRUCTURE\ast 

PAULO AMORIM\dagger 

Abstract. We present, analyze, and simulate a model for predator-prey interaction structured
by hunger. The model consists of a nonlocal transport equation for the predator, coupled to an
ordinary differential equation for the prey. We deduce a system of 3 ODEs for some integral quantities
of the transport equation, which generalizes some classical Lotka--Volterra systems. By taking an
asymptotic regime of fast hunger variation, we find that this system provides new interpretations of
classical Holling-type functional responses. We also show that, with a small extension, the system can
reproduce predator-prey role reversal bistability results observed in the literature. We next establish
a well-posedness result for the nonlocal transport equation. Finally, we show that in the basin of
attraction of the nontrivial equilibrium, the asymptotic behavior of the original coupled PDE-ODE
system is completely described by solutions of the ODE system.
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equation, asymptotic behavior
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1. Introduction. The aim of the present work is to introduce a new model for
predator-prey dynamics, which includes effects due to predator hunger. Specifically,
in the context of the classical Lotka--Volterra predator-prey dynamics with logistic
prey dynamics,

(1.1)

\Biggl\{ 
u\prime = \alpha uw  - u,

w\prime = \beta w(1 - w  - u)

(where u is the predator and w is the prey), it is assumed that predator efficiency,
represented by the term \alpha uw, depends only on the values of u and w and a nondi-
mensional constant \alpha . The same remark is true even in the case of models allowing
for more realistic functional responses than just \alpha uw.

In nature, however, it is to be expected that the level of hunger of an individual (in
whatever way that is defined) will induce it to behave in distinct ways: when hunger
is low, the predator feels sated and may allow itself to rest; in contrast, when hunger
level is high, we may expect that a predator will try to increase its efficiency---for
instance, by hunting less desirable prey or trying harder to capture prey---but only
up to a certain point, after which hunger will translate into an actual weakening of
the individual and thus a reduction of its fitness. Conversely, a sated individual can
be expected to have a greater reproductive potential, and so it is natural to assume
that low values of hunger correlate with a greater fitness.

According to this very broad description, we develop in this work a model with
hunger structure, where at each time the predator population is described by the

\ast Received by the editors December 13, 2019; accepted for publication (in revised form) October
19, 2020; published electronically December 15, 2020.

https://doi.org/10.1137/19M1306786
Funding: This work was partially supported by FAPERJ grant ``Jovem Cientista do Nosso

Estado"" 202.867/2015.
\dagger Instituto de Matem\'atica, Universidade Federal do Rio de Janeiro (UFRJ), Cidade Universit\'aria

- Ilha do Fund\~ao, 21941-909, Rio de Janeiro, RJ, Brasil (paulo@im.ufrj.br, http://www.im.ufrj.br/
paulo/).

2631

https://doi.org/10.1137/19M1306786
mailto:paulo@im.ufrj.br
http://www.im.ufrj.br/paulo/
http://www.im.ufrj.br/paulo/


2632 PAULO AMORIM

distribution of its hunger level. In the absence of prey, we can assume that the hunger
level of the predator increases at a constant rate. However, when there is interaction
between predator and prey, the prey is consumed, and this leads to a decrease in
the hunger level of the predator. Additionally, the hunger level of the predator has
an effect on its reproductive ability and on the predation efficiency and so influences
directly the evolution of the prey population.

Despite a large body of literature treating predator-prey interactions (to name
just two books, [9, 12]), there does not seem to be any earlier work in this direction,
except for [1, 13, 14]. In those works, the authors consider only a finite number of
possible hunger (or, in some cases, nutrition) levels for the predator population and
so are restricted to a system of ordinary differential equations. Our approach differs
in view of our use of a transport equation to describe the hunger structure. For many
other examples of structured models in biology, see the book [11].

1.1. Formulation of the model: A nonlocal transport equation coupled
to an ODE. Let us formulate the above observations more exactly in order to arrive
at a precise mathematical model. We suppose that the predator population is given
as a density function \rho (t, \lambda ), for t, \lambda > 0, in such a way that \rho (t, \lambda ) represents the
density of predators at time t, having hunger \lambda \geq 0, where \lambda \simeq 0 represents low levels
of hunger and higher values of \lambda represent higher levels of hunger. Thus, for each
time t, the function \lambda \mapsto \rightarrow \rho (t, \lambda ) gives the hunger distribution of the population at
that time, and so

\int 
\BbbR +

\rho (t, \lambda ) d\lambda is the total population at time t. With this in mind,

we define the population density u(t) and the mean hunger density z(t) by

(1.2) u(t) =

\int +\infty 

0

\rho (t, \lambda ) d\lambda , z(t) =
1

u(t)

\int +\infty 

0

\lambda \rho (t, \lambda ) d\lambda .

Fix zc > 0 and introduce a function \beta zc(z) such that \beta zc(0) = 1, \beta zc(\cdot ) > 0 on
[0, zc), \beta zc(zc) = 0 and \beta zc(\cdot ) < 0 on (zc,+\infty ). The function \beta (z) may be described
as the predator's growth rate as a function of mean hunger. The simplest example is

\beta zc(z) =
\Bigl( 
1 - z

zc

\Bigr) 
,

where the growth rate of the predators is positive for small values of hunger and
decreases until, after some critical mean hunger value zc it becomes negative, reflecting
the fact that very hungry predators will have a negative net growth rate.

Still in dimensional form, our model consists of the nonlocal transport equation
for the predator density \rho coupled with an ordinary differential equation for the prey
w,

(1.3)

\left\{   
\partial t\rho (t, \lambda ) + \partial \lambda 

\bigl( 
(a1  - a2w(t)\lambda )\rho (t, \lambda )

\bigr) 
= \rho (t, \lambda )\beta 0\beta zc(z(t)),

w\prime (t) = rw(1 - w/K) - bwu \gamma (z),

supplemented by initial data \rho 0(\lambda ) \geq 0 and w0 \geq 0 and where u(t), z(t) are given by
(1.2).

Let us analyze each term of (1.3). The constant a1 > 0 is the natural hunger
growth speed in the absence of prey, a2 > 0 is the predation efficiency (understood
as the rate of hunger decrease per unit of prey consumed), \beta 0 is the optimal predator
growth rate (i.e., the growth rate when hunger is zero), and zc the critical mean
hunger, above which the predator's growth rate becomes negative. K is the prey
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carrying capacity, and r is the prey's natural growth rate. The parameter b \sim (\lambda 2\rho t) - 1

is the rate of removal of the prey per units of ``hunger-mass."" Note that the form of the
transport term giving the decrease in hunger from prey consumption,  - \partial \lambda (a2\lambda w\rho ),
as well as the right-hand side, ensure that the predator distribution will not have
support in the region \lambda < 0 if the same is true for the initial data. Indeed, negative
values of hunger are not meaningful in our model.

The term uw\gamma (z) represents the prey response to encounters with the predator
population, where the function \gamma (z) translates the change in predatory efficiency
according to mean hunger level. The prototype for \gamma is the identity function, in which
case we suppose that predator efficiency grows linearly with hunger level. That is,
predators which are completely sated (when z = 0) do not hunt, while for larger
hunger values, the predator increases its efficiency. We will see in a later section
exactly how these assumptions relate to some of the classical functional responses
found in the literature.

We write the system (1.3) in nondimensional form, using the same notations:

(1.4)

\left\{   
\partial t\rho + \partial \lambda 

\bigl( 
(\alpha 1  - \alpha 2w\lambda )\rho 

\bigr) 
= \rho \alpha 3\beta (z),

w\prime (t) = w(1 - w) - wu\gamma (z),

u(t) =

\int +\infty 

0

\rho (t, \lambda ) d\lambda , z(t) =
1

u(t)

\int +\infty 

0

\lambda \rho (t, \lambda ) d\lambda ,

where we set \beta (z) = \beta 1(z). The description of the variables and parameters can be
found in Table 1. Note that now, \beta (1) = 0 and \beta (0) = 1. Therefore the rescaling
normalizes the critical mean hunger and the prey carrying capacity and growth rates
to one.

The focus of our work will be to analyze the system (1.4), both for well-posedness
and large time asymptotic results, and also to attempt to show the consistence of the
model with previous, more classical models. Regarding the mathematical analysis, the
first equation in (1.4) is a nonlocal transport equation. It may be seen as nonlocal in

Table 1
Description of variables and parameters in systems (1.3), (1.4).

Parameter Dimension Definition Nondimensio-
nal representa-
tion

t time Time t/r
\lambda hunger Hunger measure zc\lambda 
w biomass Prey density w/K
\rho biomass Predator density bzc\rho /r
a1 hunger time - 1 Intrinsic hunger growth

speed
\alpha 1 = a1

rzc

a2 biomass - 1 time - 1 Hunger decrease per unit
of prey consumed

\alpha 2 = a2K
r

\beta 0 time - 1 Sated predator growth
rate

\alpha 3 = \beta 0
r

zc hunger Critical mean hunger
K biomass Prey carrying capacity
r time - 1 Prey intrinsic growth rate
b hunger - 1 biomass - 1

time - 1
Rate of predation
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time as well as in space, due to the presence of the prey quantity w(t) in the transport
term. As such, its analysis is bound to present some challenges---see, for instance, [4]
or the examples in [11] for some of the difficulties that occur in structured models.
The well-posedness result is presented in Theorem 4.3 below.

