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Abstract. In the first part of these notes we survey results on
entropy for smooth systems. We emphasize questions regarding
existence and uniqueness of measures of maximal entropy, changes
of topological entropy under perturbations, and entropy structures
for smooth systems.

In the second part of these notes we review topological pres-
sure and equilibrium states for smooth systems. We look at exis-
tence and uniqueness of equilibrium states. We mention different
techniques which address these questions and emphasize a new ap-
proach due to Climenhaga and Thompson that is a generalization
of a result of Bowen.

1. Introduction

Entropy has been used effectively in dynamics for over 50 years to
quantify the complexity of a system. The notion of measure theoretic
entropy is due to Kolmogorov and denoted hµ(f) where µ is an invariant
Borel probability measure for the system f : X → X and measures the
exponential growth rate of observable orbits under iteration that are
relevant to the measure µ. Topological entropy is denoted htop(f) and
measures the exponential growth rate of all orbits under iteration.

One of the remarkable facts is the Variational Principle that relates
the two notions of entropy. It states that if f : X → X is a continuous
map and X is a compact metric space, then

htop(f) = sup
µ∈M(f)

hµ(f)

whereM(f) is the set of invariant Borel probability measures for f . A
measure such that htop(f) = hµ(f) is a measure of maximal entropy.

The notion of topological pressure and equilibriums states was intro-
duced by Ruelle and is a generalization of entropy where one weights
the orbits according to a potential function. We denote the pressure
of the system (X, f) for the potential function ϕ : X → R by P (f, ϕ).
An equilibrium state is an invariant Borel probability measure µ such
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that P (f, ϕ) = hµ(f)+
∫
X
ϕdµ. The use of equilibrium states has been

helpful in distinguishing various invariants for a dynamical system.
In the 1960s and 1970s a more or less complete description of topo-

logical and measure theoretic entropy, topological pressure and equi-
librium states was developed for hyperbolic sets. From this we know
the following facts (to name just a few):

1. Every hyperbolic set has a measure of maximal entropy, and if
the set is transitive then the measure is unique. More generally,
for Axiom A systems we can use the Spectral Decomposition
Theorem to determine the number of measures of maximal en-
tropy.

2. Similarly, for every hyperbolic set and every Hölder continu-
ous potential function there is an equilibrium state. and if the
system is topologically mixing the equilibrium state is unique.

3. Using Markov partitions there are effective ways to compute
the entropy of a system and the topological pressure for a given
potential.

4. Since a hyperbolic set is stable under perturbations we know
that the entropy is locally constant.

5. Entropy arises uniformly within the system and for a signifi-
cantly small scale there is no “hidden” entropy.

There are the following natural questions for smooth systems outside
of the hyperbolic setting.

1. When does a system have a measure of maximal entropy and
how many?

2. When does a systems have an equilibrium state and how many?
3. Can we compute the entropy effectively? What about the topo-

logical pressure?
4. How does the entropy of a system vary under perturbation?

What about the topological pressure?
5. How does entropy arise uniformly or nonuniformly within the

system? Is there “hidden” entropy at a given scale?

Throughout the remainder of these notes we will try to address the
above questions. We will first address the problems relating to entropy
and then address the questions for equilibrium states.

Remark: As there has been work on entropy and equilibrium states
for smooth systems for 50 plus years there is no way to relate all of the
results and research directions in the present work. In these notes the
author has chosen to address certain problems, but out of necessity has
had to neglect many beautiful results and many references.
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2. Entropy

In this section we address the questions above regarding entropy.

2.1. Entropy expansive and asymptotically h-expansive. One
of the reasons that hyperbolic sets have nice properties in regards to
entropy is that they are expansive. In 1972 Bowen [1] introduced the
notion of entropy expansive systems. Roughly, a system is entropy
expansive if it appears expansive with regard to entropy.

More precisely, let f : X → X where f is continuous and X is a
metric space and fix x ∈ X and ε > 0. The ε-forward Bowen ball is

Φ+
ε (x) = {y ∈ X : d(fkx, fky) < ε for all k ≥ 0}.

If f is invertible we can define the ε-Bowen ball as

Φε = {y ∈ X : d(fkx, fky) < ε for all k ∈ Z}.
For Y ⊂ X a set E (n, ε)-spans Y if for all y ∈ Y there exists some
x ∈ E such that d(fkx, fky) ≤ ε for all 0 ≤ k ≤ n. We let rn(ε, Y ) be
the minimum cardinality of an (n, ε)-spanning set for Y . Then

htop(f, Y ) = lim
ε→0

lim sup
n→∞

1

n
log rn(ε, Y ).

