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DECAY ESTIMATES LEMMAS: EQUIVALENCE RESULTS AND

GENERALIZATIONS

——————————————————

Abstract. In this talk we present three lemmas widely used for decay estimates: Haraux-
Komornik Lemma [1], Lyapunov Lemma [1] and Nakao Lemma [2]. Consider E : R+ →
R+ a non-increasing function (and differentiable in the case of Lyapunov hypothesis),
C > 0, δ > 0 and α ≥ 0 such that:

Hypothesis HK:
∫∞
S
E(t)1+α dt ≤ CE(S), ∀S ≥ 0.

Hypothesis N: E(t)1+α ≤ C [E(t)− E(t+ δ)] , ∀ t ≥ 0.

Hypothesis L: E′(t) + CE(t)1+α ≤ 0, ∀ t ≥ 0.

Thus, exist K > 0, ω > 0 and t0 ≥ 0 such that: E(t) ≤ Kt−
1
α if α > 0, and

E(t) ≤ E(0)e−ωt otherwise, ∀ t ≥ t0.

As we can see, the thesis of these lemmas are similar. Additionally, properties related
to stabilization of several differential equations can be obtained using any of the three
aforementioned lemmas, which could indicate that there is an equivalence between the
hypothesis of these Lemmas. However, we verify equivalence between Haraux-Komornik
and Nakao lemmas for exponential decay but also show counter-examples for algebraic
decay. Nevertheless, we obtain counter-examples when comparing the Lyapunov Lemma
with others two lemmas. Further, under additional assumptions, we establish equivalence
between three lemmas. Additionally, we show how these counter-examples can arise
in classical differential equations, such as heat type equation and wave type equation.
Finally, with a differential inequality, we show a new generalization of these Lemmas.
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