An outline of the paper follows. In section 2, we deduce from (1.4) a system of
ordinary differential equations for the quantities w, u, and z. We then show how this
new system can provide an alternative interpretation (in terms of hunger dynamics)
of predator-prey systems with Holling-type functional response. This is done by con-
sidering an asymptotic regime of fast hunger variation. In section 3, we show that
hunger dynamics can help to explain the phenomenon of predator-prey role reversal.
We show numerically that a bistable regime can occur, where predator extinction due
to predation by the prey is possible, in accordance with the results of [2, 17]. In sec-
tion 4, we prove our main well-posedness results for (1.4). This is achieved by means
of a fixed-point method and presents some technical challenges due to the nonlocal
character of the transport equation. In section 5, we show that the asymptotic be-
havior of the solutions of the transport equation (1.4) is completely described by the
solutions of the corresponding ODE system (2.1), in the sense that solutions \rho (t, \lambda )
concentrate on Dirac deltas at \lambda = 1 as long as the initial data lie in the basin of at-
traction of the interior equilibrium point of the ODE system. In section 6, we present
and discuss some numerical simulations to showcase the behavior of the systems (1.4)
and (2.1). In particular, we find evidence of a Hopf bifurcation for (2.1). Next, we
simulate the transport equation using a finite volume scheme and use that to illustrate
the asymptotic results of section 5. Finally, in section 7 we discuss limitations and
possible extensions of the model.

2. Interpretation of existing models in terms of hunger dynamics in
an asymptotic regime. The system (1.4) can be seen as a nonlocal in space and
time transport equation. As such, its analysis and simulation present challenges and
it might be useful to consider an associated system of ordinary differential equations
obtained from integral quantities of (1.4). To this end, we integrate the first equation
of (1.4) on \lambda \in (0,+\infty ). We keep the calculations formal at this point. From (1.2)
we find, supposing that \rho (0) = \rho (+\infty ) = 0,

u\prime (t) = \alpha 3\beta (z(t))u(t).

Next, an easy calculation gives

z\prime (t) = \alpha 1  - \alpha 2w(t)z(t).

Note that this equation is independent of the expression of \beta (z). Together with the
second equation of (1.4), we find the system\left\{     

u\prime = \alpha 3u\beta (z),

z\prime = \alpha 1  - \alpha 2wz,

w\prime = w(1 - w) - wu\gamma (z),

(2.1)

where u is the predator, w the prey, z is the mean hunger, \alpha 1,2,3 > 0 are constants, and
the responses \beta , \gamma are described after (1.4). The simplest choice of \beta is \beta (\lambda ) = 1 - \lambda ,
which is in agreement with the phenomenology. However, this case is not included in
the well-posedness results below, which assume for technical reasons that \beta is bounded
from below. Rather, typical functional responses \beta (z) and \gamma (z) are given in (2.10)
and (2.12) and are depicted in Figure 2 below.
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Under the condition \alpha 1 < \alpha 2, which we will henceforth assume, the only nontrivial
steady state of (2.1) is

(2.2) (w\ast , u\ast , z\ast ) =

\biggl( 
\alpha 1

\alpha 2
,
\alpha 2  - \alpha 1

\alpha 2\gamma (1)
, 1

\biggr) 
.

Of course it is of interest to investigate the stability of the equilibrium. However, we
leave this question unattended for now, as it would fall outside the scope of the present
paper. The numerical simulations we present below indicate that (2.2) is stable for
a wide range of parameters. Moreover, a Hopf bifurcation is seen to occur in the
numerical simulations. To analyze these questions with further care, we postpone a
more in-depth analysis of (2.1) to future work.

At present, we will study the relation between the model (2.1), which includes
hunger dynamics, and some well-known predator-prey models from the literature.
Since we shall focus on 2-dimensional models, we must find a way to reduce the
system (2.1) to two equations.

2.1. Fast hunger variation regime. One possible asymptotic regime is when
the change in hunger due to prey consumption or due to absence of prey (which is
controlled by the parameters \alpha 1 and \alpha 2) is very fast. This way, we expect the presence
of prey to have an almost immediate effect on the hunger and, consequently, on the
predator's growth/death rate. One way to achieve this is to set \alpha 1 = 1/\epsilon , \alpha 2 = a/\epsilon ,
for some a > 1 (since we suppose that \alpha 2 > \alpha 1; cf. (2.2)). That way, the second
equation becomes

\epsilon z\prime (t) = 1 - awz,

and so sending \epsilon to zero we obtain formally that z = (aw) - 1. Substituting in the first
and last equations of (2.1), we find the system with fast hunger variation\left\{     

u\prime = \alpha 3u\beta 
\Bigl( 1

aw

\Bigr) 
,

w\prime = w(1 - w) - wu\gamma 
\Bigl( 1

aw

\Bigr) 
,

(2.3)

in which the modeling parameters are now \alpha 3 and a = \alpha 2/\alpha 1.

2.2. Relation to Holling-type functional response. We are interested in
recovering from (2.3) systems of the general form\Biggl\{ 

u\prime =  - \alpha u+ u\phi (w),

w\prime = w(1 - w) - u\phi (w),
(2.4)

which will also allow us to gain some new insights on the well-studied system (2.4).
We will focus on the (general) Holling-type response

(2.5) \phi (w) =
mwp

c+ wp

(see, for instance, [18] and the references therein), but in general, the model (2.4) is
meaningful with \phi verifying the conditions

(2.6) \phi (0) = 0, \phi \prime (w) \geq 0, \phi (+\infty ) = m > \alpha .

Then, by comparison, the models (2.3) and (2.4) will coincide as long as the functions
\beta , \gamma , and \phi verify the relations
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(2.7) \alpha 3\beta ((aw)
 - 1) = \phi (w) - \alpha , w\gamma ((aw) - 1) = \phi (w).

For this (recalling that z = (aw) - 1 for some a) it suffices to set

(2.8) \beta (z) =
1

\alpha 3

\bigl( 
\phi 
\bigl( 
(az) - 1

\bigr) 
 - \alpha 

\bigr) 
, \gamma (z) = az\phi 

\bigl( 
(az) - 1

\bigr) 
.

We now focus on the case (2.5). Having a solution of (2.4), (2.5), we want to
find the parameters \alpha 3 and a (recall that finding a defines \alpha 1, \alpha 2 in (1.4)) such that
(2.3) and (2.4) coincide. Recall that \beta should verify \beta (0) = 1 and \beta (1) = 0 (which
is a consequence of the nondimensionalization procedure). From the first of these
conditions and (2.5), (2.8) we easily find that \alpha 3 = m  - \alpha . Next, the fact that
\beta (1) = 0 implies from (2.8) that a > 1 should be chosen as

(2.9) a =
\Bigl( m - \alpha 

c\alpha 

\Bigr) 1/p

,

and from this we see that we should have m > \alpha and also c < m - \alpha 
\alpha . Therefore,

choosing a, \alpha 3, and \beta , \gamma given by (2.8), then (2.3) and (2.4) are the same system.
Then, according to our heuristics, at least formally the original systems (1.4) and
(2.1) will be close to the Holling-type system (2.4), (2.5) if we choose large \alpha 1 and
\alpha 2 = a\alpha 1.

We present in Figure 1 a numerical test to illustrate that conclusion. We can
see that a fixed solution of the Holling-type system (2.4) (the dashed lines) is better
and better approximated by the solutions of the system (2.1) as the values of \alpha 1 are
chosen ever larger. For \alpha 1 = 50 the two curves are almost indistinguishable.

It is useful to interpret the shape of the functions \beta and \gamma resulting from the above
procedure, since this provides some new insights into the classical choice of response
function (2.5). From (2.8) we find that

(2.10) \gamma (z) = ma
z

c(az)p + 1

with a given by (2.9).1 Now, \gamma verifies \gamma (0) = 0, \gamma \prime (0) = ma > 0, and, for p > 1,

(2.11) \gamma (+\infty ) = 0, argmax
z\geq 0

\gamma (z) =
1

a(c(p - 1))1/p
> 0.

Thus, going back to the system (2.1), where \gamma can be interpreted as defining the
predatory behavior of the predators as a function of mean hunger, we can say that
a Holling-type response (2.5) with p > 1 corresponds to a situation where hunting
activity (or efficiency) vanishes when the predator is sated, attains a maximum value
for medium values of the hunger, and falls off for larger values of hunger; depending
on the particular setting, this may be reasonable since predators that are too hungry
cannot hunt anymore. Additionally, for p > 1, the growth/death rate \beta is given by

\beta (z) =
1

m - \alpha 

\Bigl( m

capzp + 1
 - \alpha 

\Bigr) 
(2.12)

with a in (2.9)) and so verifies \beta (0) = 1, \beta (1) = 0, and \beta (+\infty ) =  - \alpha 
m - \alpha < 0.

1For completeness, the expression of \gamma in terms of m,\alpha , c becomes

\gamma (z) =
m(m - \alpha )

c1/p

\Bigl( m - \alpha 

\alpha 

\Bigr) 1 - p
p z

zp(m - \alpha ) + \alpha 
.
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\alpha 1 = 1 \alpha 1 = 4

\alpha 1 = 12 \alpha 1 = 50

Fig. 1. Comparison between the solution of the Holling-type system (2.4) (in dashed line,
predator in black, prey in blue) and of the system (2.1) (in full line, predator in black, prey in blue)
for different values of \alpha 1. We used (2.5), \alpha = 3,m = 6, p = 3, c = 3/10. Horizontal axis is time.