We are concerned specifically with htop(f,Φ+
ε (x)). We let

h∗f (ε) = sup
x∈X

h(f,Φ+
ε (x)).

The system f : X → X is entropy expansive if there exists some
ε > 0 such that h∗f (ε) = 0. (Bowen proves that supx∈X h(f,Φ+

ε (x)) =
supx∈X h(f,Φε(x)) so if the map is invertible we can use either the ε-
forward Bowen ball or ε-Bowen ball in the calculations.) If h+

f (ε) = 0,
then this says that with respect to entropy the system is expansive.

Bowen proves the following two theorems.

Theorem 2.1. [1] Let X be a finite dimensional compact metric space.
Then htop(f) ≤ h(f, ε) + h∗f (ε). In particular, if ε is an entropy expan-
sive constant for f , then htop(f) = h(f, ε).

Theorem 2.2. [1] Let X be a finite dimensional compact metric space,
µ be an f -invariant Borel probability measure and A be a Borel partition
of X with diam(A) ≤ ε. Then hµ(f) ≤ hµ(f, A) + h∗f (ε). In particular,
if ε is an entropy expansive constant for f , then hµ(f) = hµ(f, A).

So what smooth systems are entropy expansive?
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Theorem 2.3. [21] Let f be a diffeomorphism from a manifold to itself
and Λ be a compact f -invariant set admitting a dominated splitting
Es ⊕ E1 ⊕ · · · ⊕ Ek ⊕ Eu where Es is uniformly contracting, Eu is
uniformly expanding, and all the Ei are 1-dimensional. Then f |Λ is
entropy expansive.

Remarks:

1. Liao, Viana, and Yang [26] produced this result simultaneously
using different arguments.

2. For the center bundle being 1-dimensional the result was ob-
tained by Cowieson and Young [18].

3. Crovisier, Sambarino, and Yang [19] proved that systems that
are C1 far from homoclinic tangencies have a decomposition as
above.

4. C1 generically for a 2-dimensional center bundle that is inde-
composable plus some additional assumptions the system is not
entropy-expansive [20].

Idea of proof: Using domination we can show for ε > 0 sufficiently
small and x ∈ Λ that Φε(x) is either the point x or is contained in some
center curve. So all the other directions act like uniformly hyperbolic
directions at this point. Then one shows that the length of the center
curve must be bounded. A folklore result states that the entropy of a
1-dimensional curve with finite length is zero. Hence, f |Λ is entropy
expansive.

2.2. Asymptotically h-expansive. In 1976 Misiurewicz [28] gener-
alized the notion of entropy expansive and defined a system f : X → X
to be asymptotically h-expansive if limε→0h

∗
ε(f) = 0. So although the

system may not appear expansive with regards to entropy the amount
of entropy at a small scale approaches zero as the scale decreases.

The next theorem gives a relation to the entropy function and as-
ymptotic h-expansive where the entropy function is h :M(f)→ [0,∞)
defined by h(µ) = hµ(f).

Theorem 2.4. [28] For f : X → X asymptotically h-expansive the
entropy function is uppersemicontinuous.

Corollary 2.5. If f : X → X is asymptotically h-expansive, then f
has a measure of maximal entropy.
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Remarks:

1. Partially hyperbolic sets whose center bundles splits in a domi-
nated way into 1-dimensional center subbundles have a measure
of maximal entropy. However, even if we assume the system is
topologically mixing there may be more than one measure of
maximal entropy [35].

2. Buzzi proved [10] that every C∞ diffeomorphism is asymptoti-
cally h-expansive.

3. We will see examples of systems that are not asymptotically h-
expansive, but still have a unique measure of maximal entropy.

2.3. Unique measures of maximal entropy and entropy varia-
tion. One way to show there is a unique measure of maximal entropy
and compute the entropy for a non-hyperoblic system g : Y → Y is
to find a semiconjugacy to a hyperoblic set f : Λ → Λ. Under certain
assumptions of the semiconjugacy it can be shown that

1. there is a unique measure of maximal entropy,
2. htop(g, Y ) = htop(f,Λ), and
3. for C1 perturbations of g there is a semiconjugacy to f : Λ→ Λ.

One approach to find such a semiconjugacy is to start with a hy-
perbolic system and produce a diffeomorphism that is C0 close to the
hyperbolic system. The perturbation is supported in small neighbor-
hoods about fixed or periodic points. Using the shadowing theorem for
the original hyperbolic set there is a semiconjugacy back to the original
hyperbolic set.

