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Abstract. In this paper, we are concerned with the following linearized Compressible Navier-Stokes flow

in Rn with n ≥ 2:

ρt(t, x) + γdivv(t, x) = 0, (t, x) ∈ (0,∞)×Rn,

vt(t, x)− α∆v(t, x)− β∇divv(t, x) + γ∇ρ(t, x) = 0, (t, x) ∈ (0,∞)×Rn,

ρ(0, x) = ρ0(x), v(0, x) = v0(x), x ∈ Rn,

where α and β, the viscosity coefficient, are constants satisfying the thermodynamic restriction α > 0

and β ≥ 0. The constant coefficient γ is such that γ > 0 and v(t, x) :=
(
v1(t, x), v2(t, x), · · · , vn(t, x)

)
is

the vector valued unknown velocity of the fluid, ρ(t, x) is a scalar valued unknown density of the fluid.

Furthermore, v0(x) := (v01(x), v02(x), · · · , v0n(x)) and ρ0(x) are given initial data.

Concerning the Lp-Lq estimates of the solution (ρ(t, x), v(t, x)) to the linearized NS equation (1.1)-(1.3)

we mention the work by Kobayashi-Shibata [6]. We also mention the important works on compressible

Navier-Stokes system by Hoff-Zumbrum [4], Liu-Wang [8], Brezina-Kagei [1], Chowdhury-Ramaswamy

[2], Decklnik and Ma-Wang [9]. All these investigations are quite restricted to the decay property of the

solutions in terms of Lp-norms. But, it seems that there still does not exist a research from the viewpoint

that catches an asymptotic profile itself of the solutions to problem (1.1)-(1.3). Recently, in Liu-Noh

[7] they have announced new interesting results about the asymptotic profile and its point-wise decay

estimates of the Green function to the (linearized) Navier-Stokes System. Furthermore, quite recently

Ikehata-Onodera has caught the explicit profile of the ”density” ρ(t, x) as t→ +∞ through the study of

the viscoelastic equations, which is inspired from the previous results by [5]. However, until now we still

did not know about the explicit profile of the velocity v(t, x) of the fluid .

The main purpose of this note is to announce the exact profile of the velocity v(t, x) as t→ +∞. To

get decay rates in the high frequency zone of the Fourier space, we use similar arguments as used in the

work [3].

The asymptotic profile in Fourier space of the velocity v(t, x) is given by the Theorem 0.1 below. The

Theorem 0.2 which gives optimal decay estimate of the L2-norm of the velocity v(t, x) for the compressible

fluid is obtained as an application of Theorem 0.1.
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Theorem 0.1. Let n ≥ 2. Then, it is true that there exists generous constants C > 0 and η > 0 such

that ∫
Rn

∣∣∣v̂(t, ξ)− P0e
−α|ξ|2t +

ξ(ξ · P0)

|ξ|2
e−α|ξ|

2t

+ (iξ)e−
(α+β)|ξ|2t

2
sin(γt|ξ|)
|ξ|

Q0 −
ξ(ξ · P0)

|ξ|2
e−

(α+β)|ξ|2t
2 cos(γt|ξ|)

∣∣∣2dξ
≤ C ( |P0|2 + |Q0|2 +

n∑
j=1

‖v0j‖21,1 + ‖ρ0‖21,1)t−
n
2−1 + Ce−ηt( ‖v0‖2 + ‖ρ0‖2 ),

for large t� 1, where C > 0 depends only on γ, α, β, and v̂(t, ξ) is the Fourier transform of v(t, x).

Theorem 0.2. Let n ≥ 2. Then, it is true that there exist constants Cj > 0 (j = 1, 2) such that for

t� 1

C1

(
|P0|+ |Q0|

)
t−

n
4 ≤ ‖v(t, ·)‖ ≤ C2

(
|P0|+ |Q0|+

n∑
j=1

‖v0j‖1,1 + ‖ρ0‖1,1 + ‖v0‖+ ‖ρ0‖
)
t−

n
4 ,

provided that |Q0| 6= 0 and |P0|/|Q0| � 1.

Remark 0.1. It is still open to show the optimality above in the case when the assumptions |Q0| 6= 0

and |P0|/|Q0| � 1 do not hold. However, the assumption |P0|/|Q0| � 1 means that |P0|/|Q0| <
1

1 + Cn
with Cn > 0 depending on the dimension n and the coefficients α, β, which can be calculated explicitly.
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