Therefore, the Holling-type model with p > 1 represents the behavior of predators
in system (2.1) with a hunger response \gamma (z) of type (2.11) and a predator growth rate
\beta (z) of type (2.12), in the asymptotic regime of fast hunger variation; see Figure 2
(left) for an illustration.

In contrast, when p = 1 (which corresponds to a Holling type II response in the
literature) we have that \gamma (+\infty ) = m/c, and so in that model the hunger response
does not fall off as hunger increases but rather stabilizes on a constant value. The
functions \gamma and \beta for this situation are depicted in Figure 2 (right).

We summarize our findings with the following result.

Proposition 2.1. Let the parameters m > \alpha > 0, c > 0 be given. Consider
a solution (u(t), w(t)) of the Holling-type predator-prey system (2.4), (2.5) such that
u,w > 0. Then, (u(t), w(t)) is a solution to the fast hunger variation system (2.3),
as long as \alpha 3 = m - \alpha and \beta and \gamma are defined by the relations (2.8), (2.9).

Moreover, formally at least, the relations (2.8), (2.9) allow us to establish a cor-
respondence between Holling-type functional responses (2.5) and the predator growth
rate \beta (z) and predation efficiency \gamma (z) as functions of hunger. This means that a
particular functional response (2.8) may be interpreted as the fast hunger variation
asymptotic regime for a system of type (2.3) for predator growth rate \beta (z) and preda-
tion efficiency \gamma (z) given by (2.8), (2.9).
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\gamma (z)
p > 1

\beta (z)

mean hunger z

\gamma (z)
p = 1

\beta (z)

mean hunger z

Fig. 2. Typical predator growth rate \beta and predation efficiency \gamma functions, corresponding
through (2.8), (2.9) to the Holling-type response (2.5) for \alpha = 2,m = 3, c = 2, p = 4 (left), and
\alpha = 0.8,m = 3, c = 2, p = 1 (right).

In other words, the relations (2.8), (2.9) provide a ``dictionary"" between the mod-
eling interpretations used in systems of Holling type (2.4), (2.5) and the modeling
framework proposed in this work, at least in the fast hunger variation regime.

3. Application: Hunger-driven bistability in a role-reversal system. It
is known that predator-prey role reversal may happen in certain ecological situations,
such as the benthic ecosystem described in [2]. In such cases, a typical predator-prey
relationship may be fully reversed when, due to extraneous factors such as overfishing
or pollution, the predator population is reduced. Then, it may become impossible to
reintroduce the predator since individuals are quickly overwhelmed and preyed upon
by the former prey, preventing the establishment of a predator population.

Role reversal was modeled mathematically in [17] using an extension of the tradi-
tional Lotka--Volterra system. In that work, a bistability phenomenon was observed,
in which the system stabilizes in one of two equilibria, depending on the initial data.
One of them corresponds to the ``usual"" predator-prey coexistence equilibrium, while
the other one corresponds to predator extinction from the effects of predation by the
prey due to role reversal. In [17], the underlying mechanism for this bistability is that
at high prey densities relative to the predator, the prey is capable of overwhelming
the predator and role reversal ensues.

It is natural to suppose that, in addition to density alone, hungrier (or weaker)
predators are more susceptible to being attacked by prey and that this may also
contribute to the appearance of role reversal, as long as that disposition already
exists in the prey. Note that according to the heuristics of our model, ``hunger"" can
also be described as ``weakness,"" which is more appropriate in the present context:
predators who are too hungry (i.e., too weak) cannot hunt, cannot reproduce, and are
more susceptible to prey attacks.

We show here through numerical experiments that it is possible to reproduce
such a role reversal phenomenon within our setting. To observe this behavior, let us
slightly modify the system (2.1). We consider\left\{     

u\prime = \alpha 3u\beta (z) - \alpha 4uw,

z\prime = \alpha 1  - \alpha 2wz,

w\prime = w(1 - w) - wu\gamma (z) + \alpha 5uw,

(3.1)
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z(t)

w(t)u(t)

Fig. 3. Numerical solution to system (3.1). Curves are colored according to initial hunger
level: red for highest, blue for lowest. We observe the separation of the trajectories into two families
according to this property. Parameters in system (3.1) are \alpha 1 = 1.5, \alpha 2 = 1.6, \alpha 3 = 8, \alpha 4 = 1.8, \alpha 5 =
3.3. \gamma and \beta are as in Figure 2, left.

where, relative to (2.1), we have added the terms with \alpha 4 and \alpha 5 to account for the
effect of prey predation on the predator.

In Figure 3 we can see a bistability phenomenon occuring: the trajectories of
the system separate into one family converging towards an interior equilibrium and
another family converging towards an equilibrium of the form (u,w, z) = (0, 1, z\ast ).
To make the influence of hunger level more explicit, we have plotted in that figure
100 solutions, with initial data randomly distributed in a suitable cube, where the
values for z(0) vary between 1/10 and 2. Each curve has been colored according
to this initial hunger level, with blue for lower hunger and red for higher hunger.
We can see from the plot that the solutions converging to each equilibrium separate
according to initial hunger level: those with higher initial hunger (red curves) tend
to the predator extinction equilibrium. Therefore, complementing the results in [17],
we find that not only prey density but also predator hunger or weakness are possible
contributors to role reversal mechanisms. In Figure 4 we show the phase portrait for
these trajectories.

Note that these numerical experiments do not exclude the possibility that the
predator extinction equilibrium is, in fact, a saddle point and that all solutions even-
tually converge to the interior equilibrium. In any case, even if the attractive nature
of the predator extinction equilibrium were only transient, it would still be biologi-
cally relevant as predator populations reach vanishingly small values. Also of interest
would be to determine parameter regimes which give rise to this bistable configura-
tion, as it is not observed for every configuration. Of course, a closer theoretical study
of the system (3.1), which is outside the scope of this paper, would shed light on these
questions, and so we leave it to future work.

It is important to note that these experiments, as well as the numerical exper-
iments in section 6 below, are not intended to predict real outcomes in any specific
ecological situation. For this reason, the parameters in the simulations were chosen
within ``reasonable"" ranges to provide good illustrations of the dynamics involved.
Rather, the goal is to show that the model proposed here is capable of bringing some
new insight into predator-prey dynamics; in particular, in the present role reversal sit-
uation, the insight is that the model supports the observation that hunger/weakness
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Fig. 4. Phase portrait for 100 trajectories of system (3.1). All parameters are as in Figure 3.
Curves are colored according to initial hunger level: red for highest, blue for lowest. We observe the
separation of the trajectories into two families according to this property.

of the predator may play a role alongside relative density of the predator and prey in
determining the onset of role reversal.

4. Well-posedness results. In this section we present and prove some well-
posedness results for the nonlocal transport equation (1.4). We will rely heavily on
the method of characteristics [11], and some aspects of our approach are inspired
by [4]. We will begin with some basic properties of the characteristic curves of the
equation and define the concept of solution we will use. Then we are in a position to
state the main well-posedness result of this work, Theorem 4.3.

Characteristic curves and notations. The characteristic equation for (1.4) is

\lambda \prime (t) + \alpha 2w(t)\lambda (t) = \alpha 1

with solution

\lambda (t) = \lambda (0)e - \alpha 2

\int t
0
w(s) ds + \alpha 1

\int t

0

e - \alpha 2

\int t
s
w(r) dr ds.

For each t \geq 0, the characteristics define a diffeomorphism from \BbbR to \BbbR . We draw
the reader's attention to the following nonstandard notations for the action of these
diffeomorphisms. Given \lambda \in \BbbR (which we think of at t = 0), we denote by \lambda \uparrow t the
image of \lambda by that diffeomorphism,

(4.1) \lambda \uparrow t = \lambda e - \alpha 2

\int t
0
w(s) ds + \alpha 1

\int t

0

e - \alpha 2

\int t
s
w(r) dr ds.

Conversely, if we now think of \lambda \in \BbbR as being at t > 0, we denote by \lambda \downarrow t the image
of \lambda by the inverse diffeomorphism,

(4.2) \lambda \downarrow t = \lambda e\alpha 2

\int t
0
w(s) ds  - \alpha 1

\int t

0

e\alpha 2

\int s
0
w(r) dr ds.
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This way, (\lambda \downarrow t)\uparrow t = (\lambda \uparrow t)\downarrow t = \lambda , and, more generally, (\lambda \uparrow t)\downarrow s = \lambda \uparrow (t - s), (\lambda \downarrow t)\uparrow s =
\lambda \downarrow (t - s). Therefore, the characteristic starting at some \lambda at t = 0 passes by the point
(t, \lambda \uparrow t). Likewise, given \lambda \in \BbbR , the foot of the characteristic passing by (t, \lambda ) is
(0, \lambda \downarrow t).

Using this notation, the change of variable formula, which will be used throughout,
reads \int 

\BbbR 
\rho (\lambda ) d\lambda =

\int 
\BbbR 
\rho (\lambda \downarrow t)e\alpha 2

\int t
0
w(s) ds d\lambda .(4.3)

Main results. Integrating a solution along the characteristics motivates (as in
[4]) the following definition.