This approach was first used by Newhouse and Young [31] for certain
skew products of the 4-torus. This approach was also used for certain
robustly transitive diffeomorphisms that were partially hyperbolic with
1-dimensional center [12]. Furthermore, it is shown in this setting
that the periodic points for the nonhyperbolic map are equidistributed
for the measure of maximal entropy. Lastly, this approach was used
for certain robustly transitive systems with a dominated splitting and
allowing for a much more general type of perturbation [11]. In this last
case we notice that the system need not be asymptotically h-expansive
so the existence of a measure of maximal entropy is nontrivial.

The idea of these arguments is to first fix the C0 perturbation suffi-
ciently small so that there is a semiconjugacy given by shadowing of the
original hyperbolic set. Next use Ledrappier-Walters type estimates to
show there is a measure of maximal entropy that is a lift of the measure
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of maximal entropy for the hyperbolic system. So let µ be the unique
measure of maximal entropy for the hyperbolic system. Then we let ν
be a lift of the measure to g : Y → Y , the Ledrappier-Walter inequality
states that

hν(g) ≤ hµ(f) +

∫
X

htop(g, π−1(x))dµ(x).

Since g is an extension of f we know that htop(g) ≥ htop(f) = hµ(f).
So if we can show the integral is 0, then we know that ν is a measure
of maximal entropy for g. Now suppose there is another measure of
maximal entropy η. Then η = αν1 + (1 − α)ν2 where ν1 is absolutely
continuous with respect to ν and ν2 is singular with respect to ν. We
then show that the singular measure cannot be a measure of maximal
entropy so α = 1 and η = ν.

Another related approach is to start with an Anosov system and then
take a partially hyperbolic system that is homotopic to the Anosov. A
result of Franks states that there is a semiconjugacy back to the Anosov.
If the homotopy satisfies additional requirements one may then obtain
the same results as above.

This approach has been used by Ures [36] to show that if the homo-
topy stays within the set of partially hyperbolic diffeomorphisms with
1-dimensional center with additional assumptions and the manifold is
the 3-torus, then there is a unique measure of maximal entropy and
the topological entropy is the same as the Anosov map.

2.4. Locally constant entropy and points of variation. In the
hyperbolic setting we know that entropy is locally constant under C1

perturbations. This is also true for the examples in the previous section.
However, it should be the case that for many systems entropy varies
under perturbations. The problem is that at present there is not a
good understanding as to the bifurcations that may only create local
entropy and those that change the entropy of the entire system.

A Cr point of variation is a Cr diffeomorphism f such that each Cr

neighborhood U of f contains a diffeomorphism g such that htop(f) 6=
htop(g). Most of the known results for points of variation on the entropy
involve homoclinic tangencies and/or high regularity of the system.

Theorem 2.6. [33] The surface diffeomorphisms far from homoclinic
tangencies are constancy points for topological entropy in the C∞ topol-
ogy.

Theorem 2.7. [6] For a 1-parameter family fλ of C2 diffeomorphisms
that are Axiom A and λ0 on the frontier of Axiom A that exhibits a
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homoclinic tangency on a hyperbolic set with maximal entropy. Then
fλ0 is a point of variation for the topological entropy.

Remark: Dı̀az and Rios [22] studied the unfolding of a critical saddle-
node horseshoe and showed that if the horseshoe is not an attractor
then the entropy may decrease after the bifurcation.

A more general result not involving tangencies was obtained earlier
by Newhouse.

Theorem 2.8. [30] The function f → htop(f) is uppersemicontinuous
on Diff∞(M).

2.5. Entropy Structures. Topological entropy is useful in under-
standing a dynamical system, but is still a crude estimate on the
complexity of the system. The entropy function gives us better un-
derstanding of the complexity, but it does not help us see how entropy
arises at different scales in the system.

Figure 1. Entropy hidden at certain scales

For instance, suppose we partition a system by a scale ε and in the ε-
grid we think we see a periodic orbit. However, if we refine the grid we
see that each point was actually a very small horseshoe, see Figure 1.
So the entropy of the horseshoe was “hidden” at scale ε.

In the hyperbolic setting we know that at a sufficiently small scale
there will be no local entropy. One way to see this is that for ε suf-
ficiently small we know that each Bowen ball will be a singleton set.
However, for systems that are not uniformly hyperbolic we want to
know how the entropy arises at different scales.
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Fix ε > 0 and let Uε be an open cover of X such that diam(U) < ε.
Let

H(µ, Uε) = inf{H(µ, P ) : P � Uε}
where P � Uε means P is a measurable partition and each element of
P is contained in an element of Uε. Furthermore, we define

h(µ, Uε) = lim
m→∞

1

m
H(µ, Um

ε ).