Definition 4.1. A solution of problem (1.4) is a pair \rho , w satisfying for almost
every t > 0, \lambda \in \BbbR ,

(1 + | \lambda | )\rho (t, \lambda ) \in L1(\BbbR ), w \in C1(\BbbR +),\left\{           
\rho (t, \lambda ) = \rho 0(\lambda 

\downarrow t) exp

\biggl( \int t

0

\alpha 3\beta 
\bigl( 
z(s)

\bigr) 
+ \alpha 2w(s) ds

\biggr) 
,

w\prime (t) = w(1 - w) - wu(t)z(t),

\rho 0(\lambda ) \geq 0, supp \rho 0 \subset (0,+\infty ), u(0) > 0 w(0) = w0 > 0,

(4.4)

where we recall from (1.4) that u(t), z(t) are defined by

u(t) =

\int +\infty 

0

\rho (t, \lambda ) d\lambda , z(t) =
1

u(t)

\int +\infty 

0

\lambda \rho (t, \lambda ) d\lambda .

First, observe that from the equation for w we can see that w(t) > 0 for all t if
w(0) > 0. Also, w\prime \leq w(1  - w), and so we have w(t) \leq max(1, w(0)) for all t > 0.
These facts imply that the characteristics are globally defined in time and that for
each t \geq 0 the mapping \lambda \mapsto \rightarrow \lambda \uparrow t is indeed a diffeomorphism on \BbbR . That way, \rho (t, \lambda )
is well defined for all t > 0, \lambda \in \BbbR . Also, the right-hand side of (4.4) depends on the
values of \rho on the time interval (0, t), through the coupling induced by w.

The following proposition, whose easy proof we omit for the sake of brevity,
provides a positivity property.

Proposition 4.2. If supp \rho 0 \subset (0,+\infty ) and u(0), w(0) > 0, then the same hap-
pens for all t > 0. In particular, z(t), u(t) > 0 and w(t) > 0 for all t.

In order to prove our main well-posedness result, we make the following assump-
tions on the growth rate and predator efficiency functions, which we suppose suffi-
ciently smooth:

\forall z \geq 0, \beta \prime (z) \leq C, \beta (z) \geq  - c\beta ,

\gamma (z) \geq 0, \gamma (z) \leq L\gamma | z| + C\gamma , | \gamma (z) - \gamma (v)| \leq L\gamma | z  - v| .
(4.5)

Theorem 4.3. Suppose that w(0) > 0, \rho 0 \in C1(\BbbR ) such that
\int 
\BbbR \rho 0 d\lambda > 0, (1 +

| \lambda | 2)\rho \prime 0(\lambda ) \in L1(\BbbR ) and supp \rho 0 \subset (0,+\infty ). Let \beta (z) and \gamma (z) verify the assumptions
in (4.5). Then, there exists a unique solution of the system (1.4) in the sense of
Definition 4.1.

Proof. Let T > 0 be fixed, but arbitrary. During the proof, we will use the
notation u[\xi ](t) =

\int 
\BbbR \xi (t, \lambda ) d\lambda and a similar notation for the mean hunger z[\xi ](t).
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In view of using a fixed-point argument, we will consider the following norm on a
suitable metric space:

(4.6) \| \xi \| \scrE = sup
[0,T ]

e - kt\| \xi \| L1(\BbbR ;(1+| \lambda | )d\lambda ) = sup
(0,T )

e - kt

\int 
\BbbR 
\xi (t, \lambda )(1 + | \lambda | ) d\lambda ,

where k > 0 is to be specified later. Let 0 < R0 < R and R1 (also to be specified
later) depend only on the initial data and T , and let \scrE be the complete metric space
of the functions

\xi (t, \lambda ) \in L\infty \bigl( 
0, T ;L1(\BbbR ; (1 + | \lambda | ) d\lambda )

\bigr) 
satisfying the conditions for t \in [0, T ],

(4.7) 0 < R0 \leq \| \xi \| L1 , \| \xi \| \scrE \leq R,

(4.8) z[\xi ](t) \equiv 
\int 
\BbbR | \lambda | \xi d\lambda \int 
\BbbR \xi d\lambda 

\leq R1.

Consider the map \Phi : \scrE \rightarrow \scrE which to \xi \in \scrE associates the solution \rho to the
problem \left\{         

\rho (t, \lambda ) = \rho 0(\lambda 
\downarrow t) exp

\biggl( \int t

0

\alpha 3\beta 
\bigl( 
z[\xi ](s)

\bigr) 
+ \alpha 2w(s) ds

\biggr) 
,

w\prime (t) = w(1 - w) - wu[\xi ]\gamma (z[\xi ]).

w(0) = w0 > 0.

(4.9)

For \xi 1, \xi 2 \in \scrE , notice that we will have not only w1 and w2 but also \lambda \downarrow t
1 and \lambda \downarrow t

2 , since
the characteristics depend on w. To be clear about the notation, we have for i = 1, 2

\lambda \downarrow t
i = \lambda e\alpha 2

\int t
0
wi(s) ds  - \alpha 1

\int t

0

e\alpha 2

\int s
0
wi(r) dr ds,

\lambda \uparrow t
i = \lambda e - \alpha 2

\int t
0
wi(s) ds + \alpha 1

\int t

0

e - \alpha 2

\int t
s
wi(r) dr ds.

We begin by proving that \Phi maps \scrE into itself. For this, we must prove that \rho 
satisfies the properties in (4.7), (4.8). From (4.9), we find that

(4.10)

\int 
\BbbR +

\rho (t, \lambda )d\lambda =

\int 
\BbbR +

\rho 0(\lambda 
\downarrow t) d\lambda e

\int t
0
\alpha 3\beta (z[\xi ](s)) dse

\int t
0
\alpha 2w(s) ds

=

\int 
\BbbR +

\rho 0(\lambda 
\downarrow t) d\lambda e

\int t
0
\alpha 3\beta +(z[\xi ](s)) dse

\int t
0
\alpha 3\beta  - (z[\xi ](s)) dse

\int t
0
\alpha 2w(s) ds

with \beta +(z) = max(0, \beta (z)) and \beta  - (z) = min(0, \beta (z)) \leq 0. Therefore, using the fact
that \beta  - (z) \geq  - c\beta , we find\int 

\BbbR +

\rho (t, \lambda )d\lambda \geq 
\int 
\BbbR +

\rho 0(\lambda 
\downarrow t) d\lambda e - 

\int t
0
\alpha 3c\beta dse

\int t
0
\alpha 2w(s) ds.

Using the change of variable formula (4.3),\int 
\BbbR +

\rho (t, \lambda )d\lambda \geq 
\int 
\BbbR +

\rho 0(\lambda ) d\lambda e
 - t\alpha 3c\beta ,
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and so

\| \rho \| L1 \geq 
\int 
\BbbR +

\rho 0(\lambda ) d\lambda e
 - t\alpha 3c\beta .

Choosing

R0 \leq 
\int 
\BbbR +

\rho 0(\lambda ) d\lambda e
 - T\alpha 3c\beta ,(4.11)

we see that in fact \| \rho \| L1 \geq R0, which is the lower bound in (4.7).
Now consider the upper bound in (4.7). We have from (4.9) (recalling (4.6)),

\| \rho \| \scrE \leq 
\int 
\BbbR +

(1 + \lambda )\rho 0(\lambda 
\downarrow t)e

\int t
0
\alpha 2w(s) ds d\lambda et(\alpha 3 - k),

where we used the fact that \beta (z) \leq 1 for all z. So, using (4.3), (4.2),

\| \rho \| \scrE \leq 
\int 
\BbbR +

\rho 0(\lambda )

\biggl( 
1 + \alpha 1

\int t

0

e - \alpha 2

\int t
s
w(r) dr ds+ \lambda e - \alpha 2

\int t
0
w(s) ds

\biggr) 
d\lambda et(\alpha 3 - k)

\leq 
\int 
\BbbR +

\rho 0(\lambda )(1 + \alpha 1t+ \lambda ) d\lambda et(\alpha 3 - k)

\leq et(\alpha 3 - k)(1 + \alpha 1t)

\int 
\BbbR +

\rho 0(\lambda )(1 + \lambda ) d\lambda .

Since t \mapsto \rightarrow \alpha 1te
t(\alpha 3 - k) attains the maximum value \alpha 1

e(k - \alpha 3)
at t = (k  - \alpha 3)

 - 1, then

taking

(4.12) k >
\alpha 1

e
+ \alpha 3, R \geq 2

\int 
\BbbR +

\rho 0(\lambda )(1 + \lambda ) d\lambda 

gives \| \rho \| \scrE \leq R for all t < T. This proves the upper bound in (4.7).
Finally, we show that \rho satisfies the estimate in (4.8). We have, from (4.9), (4.3),

(4.1), \int 
\BbbR \lambda \rho d\lambda \int 
\BbbR \rho d\lambda 

=

\int 
\BbbR \rho 0(\lambda )\lambda 

\uparrow t d\lambda \int 
\BbbR \rho 0(\lambda ) d\lambda 

\leq 
\int t

0

e - \alpha 2

\int t
s
w dr ds+

\int 
\BbbR \rho 0(\lambda )\lambda e

 - \alpha 2

\int t
0
w ds d\lambda \int 

\BbbR \rho 0(\lambda ) d\lambda 

\leq T +

\int 
\BbbR \rho 0(\lambda )\lambda d\lambda \int 
\BbbR \rho 0(\lambda ) d\lambda 

.

So choosing

(4.13) R1 \geq T +

\int 
\BbbR \rho 0(\lambda )\lambda d\lambda \int 
\BbbR \rho 0(\lambda ) d\lambda 

,

we see that \rho verifies the estimate (4.8). This proves that \Phi maps \scrE into \scrE .
We now prove that the map \Phi is a contraction on \scrE with the norm (4.6). Denoting

for i = 1, 2

(4.14) \theta i(t) := e
\int t
0
\alpha 3\beta (z[\xi i](s)) ds,

we find from (4.9)
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| \rho 1  - \rho 2| =
\bigm| \bigm| \bigm| \rho 0(\lambda \downarrow t

1 )e\alpha 2

\int t
0
w1(s) ds\theta 1(t) - \rho 0(\lambda 

\downarrow t
2 )e\alpha 2

\int t
0
w2(s) ds\theta 2(t)

\bigm| \bigm| \bigm| 
\leq \theta 1(t)

\bigm| \bigm| \bigm| \rho 0(\lambda \downarrow t
1 )e\alpha 2

\int t
0
w1(s) ds  - \rho 0(\lambda 

\downarrow t
2 )e\alpha 2

\int t
0
w2(s) ds

\bigm| \bigm| \bigm| 
+
\bigm| \bigm| \theta 1(t) - \theta 2(t)

\bigm| \bigm| \rho 0(\lambda \downarrow t
2 )e\alpha 2

\int t
0
w2(s) ds.

Now multiply by (1 + | \lambda | )e - kt and integrate in \lambda for fixed t > 0. Recall that due to
Proposition 4.2, the resulting integral can be restricted to \BbbR +. Thus,
(4.15)

e - kt

\int 
\BbbR +

| \rho 1(\lambda ) - \rho 2(\lambda )| (1 + | \lambda | ) d\lambda 

\leq \theta 1(t)e
 - kt

\int 
\BbbR +

\bigm| \bigm| \bigm| \rho 0(\lambda \downarrow t
1 )e\alpha 2

\int t
0
w1(s) ds  - \rho 0(\lambda 

\downarrow t
2 )e\alpha 2

\int t
0
w2(s) ds

\bigm| \bigm| \bigm| (1 + \lambda ) d\lambda 

+
\bigm| \bigm| \theta 1(t) - \theta 2(t)

\bigm| \bigm| e - kte\alpha 2

\int t
0
w2(s) ds

\int 
\BbbR +

\rho 0(\lambda 
\downarrow t
2 )(1 + \lambda ) d\lambda =: A+B.

We estimate A. We have

(4.16)

A \leq \theta 1(t)e
 - kte\alpha 2

\int t
0
w1(s) ds

\int 
\BbbR +

(1 + \lambda )
\bigm| \bigm| \rho 0(\lambda \downarrow t

1 ) - \rho 0(\lambda 
\downarrow t
2 )

\bigm| \bigm| d\lambda 
+ \theta 1(t)e

 - kt
\bigm| \bigm| \bigm| e\alpha 2

\int t
0
w1(s) ds  - e\alpha 2

\int t
0
w2(s) ds

\bigm| \bigm| \bigm| \int 
\BbbR +

\rho 0(\lambda 
\downarrow t
2 )(1 + \lambda ) d\lambda 

= A1 +A2.

Then, by the change of variable formula (4.3),

A1 = \theta 1(t)e
 - kt\cdot 

\cdot 
\int 
\BbbR +

\biggl( 
1+\alpha 1

\int t

0

e - \alpha 2

\int t
s
w1(r) dr ds+\lambda e - \alpha 2

\int t
0
w1(s) ds

\biggr) \bigm| \bigm| \rho 0(\lambda ) - \rho 0((\lambda 
\downarrow t
2 )\uparrow t1 )

\bigm| \bigm| d\lambda 
\leq \theta 1(t)e

 - kt

\int 
\BbbR +

\bigl( 
1 + \alpha 1t+ \lambda 

\bigr) \bigm| \bigm| \bigm| \bigm| \bigm| 
\int (\lambda \downarrow t

2 )\uparrow t1

\lambda 

\rho \prime 0(\alpha ) d\alpha 

\bigm| \bigm| \bigm| \bigm| \bigm| d\lambda ,
where

(\lambda \downarrow t
2 )\uparrow t1 = \lambda \downarrow t

2 e - \alpha 2

\int t
0
w1(s) ds + \alpha 1

\int t

0

e - \alpha 2

\int t
s
w1(r) dr ds

=

\biggl( 
\lambda e\alpha 2

\int t
0
w2(s) ds  - \alpha 1

\int t

0

e\alpha 2

\int s
0
w2(r) dr ds

\biggr) 
e - \alpha 2

\int t
0
w1(s) ds

+ \alpha 1

\int t

0

e - \alpha 2

\int t
s
w1(r) dr ds

= \lambda e\alpha 2

\int t
0
w2 - w1 ds + \alpha 1

\int t

0

\Bigl( 
1 - e\alpha 2

\int s
0
w2 - w1 dr

\Bigr) 
e - \alpha 2

\int t
s
w1 dr ds

=: \lambda g(t) + h(t).

This way, \bigm| \bigm| \bigm| \bigm| \bigm| 
\int (\lambda \downarrow t

2 )\uparrow t1

\lambda 

\rho \prime 0(\alpha ) d\alpha 

\bigm| \bigm| \bigm| \bigm| \bigm| d\lambda =

\bigm| \bigm| \bigm| \bigm| \bigm| 
\int \lambda g(t)+h(t)

\lambda 

\rho \prime 0(\alpha ) d\alpha 

\bigm| \bigm| \bigm| \bigm| \bigm| 
\leq 

\int \lambda max(1,g(t))+max(0,h(t))

\lambda min(1,g(t))+min(0,h(t))

| \rho \prime 0(\alpha )| d\alpha ,
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and so

A1 \leq \theta 1(t)e
 - kt

\int 
\BbbR +

\bigl( 
1 + \alpha 1t+ \lambda 

\bigr) \int \lambda max(1,g(t))+max(0,h(t))

\lambda min(1,g(t))+min(0,h(t))

| \rho \prime 0(\alpha )| d\alpha d\lambda .

There are four cases to consider, depending on whether or not g(t) > 1 or h(t) > 0.
They are all treated in a similar way and all result in the same estimate, so for the
sake of brevity we present the case where g(t) > 1 and h < 0. We have, by Fubini's
theorem,

(4.17)

A1 \leq \theta 1(t)e
 - kt

\int 
\BbbR +

\bigl( 
1 + \alpha 1t+ \lambda 

\bigr) \int \lambda g - | h| 

\lambda 

| \rho \prime 0(\alpha )| d\alpha d\lambda 

= \theta 1(t)

\int 
\BbbR +

| \rho \prime 0(\alpha )| 
\int max(\alpha ,

\alpha +| h| 
g )

min(\alpha ,
\alpha +| h| 

g )

\bigl( 
1 + \alpha 1t+ \lambda 

\bigr) 
e - kt d\lambda d\alpha .

Computing the innermost integral turns out

(4.18)

(1 + \alpha 1t)e
 - kt

\bigm| \bigm| \bigm| \bigm| \alpha  - \alpha + | h| 
g

\bigm| \bigm| \bigm| \bigm| + e - kt

2

\bigm| \bigm| \bigm| \bigm| \alpha  - \alpha + | h| 
g

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| \bigm| \bigm| \alpha +
\alpha + | h| 

g

\bigm| \bigm| \bigm| \bigm| 
\leq e - kt 1

g

\bigl( 
\alpha | g  - 1| + | h| 

\bigr) \biggl( 
1 + \alpha + \alpha 1t+

1

2

\biggl( 
\alpha +

\alpha + | h| 
g

\biggr) \biggr) 
.

Our main goal now is to estimate (4.18) in terms of \| \xi 1  - \xi 2\| \scrE . Let us recall the
expressions of g and h:

(4.19) g(t) = e\alpha 2

\int t
0
w2 - w1 ds, h(t) = \alpha 1

\int t

0

\Bigl( 
1 - e\alpha 2

\int s
0
w2 - w1 dr

\Bigr) 
e - \alpha 2

\int t
s
w1 dr ds.

To continue, we must first bound these terms in a crude way. First, note that

g(t) \geq e - \alpha 2

\int t
0
| w2 - w1| ds \geq e - 2t\alpha 2(1+w(0)).

This gives

1

g(t)
\leq e2t\alpha 2(1+w(0)).(4.20)

On the other hand, we have

| h| \leq \alpha 1

\int t

0

\bigm| \bigm| \bigm| 1 - e - \alpha 2

\int t
s
w1 dr

\bigm| \bigm| \bigm| ds
\leq \alpha 1t(1 + e\alpha 2t(1+w(0))).

(4.21)

To begin the bound of (4.18), consider that using (4.20), (4.21), we find

\alpha +
\alpha + | h| 

g
\leq \alpha + e2t\alpha 2(1+w(0))

\Bigl( 
\alpha + \alpha 1t

\bigl( 
1 + e\alpha 2t(1+w(0))

\bigr) \Bigr) 
\leq \alpha + \alpha eCt + CteCt

for a constant C depending only on \alpha 1, \alpha 2, and w(0). Therefore, after using (4.20)
again, (4.18) becomes
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(4.18) \leq e - kt
\bigl( 
\alpha | g  - 1| + | h| 

\bigr) 
CeCt(1 + t+ \alpha )(4.22)

with C still depending only on \alpha 1, \alpha 2 and w(0).
To proceed, we must bound e - tk| g - 1| and e - tk| h| . With the mean value theorem

and \| wi\| \infty \leq 1 + w(0), we get

| g(t) - 1| e - kt \leq 
\bigm| \bigm| e\alpha 2

\int t
0
w2 ds  - e\alpha 2

\int t
0
w1 ds

\bigm| \bigm| e - kt

\leq \alpha 2e
\alpha 2t(1+w(0))

\int t

0

| w1(s) - w2(s)| e - kse - k(t - s) ds

\leq \alpha 2e
\alpha 2t(1+w(0)) sup

s\in (0,t)

| w1(s) - w2(s)| e - ks 1

k
.