Then we fix εn a sequence of positive real numbers converging to 0
and a sequence Un of open covers whose diameter is at most εn. We
then have a function H = {hn} of functions from M(f) → [0,∞)
where hn(µ) ≥ hm(µ) for n ≥ m and all µ ∈ M(f) and such that
limn→∞ hn(µ) = h(µ) for all µ ∈M(f).

To see how entropy arises at different scales it is sufficient to detect
the nonuniform convergence of hn → h. A first approach to measure the
lack of uniform convergence is the following approach. Let θn = h−hn
be the tail of H and define

D(µ) = inf
ε>0

lim
n→∞

sup
η∈B(µ,ε)

θn(η).

This is the local defect of uniform convergence. We note that if D = 0
then hn → h converges uniformly.

For a function T :M(f)→ [0,∞) the uppersemicontinuous envelope
of T is T̃ (µ) = lim supη→µ T (µ). Then

D(µ) = lim
n→∞

θ̃n(µ) = lim
n→

θ̃n(µ)− lim
n→∞

θn(µ).

The next theorem addresses the connection between D(µ) and h∗(f).
The case for homeomorphisms was done by Downarowicz and for con-
tinuous maps by Burguet.

Theorem 2.9. [23, 8] For f : X → X a continuous map of a compact
metric space the following holds:

h∗(f) = sup
µ∈M(f)

( lim
n→∞

θ̃n(µ)).

Corollary 2.10. f is asymptotically h-expansive if and only if hn → h
converges uniformly.

An entropy structure is a sequence of functions fromM(f) to [0,∞)
that are increasing, converging pointwise to h, and are uniformly equiv-
alent to the sequence {hn} described above. The notion of an entropy
structure was introduced by Downarowicz [23] as a class of sequences
of functions that carry the information we need about the defect of
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nonuniform convergence to h so that we know how entropy is arising
at different scales within the system.

Since the convergence is uniform if the θn are asymptotically up-
persemicontinuous we are interested in how far off the sequence is from
uppersemicontiuity. For an entropy structure {hn} and tail functions
{θn} a repair function is a function u :M(f)→ [0,∞] such that u+θn
is asymptotically uppersemcontinuous. The smallest repair function is
dentoed uH and EH = uH + h is the smallest superenvelope of H.

Boyle and Downarowicz [3]) define a way to determine uH. To do
this we define a transfinite sequence. Let u0 = 0 and let

uα = lim
n→∞

(sup
β<α

ũβ + θn).

For this transfinite sequence we have u1 = D(·) as the first attempt to
repair θn.

Theorem 2.11. [3] There exists a smallest ordinal α0 such that uα0 =
uα0+1 and uα0 = uH.

We note that it could be the case that uH =∞ and in this case there
is no way to repair the sequence θn. Dynamically this means that the
convergence is as bad as possible and that there exists some c > 0 such
that at any scale ε there is a subsystem with entropy at least c that is
hidden at scale ε.

The next theorem relates the existence of a bounded function uH to
symbolic dynamics.

Theorem 2.12. [3] For a topological dynamical system with finite
entropy and {hn} an entropy structure the following are equivalent:

1. EH is a bounded affine envelope.
2. There exists a symbolic extension of the system.

This theorem recasts studying how entropy arises at different scales
to the study of symbolic extensions of the system.

For (X, f) a topological dynamical system a symbolic extension is a
shift space (Y, S) and semiconjugacy π : Y → X. We note that the
system (Y, S) is simply a closed shift invariant system of a full shift
and not necessarily a subshift of finite type. Furthermore, the map π
need not be finite-to-one.

For (Y, S) an extension of (X, f) and µ ∈M(f) we define

hπext(µ) = sup{hν(S) : ν ∈M(S), πν = µ}.



10 TODD FISHER

For (X, f) a topological system with a symbolic extension we define
the symbolic extension entropy function as

hsex(µ) = inf{hπext(µ) : π is given by a symbolic extension of (X, f)}.
The topological symbolic extension entropy is

hsex(f) = inf{htop(S) : (Y, S) is a symbolic extension of (x, f)}.
If there is no symbolic extension for (X, f) we define hsex(f) = ∞.
The residual entropy for µ ∈ M(f) is hres(µ) = hsex(µ) − hµ(f) and
the topological residual entropy is hres(f) = hsex(f)− htop(f).

Theorem 2.13. [3] For (X, f) a topological dynamical system with
htop(f) <∞ we know that hsex(·) = EH and hres(·) = uH.

From this and the previous definitions we have the following corol-
lary.