We see that it is necessary to bound | w1(s) - w2(s)| , and we provide such a bound in
the appendix: using the estimate (A.4), we find

| g(t) - 1| e - kt \leq C

k2
eCt\| \xi 1  - \xi 2\| \scrE .(4.23)

Similarly, we have

(4.24)

| h(t)| e - kt \leq \alpha 1e
 - kt

\int t

0

\bigm| \bigm| e\alpha 2

\int s
0
w2 dr  - e\alpha 2

\int s
0
w1 dr

\bigm| \bigm| ds
\leq \alpha 1e

 - kte\alpha 2t(1+w(0))\alpha 2

\int t

0

\int s

0

| w1  - w2| dr ds

\leq C

k2
teCt\| \xi 1  - \xi 2\| \scrE .

The purpose of these estimates was to bound (4.18), using (4.22). We find from
(4.23), (4.24) that

e - kt
\bigl( 
\alpha | g  - 1| + | h| 

\bigr) 
CeCt(1 + t+ \alpha ) \leq C

k2
eCt\| \xi 1  - \xi 2\| \scrE (\alpha + t)(1 + t+ \alpha )

\leq C

k2
eCt\| \xi 1  - \xi 2\| \scrE (1 + t2 + \alpha + \alpha 2),

where C may change from line to line. This is the estimate for (4.18), which we now
plug into (4.17) to find after some simplification

A1 \leq \theta 1(t)

\int 
\BbbR +

| \rho \prime 0(\alpha )| 
C

k2
eCt\| \xi 1  - \xi 2\| \scrE (1 + t2 + \alpha + \alpha 2) d\alpha 

\leq \theta 1(t)C
(1 + t2)eCt

k2
\| \xi 1  - \xi 2\| \scrE 

\int 
\BbbR +

| \rho \prime 0(\alpha )| (1 + \alpha + \alpha 2) d\alpha .

Recalling that 1 = \beta (0) = maxz \beta (z), we find from (4.14)

(4.25) \theta 1(t) \leq e\alpha 3t,

and so, for a different C,

A1 \leq C(1 + t2)

k2
eCt\| \xi 1  - \xi 2\| \scrE 

\int 
\BbbR +

| \rho \prime 0(\alpha )| (1 + \alpha + \alpha 2) d\alpha .
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Therefore we restrict k to ensure

(4.26)
C(1 + T 2)

k2
eCT

\int 
\BbbR +

| \rho \prime 0(\alpha )| (1 + \alpha + \alpha 2) d\alpha \leq 1/4,

which gives

(4.27) A1 \leq 1

4
\| \xi 1  - \xi 2\| \scrE \forall t \leq T.

Now we proceed to estimate A2 from (4.16). We have, from (4.23), (4.25),

A2 = \theta 1(t)e
 - kt

\bigm| \bigm| \bigm| e\alpha 2

\int t
0
w1 ds  - e\alpha 2

\int t
0
w2 ds

\bigm| \bigm| \bigm| \int 
\BbbR +

\rho 0(\lambda 
\downarrow t
2 )(1 + \lambda ) d\lambda 

\leq C

k2
eCt\| \xi 1  - \xi 2\| \scrE \times 

\times 
\int 
\BbbR +

\biggl( 
1 + \alpha 1

\int t

0

e - \alpha 2

\int t
s
w2 dr ds+ \lambda e - \alpha 2

\int t
0
w2 ds

\biggr) 
\rho 0(\lambda ) d\lambda 

\leq C

k2
eCt\| \xi 1  - \xi 2\| \scrE 

\int 
\BbbR +

\bigl( 
1 + \alpha 1t+ \lambda 

\bigr) 
\rho 0(\lambda ) d\lambda 

\leq C(1 + t)

k2
eCt\| \xi 1  - \xi 2\| \scrE 

\int 
\BbbR +

(1 + \lambda )\rho 0(\lambda ) d\lambda .

Taking k so large that

(4.28)
C(1 + T )

k2
eCT

\int 
\BbbR +

(1 + \lambda )\rho 0(\lambda ) d\lambda \leq 1/4,

we conclude that A2 \leq 1
4\| \xi 1  - \xi 2\| \scrE . This estimate together with (4.27) gives that

(4.29) A \leq 1

2
\| \xi 1  - \xi 2\| \scrE .

It remains to estimate B in (4.15). Recall that

B =
\bigm| \bigm| \theta 1(t) - \theta 2(t)

\bigm| \bigm| e - kte\alpha 2

\int t
0
w2(s) ds

\int 
\BbbR +

\rho 0(\lambda 
\downarrow t
2 )(1 + \lambda ) d\lambda ,

and we have already estimated

e\alpha 2

\int t
0
w2(s) ds \leq eCt

and \int 
\BbbR +

\rho 0(\lambda 
\downarrow t
2 )(1 + \lambda ) d\lambda \leq CR(1 + t).

It remains to bound | \theta 1(t) - \theta 2(t)| e - kt. We have with the mean value theorem

| \theta 1(t) - \theta 2(t)| e - kt \leq et\alpha 3

\int t

0

\alpha 3

\bigm| \bigm| \beta (z[\xi 1](s)) - \beta (z[\xi 2](s))
\bigm| \bigm| e - kt ds

\leq eCt\alpha 3\| \beta \prime \| \infty 
\int t

0

\bigm| \bigm| z[\xi 1](s) - z[\xi 2](s)
\bigm| \bigm| e - kt ds.
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In the appendix we provide the estimate (A.1) which gives the bound

| \theta 1(t) - \theta 2(t)| e - kt \leq CeCt\| \xi 1  - \xi 2\| \scrE 
\int t

0

e - k(t - s) ds

\leq C
eCt

k
\| \xi 1  - \xi 2\| \scrE .

The estimate for B is thus (for a C depending only on the data of the problem and
T )

B \leq C
eCt

k
\| \xi 1  - \xi 2\| \scrE .

Now add the constraint to k that

(4.30) C
eCT

k
\leq 1/4

to get

(4.31) B \leq 1

4
\| \xi 1  - \xi 2\| \scrE .

Finally, taking the estimates of A and B (4.29) and (4.31) together in (4.15), we
conclude that

\| \rho 1  - \rho 2\| \scrE \leq 3

4
\| \xi 1  - \xi 2\| \scrE ,

which gives that the mapping \Phi is a contraction on \scrE , as long as k is large enough
that (4.12), (4.26), and (4.30) hold. By the Banach fixed-point theorem, there exists
a unique solution of the problem (4.4) on [0, T ], with T > 0 chosen arbitrarily. The
C1 property of w follows easily. This finishes the proof of Theorem 4.3.

5. Asymptotic behavior for the transport equation. In section 2, we de-
duced a system of ODEs, system (2.1), which governs the evolution of integral quan-
tities associated to a solution \rho (t, \lambda ) of (1.4). In this section, we will prove that when
u0, w0, z0 lie in the basin of attraction of the equilibrium (2.2), then any solution of the
transport equation (1.4) with initial data \rho 0, w0 such that u[\rho 0] = u0 and z[\rho 0] = z0
tends to a Dirac delta concentrated on the point \lambda = 1. In this way, we see that at
least for those initial data, the long-time dynamics of the solution to the transport
equation (1.4) is completely described by the long-time behavior of the ODE (2.1).
This may be a useful result, since the numerical simulation of a solution approach-
ing a Dirac delta in the hunger variable \lambda is challenging, as the spatial resolution of
any method will eventually be superseded. In these cases, the study of the ODE will
provide, according to our result, all the information about the solution for large times.

Theorem 5.1. Suppose that the initial data \rho 0, w0 are such that (w0, u0, z0) lies
in the basin of attraction of the equilibrium (2.2). Then, the solution \rho (t, \lambda ) converges
to the delta distribution \rho \infty = u\ast \delta \lambda =z\ast as t \rightarrow +\infty .

The proof will rest upon the following lemma, stating that when the equilibrium
point is asymptotically stable, all the characteristic curves of the equation essentially
end up concentrating on \lambda = 1.

Lemma 5.2. With the assumptions of Theorem 5.1, we have for all \lambda \in \BbbR (cf.
(4.1))

lim
t\rightarrow +\infty 

\lambda \uparrow t = 1.(5.1)
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Proof. We can easily believe the result, since if w(t) \equiv w\ast , then the above limit is
computed explicitly and gives 1. More generally, supposing that the initial data is in
the basin of attraction of the equilibrium (2.2), then we have that limt\rightarrow \infty 

\int t

0
w(s) ds =

+\infty , since w(t) \rightarrow w\ast > 0. Then, the first term of

\lambda \uparrow t = \lambda e - \alpha 2

\int t
0
w(s) ds + \alpha 1

\int t

0

e - \alpha 2

\int t
s
w(r) dr ds

goes to zero regardless of the value of \lambda . It remains to check that the second term
goes to 1. First, note that it is bounded, and bounded away from zero. Indeed, this
follows easily from the fact that w is continuous on [0,+\infty ) and has a limit and so is

uniformly bounded. For this reason, we can multiply and divide \alpha 1

\int t

0
e - \alpha 2

\int t
s
w(r) dr ds

by et\alpha 1 and use l'H\^opital's rule. Note that et\alpha 1 = e\alpha 2

\int t
0
w\ast dr, and so the numerator

in l'H\^opital's rule is

et\alpha 1\alpha 1

\int t

0

e - \alpha 2

\int t
s
w(r) dr ds = e - \alpha 2

\int t
0
(w(r) - w\ast ) dr\alpha 1

\int t

0

e\alpha 2

\int s
0
w(r) dr ds.