Corollary 2.14.

hsex(f) = sup
µ∈M(f)

{hsex(µ} = sup
µ∈M(f)

{EH(µ)}.

We now talk about certain symbolic extensions that in essence cap-
ture all of the dynamics of the original system in terms of entropy. A
symbolic extension (Y, S) of (X, f) is a principal symbolic extension if

hφext(µ) = hµ(f) for all µ ∈ M(f). So this says that hsex(µ) = hµ(f)
and uH = 0.

Theorem 2.15. [5] A system (X, f) is asymptotically h-expansive if
and only if it has a principal symbolic extension.

2.5.1. Smooth Dynamics. We now discuss entropy structures in regards
to smooth dynamics. The following are natural questions.

1. What smooth systems have symbolic extensions?

2. When a smooth system has a symbolic extension what can be
said about the residual entropy?

Since asymptotically h-expansive systems have principal symbolic
extensions we know that Axiom A systems, C∞ diffeomorphisms, and
partially hyperbolic systems whose center bundles splits into 1-dimensional
center subbundles in a dominated manner all have symbolic extensions.

2.5.2. Existence of symbolic extensions. The next theorem is a general
theorem that can be used to establish the existence of symbolic exten-
sions.
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Theorem 2.16. [24] Let (X, f) have finite topological entropy and g be
a nonnegative uppersemicontinous affine function on M(f) such that
for all γ > 0 and for all µ ∈M(f) and H = {hn} an entropy structure
there exists kµ ∈ N and δµ > 0 such that for all ergodic measure ν
satisfying d(ν, µ) < δµ the following holds

(h− hkµ)(ν) ≤ g(µ− g(ν) + γ.

Then there exists a symbolic extension (Y, S) such that hφext − h = g.
So hsex − h ≤ g.

Using the above theorem the following results have been shown:

1. Every continuous Cr map of an interval or circle where r > 1
has a symbolic extension [24].

2. Ever C2 surface diffeomorphism has a symbolic extension [7].
3. Every C2 partially hyperbolic diffeomorphism with 2-dimensional

center and an additional domination condition has a symbolic
extension [9].

The above verify the next conjecture.

Conjecture 2.17. [25] Let f : M → M be Cr with r > 1 and con-
tinuous where M is a compact, boundaryless, manifold. Then f has a
symbolic extension.

In [25] a conjecture is also given as to a bound on the residual entropy
for Cr systems. Where the bound depends on r, the dimension of the
manifold and Lyapunov exponents.

Boyle and Downarowicz [4] give examples of Cr systems with 1 <
r < ∞ that have positive residual entropy where the residual entropy
decreases as r → ∞. The construction is based on examples of Misi-
urewicz [29].

2.5.3. Nonexistence of symbolic extensions. It is known that not all
smooth systems have symbolic extensions. From the above conjecture
it is clear that all known examples are C1.

Theorem 2.18. [25] For every compact surface and ω a symplectic
form and Diffω(M) the set of diffeomorphisms from M to M that pre-
serve ω there exists a residual set R ⊂ Diffω(M) such that f ∈ R is
either Anosov or has no symbolic extension.

The general idea in the proof of this theorem has been extended to
other situations.
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Theorem 2.19. [20] If U is an open set of robustly transitive dif-
feomorphisms that are partially hyperbolic with 2-dimensional center
bundle that is indecomposable plus some technical assumptions, then
there exists a C1 residual set R such that each f ∈ R has no symbolic
extension.

Theorem 2.20. [14] A C1 generic volume preserving diffeomorphism
either has no symbolic extension or has a dominated splitting where the
central bundles are 1-dimensional.

p p

p p

q

1. 2.

3. 4.

Figure 2. Creation of systems with no symbolic extensions

The idea is to start with a system that has a homoclinic tangency.
Then after a C1 perturbation the tangency is flat. Perturb so there are
a lot of “wiggles”. By doing this one can create an invariant set that has
entropy bigger than some constant c > 0. After another perturbation
one can do this on smaller and smaller scales.
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Notice in the C2 setting one cannot flatten the tangency and if one
starts with a flat tangency one cannot create enough “wiggles” so that
a new invariant set has entropy larger than some constant c > 0, see
Figure 2.

3. Topological Pressure and Equilibrium states

Extending ideas from statistical mechanics Ruelle introduced the
notion of topological pressure and equilibrium states to dynamical sys-
tems.

3.1. Topological pressure. The topological pressure of a system is
a generalization of topological entropy where the elements in X are
weighted according to some function called a potential or observable
function. The reason the term observable is used is that in practice
this is an observable quantity we are trying to measure for the system.

Let (X, f) be a dynamical system where X is a compact topological
space and f is continuous. A potential function is a function ϕ ∈ C(X).
For x ∈ X and n ∈ N let Snϕ(x) =

∑n−1
i=0 ϕ(f i(x)) and

N(f, ϕ, ε, n) = sup{
∑
x∈E

eSnϕ(x) : E is (n, ε)− separated}.

The topological pressure of f with respect to ϕ is

P (f, ϕ) = lim
ε→0

lim sup
n→∞

1

n
logN(f, ϕ, ε, n).

Notice that ϕ = 0 gives the entropy, so P (f, 0) = htop(f).
As in the case of entropy there is a variational principle.

Theorem 3.1. (Variational principle) Let f : X → X be continuous
and X be a compact metric space. If ϕ ∈ C(X), then

P (f, ϕ) = sup
µ∈M(f)

(hµ(f) +

∫
ϕdµ.

3.2. Equilibrium states. An equilibrium state is a measure µ ∈M(f)
such that hµ(f) +

∫
ϕdµ = P (f, ϕ). This is a generalization to a mea-

sure of maximal entropy. The idea is that for an observable function
a confined system should evolve to an equilibrium. These are also the
measures that maximize the free energy of the system.

Equilibrium states help us distinguish other invariants besides just
entropy for the system. For instance, these can be used to compute the
Hausdorff dimension of an invariant set, or determine an SRB measure.

Just as in the case of entropy and measure of maximal entropy we are
interested in when a system has an equilibrium state and how many.
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The answer in this case depends not just on the system, but also on
the potential function.

One way to establish the existence of an equilibrium state is similar
to an approach we used for entropy. We mentioned previously that the
entropy function is uppersemicontinuous if the system is asymptotically
h-expansive. Then the function

µ 7→ hµ(f) +

∫
ϕdµ

is uppersemicontinuous on M(f) if ϕ ∈ C(X). So by uppersemicon-
tinuity there is an equilibrium state. This then applies to C∞ diffeo-
morphisms and to partially hyperbolic diffeomorphisms whose center
bundles splits into 1-dimensional subbundles in a dominated manner.

In the topological setting there is the following result.

Theorem 3.2. Let f : X → X be continuous and h be uppersemicon-
tinuous. Then there exists a dense set R ∈ C(X) such that each ϕ ∈ R
has a unique equilibrium state.

What can be said about existence and uniqueness of equilibrium
states for smooth systems? The following approaches are often used.

1. Look at specific systems and/or specific potentials.

2. Show that the system is a factor of a system that is easier to
study.

3. Inducing schemes approach to show the existence and unique-
ness of equilibrium states.

4. Use the Ruelle transfer operator and a spectral gap condition.

5. Examine conditions related to specification and expansivity for
the system.

For the first case a specific potential is used to study specific proper-
ties of the system. For instance, when one is looking at SRB measures.
In this case there can be specific methods and results for that potential.
Other times the system is specific and one can then examine classes
of potential functions for that very specific system. There are many
results for both of these cases, but the techniques are usually unique
to the situation.

In the second case one looks for systems that are easier to study
and factor maps that would preserve certain properties so there are
still equilibrium states and often unique equilibrium states. This has



ENTROPY AND EQUILIBRIUM STATES 15

been done for instance for systems having Markov partitions. The
results on equilibrium states are well known for subshifts of finite type
and can then hold under the factor map. This has also been done
for certain countable state Markov shifts. For instance, Buzzi and
Sarig [13] examined unique equilibrium states for certain countable
state markov shifts. They then show certain expanding systems are
factors of countable state Markov shifts so there is a unique equilibrium
state.

The third approach has been used successfully in the one-dimensional
setting. For f : I → I continuous where I is an interval an inducing
scheme is a triple (X,F, τ) where X ⊂ I is an interval containing
a countable collection of disjoint intervals Xi and an inducing time
τ : X → N such that τ |Xi = τi is constant and the map F |Xi = f τi |Xi
is homeomorphic onto X.

The idea is that for a potential function ϕ on I one lifts to the in-
ducing scheme and finds an F -invariant measure µF where for instance∫
X
τ dµF <∞, then µF can be projected to an equilibrium state for f .

The fourth approach involves the Ruelle transfer operator. Some-
times also called the transfer operator or the Ruelle-Perron-Frobenius
operator). This operator acts on the space C(X) and is defined as
follows

Lϕg(x) =
∑
f(y)=x

eϕ(y)g(y).