Therefore,

d

dt

\biggl( 
\alpha 1e

t\alpha 1

\int t

0

e - \alpha 2

\int t
s
w(r) dr ds

\biggr) 
=  - \alpha 1\alpha 2(w(t) - w\ast )e

 - \alpha 2

\int t
0
(w(r) - w\ast ) dr

\int t

0

e\alpha 2

\int s
0
w(r) dr ds

+ \alpha 1e
 - \alpha 2

\int t
0
(w(r) - w\ast ) dre\alpha 2

\int t
0
w(r) dr,

while, for the denominator in l'H\^opital's rule, (et\alpha 1)\prime = \alpha 1e
t\alpha 1 = \alpha 1e

\alpha 2

\int t
0
w\ast dr. So,

after simplifying, we get

lim
t\rightarrow \infty 

\alpha 1

\int t

0

e - \alpha 2

\int t
s
w(r) dr = lim

t\rightarrow \infty 

\alpha 1e
t\alpha 1

\int t

0
e - \alpha 2

\int t
s
w(r) dr

et\alpha 1

= lim
t\rightarrow \infty 

\alpha 2(w(t) - w\ast )e
 - \alpha 2

\int t
0
w(r) dr

\int t

0

e\alpha 2

\int s
0
w(r) dr ds+ 1

= lim
t\rightarrow \infty 

\alpha 2(w(t) - w\ast )

\int t

0

e - \alpha 2

\int t
s
w(r) dr ds+ 1.

Since the integral appearing in this expression is bounded (as we have seen), and
limt\rightarrow \infty w(t) = w\ast by assumption, the above limit is 1, as we wished to prove.

Proof of Theorem 5.1. It it easy to see from the definition of u that limt\rightarrow \infty \rho (t, \lambda )
= u\ast \delta \lambda =1 is equivalent to

lim
t\rightarrow \infty 

\rho (t, \lambda )

u(t)
= \delta \lambda =1.

Therefore, according to distribution theory, it is enough to show that

\forall a > 0, lim
t\rightarrow \infty 

1

u(t)

\int 1+a

1 - a

\rho (t, \lambda ) d\lambda = 1.(5.2)

Let 1 > \epsilon \prime > 0 and M0 :=
\int 
\BbbR \rho 0 d\lambda . Since \rho 0 is integrable, we can find \lambda \prime > 0

large enough that
\int \lambda \prime 

 - \lambda \prime \rho 0 d\lambda > M0(1  - \epsilon \prime ). Now, from (4.3) and (4.4), we have for
any t > 0
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\int \lambda \prime 

 - \lambda \prime 
\rho 0 d\lambda = e - \alpha 3

\int t
0
\beta (z(s)) ds

\int (\lambda \prime )\uparrow t

( - \lambda \prime )\uparrow t
\rho (t, \lambda ) d\lambda .

Next, take t\prime large enough that for any t > t\prime we have

(( - \lambda \prime )\uparrow t, (\lambda \prime )\uparrow t) \subset (1 - a, 1 + a);

this is possible due to Lemma 5.2. Then, recalling that from (4.4) we know that

u(t) = M0e
\alpha 3

\int t
0
\beta (z(s)) ds, we find

1 \geq 1

u(t)

\int 1+a

1 - a

\rho (t, \lambda ) d\lambda \geq 1

u(t)

\int (\lambda \prime )\uparrow t

( - \lambda \prime )\uparrow t
\rho (t, \lambda ) d\lambda 

=
1

u(t)
e\alpha 3

\int t
0
\beta (z(s)) ds

\int \lambda \prime 

 - \lambda \prime 
\rho 0 d\lambda 

=
1

M0

\int \lambda \prime 

 - \lambda \prime 
\rho 0 d\lambda >

M0(1 - \epsilon \prime )

M0
= 1 - \epsilon \prime .

Since \epsilon \prime > 0 was arbitrary, we have proved (5.2). This completes the proof of Theo-
rem 5.1.

6. Numerical results. In this section, we present some numerical simulations
of the transport equation (1.4), as well as the associated ODE (2.1). In particular,
we show evidence of a Hopf bifurcation, and we illustrate numerically the asymptotic
result of section 5.1.

6.1. Numerical evidence of a Hopf bifurcation. In this numerical example,
we present evidence of a Hopf bifurcation. We consider the ODE system (2.1) with
the simplest functional responses

(6.1) \beta (z) = 1 - z, \gamma (z) = z.

In Figure 5, we present two simulations showing the formation of a limit cycle as
the parameter \alpha 3 is changed. It is known that predator-prey systems with functional
responses of Holling type can exhibit Hopf bifurcations [18]. Here we can see that
(numerically at least) a Hopf bifurcation occurs as the parameter \alpha 3 passes a critical
value. It is interesting to note that this bifurcation occurs even in the case of the very
simple functional responses (6.1). It should be possible to determine this critical value
and parameter regimes which give the presence of limit cycles, although we leave that
detailed analysis for future work.

As the parameter \alpha 3 gets larger, we can see in Figure 6 that the limit cycle gets
closer to the coordinate planes, and the solution presents rapid ``pulses"" interspersed
by long periods of stagnation, where the predator population is very close to zero.
This phenomenon is related to the so-called paradox of enrichment [6], where a change
in some parameter which would seem to benefit the predator (in this case, increasing
\alpha 3, which raises the efficiency of the predator; classically, raising the prey carrying
capacity) can actually lead to its extinction---or, in the case of continuous models, to
very small values, as observed here.

6.2. Numerical results for the transport equation and asymptotic be-
havior. We use an upwind, first order finite volume scheme (with a simple quadrature
rule to compute the nonlocal terms) to simulate the transport equation (1.4). To avoid
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z(t)

w(t)

u(t)

t

t

Fig. 5. Solutions and phase portrait of the system (2.1) with (6.1) for the values \alpha 1 = 2, \alpha 2 = 3,
with \alpha 3 = 3/2 (top) and \alpha 3 = 5 (bottom). We can see the formation of a limit cycle. The phase
portraits include several trajectories.

z(t)

w(t)

u(t)

t

Fig. 6. Solutions and phase portrait of the system (2.1) with (6.1), for the values \alpha 1 = 2, \alpha 2 = 3,
with \alpha 3 = 18.
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boundary terms, we consider only initial data \rho 0(\lambda ) which are vanishingly small out-
side of a bounded set (the interval [0, 3] in our simulations), and we ensure that the
same remains true for positive times, as suggested by the concentration properties of
the characteristic curves in Lemma 5.2.

We compare the simulation of the PDE (1.4) with the solution of the correspond-
ing ODE (2.1). In particular, we are interested in illustrating the asymptotic result
from section 5. The numerical experiment is reported in Figure 7. We can see that
as the spatial discretization is refined (i.e., in the variable \lambda )---here from 75 up to 300
points on the interval \lambda \in [0, 3]---the integral quantities u and z computed from the
solution of the PDE (1.4) get increasingly closer to the solution of the ODE (2.1). In
the bottom picture, where a limit cycle occurs, we see that the PDE generates a limit
cycle which is close, but not equal, to the limit cycle of the ODE.

Note that in this last situation, the interior equilibrium point is not stable and so
is out of the scope of the asymptotic result in Theorem 5.1. Nevertheless, we observe
numerically that the solution \rho (t, \lambda ) still concentrates on a Dirac delta but this time is
concentrated along the limit cycle instead of the equilibrium. Thus, we suspect that
Theorem 5.1 can be generalized to the case where a limit cycle exists. We present in
Figure 8 the solution \rho at time T = 40 of a situation with the same parameters as
in Figure 7 (top), as well as the initial data \rho 0, consisting of two bumps. We can see
that the solution becomes increasingly concentrated around \lambda = 1, as predicted by
Theorem 5.1.

z(t)

w(t)

u(t)

t

t

Fig. 7. Comparison of solutions of the system (2.1) (black, using (6.1)) with w(t) and the
integral quantities u(t), z(t) (red) computed from the solution of the transport equation (1.4), for 75,
150, 200, and 300 spatial points (in the variable \lambda ) and \alpha 1 = 2, \alpha 2 = 3. Top: \alpha 3 = 3/2. Bottom:
\alpha 3 = 4.
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\rho 

\lambda 

Fig. 8. Solution \rho of the system (1.4) at T = 40 (solid line), using (6.1) \alpha 1 = 2, \alpha 2 = 3,
\alpha 3 = 1, with 300 spatial points, for initial data consisting of two bumps (dashed line). Notice the
formation of a Dirac delta.

6.3. Biological interpretation of parameter values used. As mentioned
earlier, the simulations in this paper serve primarily to illustrate the possible be-
haviors of the solutions, and so deeper biological consequences would require a more
in-depth study which falls outside the scope of this work. However, it is still interest-
ing to interpret the parameters used in the above simulations in terms of the original
biological parameters, as shown in Table 1. In this way, at least some biological
insights may be gained even from these illustrative simulations.