There is also the dual operator L∗ that acts on M(f) defined by∫
g d(L∗ϕµ) =

∫
(Lϕg) dµ

for all g ∈ C(X).
To establish a unique equilibrium state one then looks for a fixed

point of the dual operator. Under various conditions this can then be
shown to be unique. A key is the so called spectral gap condition. This
says that there is a unique eigenvalue of largest modulus. In this case
not only does one get the existence of a unique equilibrium state but
also rates of convergence and is related to rates of mixing.

This approach goes back to the 1970s and has been used by a number
of authors in the smooth setting usually in the situation where f : X →
X is a local diffeomorphism. For instance, this is the general idea used
in [32, 37].

The last approach we mention is due to Bowen and investigates sys-
tems that satisfy specification and expansivity. For X a compact metric
space and f : X → X a homeomorphism we say that f is expansive
if there exists some c > 0 such that for all x, y ∈ X, x 6= y, there
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exists some n ∈ Z such that d(fn(x), fn(y)) > c. A continuous map
f : X → X where X is a compact metric space has the (periodic)
specification) property if for all δ > 0 there exists some M(δ) ∈ N such
that if Ii, ..., In are intervals of natural numbers in an interval [a, b]
with d(Ii, Ij) > M(δ) for all i 6= j and x1, ..., xn ∈ X, then there exists
some x ∈ X such that f b−a+M(δ)(x) = x and d(fk(x), fk(xi)) < δ for
all k ∈ Ii and for all i ∈ {1, ..., n}.

Before stating the next theorem due to Bowen we define a class of
functions. For ϕ ∈ C(X) and f an expansive homeomorphism we say
that ϕ ∈ V (f) if δ is an expansive constant for f and

|ϕ|f = sup{|Snϕ(x)− Snϕ(y)| : n ≥ 1, dn(x, y) < δ} <∞.

Theorem 3.3. [2] If f : X → X is an expansive homeomorphism
of a compact metric space with the specification property, then for all
ϕ ∈ V (f) there is a unique equilibrium state.

We note that every Hölder continuous function will be in V (f) so
authors often state the hypothesis for the above and related theorems
as ϕ is Hölder continuous. Also, Bowen proves that every topologically
mixing subshift of finite type as well as every topologically mixing
locally maximal hyperbolic set are expansive and have specification so
every ϕ ∈ V (f) will have a unique equilibrium state.

The idea of the proof is to first define Pern(f) = {x ∈ X : fn(x) =
x} and Per(f, ϕ, n) =

∑
x∈Pern(f) e

Snϕ(x). Next we let

µϕ,n =
1

Per(f, ϕ, n)

∑
x∈Pern(f)

eSnϕ(x)δ[x].

Then each of the µϕ,n are f -invariant Borel probability measures and
a subsequence µϕ,nk → µ for some µ ∈ M(f). Ruelle proved [34]
that this is an equilibrium state. Now suppose that ν is singular with
respect to µ. Then there is a set B ⊂ X such that ν(B) = 1 and
µ(B) = 0. Using estimates from expansivity and specification Bowen
proves that hν(f) +

∫
ϕdν < P (f, ϕ). So ν cannot be an equilibrium

state. Now suppose there is a measure η that is another equilibrium
state. Then η = αν ′ + (1 − α)µ′ where ν ′ is singular with respect
to µ and µ′ is absolutely continuous with respect to µ. From the
previous discussion we see that α = 0 and η = µ′. By ergodicity
we see that the Radon-Nikodym is constant and since the measures are
both probability measures we see that η = µ.
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In the 40 years since Bowen published his result a number of peo-
ple have found ways to extend this result by relaxing the hypotheses.
Recently, Climenhaga and Thompson [15, 16] have developed a nonuni-
form version of the above theorem that still ensures unique equilibrium
states.

As the sets we will be using are not necessarily invariant we want to
first define the upper pressure of a set. For a set D ⊂ X × N we let
Dn = {x ∈ X : (x, n) ∈ D}. The upper pressure of ϕ on D at scale ε
is

P (D, ϕ, ε) := lim sup
n→∞

1

n
logN(Dn, ϕ, n, ε)

and the upper pressure of ϕ on D is P (D, ϕ) = limε→0 P (D, ϕ, ε). We
can define the lower pressure similarly. If the two are equal the pressure
of D with respect to ϕ is the common value and denoted P (D, ϕ).

A collection of points G ⊂ X × N has (periodic) specification with
bounded ϕ-distortion at scale ε if there exists τ ∈ N and V ∈ [0,∞)
such that for every {(xj, nj) : 0 ≤ j ≤ k} ⊂ G and τi ≥ τ there is a
(periodic) point x in

k⋂
j=0

f−(
Pj
i=0 ni+τi)Bnj(xj, ε)

such that

|SNϕ(x)−
k∑
i=1

Sniϕ(xi)| ≤ V,

where N =
∑k

j=0 ni + τi. If the point is periodic then the period is
taken to be N .

In Bowen’s original argument [2] he required the points to be peri-
odic; however, the above definition does not require periodicity.

Definition 3.4. A triple (P ,G,S) ⊂ (X × N)3 is a decomposition for
(X, f) if for every x ∈ X and n ∈ N there exist p, g, s ∈ N where
p+ g + s = n such that

(x, p) ∈ P , (fp(x), g) ∈ G, (fp+g(x), s) ∈ S.

Definition 3.5. The ϕ-pressure of obstructions to specification with
bounded ϕ-distortion at scale ε is

P⊥spec(ϕ, ε) := inf{P (P ∪ S, ϕ, 3ε)}

where the infimum is taken over all decompositions such that G has
specification with bounded ϕ-distortion at scale ε.



18 TODD FISHER

Definition 3.6. For f : X → X the set of non-expansive points at
scale ε is NE(ε) := {x ∈ X : Φε(x) 6= {x}}. An f -invariant measure
µ is ε-almost expansive if µ(NE(ε)) = 0. For ϕ ∈ C(x) the ϕ-pressure
of obstructions to expansivity at scale ε is

P⊥exp(ϕ, ε) = sup
µ∈Me(f)

{
hµ(f) +

∫
ϕdµ : µ(NE(ε)) = 1

}
where Me(f) is the set of ergodic f -invariant Borel probability mea-
sures.

We then have the following general result,

Theorem 3.7. [17] Let X be a compact metric space and f : X → X
be a continuous map and let ϕ ∈ C(X). If ε > 0 such that P⊥spec(ϕ, ε) <

P (f, ϕ) and P⊥exp(ϕ, 28ε) < P (f, ϕ), then there exists a unique equilib-
rium state for ϕ.

3.3. Application of the general theorem to smooth systems.
We first review how Bowen established specification for topologically
mixing locally maximal hyperbolic sets.

Proposition 3.8. If Λ is a compact locally maximal hyperbolic set for f
and f : Λ→ Λ is topologically mixing, then for α > 0 there exists N ∈
N such that for all x, y ∈ Λ and n ≥ N we have fn(W u

α (x))∩W s
α(y) 6= ∅.

Now to show every topologically mixing hyperbolic set has specifi-
cation we let α > 0 be sufficiently small and fix M(α) > N such that
λM < 1/2 where λ is a hyperbolic constant for Λ. For I1, ..., Ik and
x1, ..., xk where d(Ii, Ij) > M(α) for i 6= j and x1, .., xk ∈ Λ we let
y1 = x1 and y2 be a point such that

fa2(y2) ∈ fa2−b1(W u
α (f b1(y1)) ∩W s

α(fa2(x2))).

Lastly, given yj for j ∈ {1, ..., k − 1} we let yj+1 be a point such that

faj+1(yj+1) ∈ faj+1−bj(W u
α (f bj(y1)) ∩W s

α(faj+1(xj+1))).

Bowen then proves that yk is the desired point for specification.
One way to extend this is the following: We want to define a set G so

we want N(ε) ∈ N such that fn(W u
ε (x)) (or fn(W cu

ε (x)) is ε dense for
all n ≥ N(ε). Let y1 = x1 and let each τi ≥ N . For j ∈ {1, ..., k − 1}
we let yj+1 be a point such that that

f
Pj
i=0 ni+τi(yj+1) ∈ f τj(W u

ε (f (
Pj−1
i=0 ni+τi)+nj(yj)) ∩W s

ε (xj+1).

As long as the cs-manifold is contracting over the interval and the cu-
manifold is expanding we know the point yk is a specification point.
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By the definition we know that

yk ∈
k⋂
j=0

f−(
Pj
i=0 ni+τi)Bnj(xj, ε)

and G has specification with bounded ϕ-distortion at scale ε.
This approach has been used by the author, Climenhaga, and Thomp-

son to show that the robustly transitive diffeomorphisms examined
in [31, 12, 11] have a unique equilibrium state for Hölder continuous po-
tentials so long as maxi∈{1,...,m} ϕ(pi) < P (f, ϕ) where pi are the points
at which the perturbation is performed and f is the initial Anosov dif-
feomorphism. Furthermore, we show this condition is stably satisfied
in that there is a C1 open set of diffeomorphisms that have unique
equilibrium states.
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