Concerning the observations in section 6.1, we notice that a Hopf bifurcation
is observed when the parameter \alpha 3 is increased, while keeping \alpha 1 and \alpha 2 constant.
Consulting Table 1, we see that increasing \alpha 3 corresponds to increasing the value of
\beta 0, which is the fully sated predator's growth rate. In the simulations of Figure 5, the
values of \alpha 3 range in (3/2, 5), which means that \beta 0 ranges in (3r/2, 5r), and that gives
a relation between the predator's (sated) growth rate and the prey's natural growth
rate r, within which (keeping other parameters constant), we expect to find a Hopf
bifurcation. In general, one can say that increasing the predator's sated growth rate
may have a destabilizing effect on the equilibrium. Supposing further that the time
scale is already adjusted so that r = 1, the chosen value of \alpha 1 = 2 means that (again
using Table 1) the intrinsic hunger increase per unit time a1 is 2zc, where zc is the
critical mean hunger. On the other hand, \alpha 2 = 3 means that, in these experiments,
the natural speed of hunger decrease from predation is 50\% larger than the natural
hunger growth speed, at least for ranges of hunger and prey density close to unity. Of
course it would be interesting, in future works, to provide more exact correspondences
between parameter values and specific ecological situations.

7. Conclusions, limitations, and further work. In this work, we have pre-
sented and analyzed a modeling framework which aims to include hunger effects in
predator-prey dynamics. We have shown its relation to existing models (section 2) and
presented in section 3 simulations that suggest possible applications to role-reversal
ecological situations, in particular the possibility of explaining bistability phenomena
which have been observed in [2]. Of course, we do not at present provide a thorough
analysis of this possible application, with accurate parameter values, as that would
require very careful biological considerations which fall outside the scope of this paper.
Here, we content ourselves with showing how our modeling framework allows (in a
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way that, we believe, is somewhat more natural than what was presented in [17]) the
emergence of such phenomena and leave to future work the detailed analysis of such
a claim.

As described in the Introduction, we use as a starting point of our discussion the
dynamics given by the system (1.1) (in particular the prey equation featuring logistic
growth), in which the functional responses are very simple. Of course, many more
models have been proposed; see, for instance, [3, 7, 8, 9, 12, 15, 16]. Some more
detailed descriptions have even been derived from first principles [5]. In this work,
though, the discussion remains mostly descriptive: for instance, the precise form of
the transport term in (1.4) was introduced as conveniently as possible to be coherent
with our heuristic description and still allow for the ``closing"" of the system needed to
deduce the ODEs in (2.1). Still, it is possible to envision a more accurate formulation
of the transport terms. In the same vein, it would be interesting to generalize the
analysis and the modeling to some of the more general functional responses of the
prey.

Another observation is that throughout this work the term ``hunger"" remains ill-
defined and purely descriptive. Indeed, we use the term as a proxy for some behavioral
aspect of the predator which may or may not consist purely of what is intuitively
known as hunger. It may represent something more biologically meaningful, such as
stomach contents, nutrients ingested, body mass, or a combination of those, and is
also consistent with the intuitive notion of ``weakness."" We make no attempt to make
this precise, in part to keep the model general, but also to keep it relatively simple.
Again, more refined models could be developed.

The careful study of the ODE system (2.1) will also be postponed to future work.
It is expected that results on the existence and stability of the equilibrium can be
obtained, as well as the proof of a Hopf bifurcation result. Global stability results
may also be considered as in [10, 19].

Our numerical experiments indicate that the asymptotic results of section 5 may
hold even in the case where there is a limit cycle in system (2.1) and the interior
equilibrium is unstable. It would be interesting to generalize Theorem 5.1 to this case
as well.

Finally, it should be possible to generalize the well-posedness results in section 4
to include less regular initial data, for instance, in appropriate Sobolev spaces.

Appendix A. Estimates used in the proof of Theorem 4.3. Here we prove
a few estimates which are used in the proof of Theorem 4.3.

Estimates involving | \bfitz \bfone  - \bfitz \bftwo | . The first is an estimate on the difference | z1(s) - 
z2(s)| , where we write zi(t) = z[\xi i](t). We find from (4.6), (4.7)

\bigm| \bigm| z1(s) - z2(s)
\bigm| \bigm| =

\bigm| \bigm| \bigm| \int \BbbR \lambda \xi 1 d\lambda 
\int 
\BbbR \xi 2 d\lambda  - 

\int 
\BbbR \lambda \xi 2 d\lambda 

\int 
\BbbR \xi 1 d\lambda 

\bigm| \bigm| \bigm| \int 
\BbbR \xi 1 d\lambda 

\int 
\BbbR \xi 2 d\lambda 

\leq 
\int 
\BbbR | \lambda | | \xi 1  - \xi 2| d\lambda \int 

\BbbR \xi 1 d\lambda 
+

\int 
\BbbR | \lambda | \xi 1 d\lambda 

\int 
\BbbR | \xi 1  - \xi 2| d\lambda \int 

\BbbR \xi 1 d\lambda 
\int 
\BbbR \xi 2 d\lambda 

\leq eks

R0
\| \xi 1  - \xi 2\| \scrE (1 + z1(s)).

But according to (4.8) z1 \leq R1, and so

(A.1)
\bigm| \bigm| z1(s) - z2(s)

\bigm| \bigm| \leq eks

R0
\| \xi 1  - \xi 2\| \scrE (1 +R1) \leq Ceks\| \xi 1  - \xi 2\| \scrE 
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with C depending only on the data of the problem and T . For future reference, we
find also that

u1(s)
\bigm| \bigm| z1(s) - z2(s)

\bigm| \bigm| \leq \int 
\BbbR 
| \lambda | \xi 1 d\lambda  - 

\int 
\BbbR | \lambda | \xi 2 d\lambda \int 
\BbbR \xi 2 d\lambda 

\int 
\BbbR 
\xi 1 d\lambda 

\leq 
\int 
\BbbR 
| \lambda | | \xi 1  - \xi 2| d\lambda +

\int 
\BbbR 
| \lambda | \xi 2 d\lambda 

\biggl( \int 
\BbbR \xi 1 d\lambda \int 
\BbbR \xi 2 d\lambda 

 - 1

\biggr) 
\leq 

\int 
\BbbR 
| \lambda | | \xi 1  - \xi 2| d\lambda +

\int 
\BbbR | \lambda | \xi 2 d\lambda \int 
\BbbR \xi 2 d\lambda 

\biggl( \int 
\BbbR 
| \xi 1  - \xi 2| d\lambda 

\biggr) 
,

and so, using (4.8), we have

u1(s)
\bigm| \bigm| z1(s) - z2(s)

\bigm| \bigm| \leq (1 +R1)e
ks\| \xi 1  - \xi 2\| \scrE .(A.2)

Estimates involving | \bfitw \bfone  - \bfitw \bftwo | . We have from (4.9)

(w1  - w2)
\prime = w1(1 - w1) - w2(1 - w2) - w1u1\gamma (z1) + w2u2\gamma (z2)

= w1  - w2 + (w2  - w1)(w1 + w2)

 - (w1  - w2)u1\gamma (z1) + w2

\bigl( 
u1\gamma (z1) - u2\gamma (z2)

\bigr) 
and so, integrating on (0, t), multiplying by sgn(w1(t)  - w2(t)), using that w1(0) =
w2(0) and that \| wi\| \infty \leq max(1, w(0)) \leq 1+w(0), and discarding a nonpositive term
 - | w1  - w2| u1\gamma (z1), we get

(A.3)

| w1(t) - w2(t)| \leq 
\int t

0

| w1(s) - w2(s)| 
\bigl( 
3 + 2w(0)

\bigr) 
ds

+ (1 + w(0))

\int t

0

\bigm| \bigm| u1(s)\gamma (z1(s)) - u2(s)\gamma (z2(s))
\bigm| \bigm| ds.

For the second integral of (A.3) (evaluated at s), we have from (A.2) and (4.5)\bigm| \bigm| u1(s)\gamma (z1(s)) - u2(s)\gamma (z2(s))
\bigm| \bigm| \leq | u1  - u2| \gamma (z1) + u2| \gamma (z1) - \gamma (z2)| 
\leq C\| \xi 1  - \xi 2\| \scrE eks

with C depending on L\gamma , C\gamma , and R1. So, (A.3) becomes

| w1(t) - w2(t)| \leq 
\int t

0

| w1(s) - w2(s)| 
\bigl( 
3 + 2w(0)

\bigr) 
ds

+

\int t

0

C\| \xi 1  - \xi 2\| \scrE eks ds

\leq C

\int t

0

| w1(s) - w2(s)| ds

+
C

k
\| \xi 1  - \xi 2\| \scrE (ekt  - 1)

or

| w1(t) - w2(t)| \leq C

\int t

0

| w1(s) - w2(s)| ds

+
C

k
\| \xi 1  - \xi 2\| \scrE (ekt  - 1)
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with C depending on L\gamma , C\gamma , R,w(0), and R1. Using Gronwall's lemma, we get

| w1(t) - w2(t)| \leq 
C

k
\| \xi 1  - \xi 2\| \scrE (ekt  - 1)eCt

and finally

| w1(t) - w2(t)| e - kt \leq C

k
\| \xi 1  - \xi 2\| \scrE eCt.(A.4)
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