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OPTIMIZATION OF THE FIRST EIGENVALUE OF THE LAPLACIAN
OPERATOR USING TOPOLOGICAL DERIVATIVE

——————————————————

Abstract. The Topological Derivative measures the sensitivity of a functional data with
respect to an infinitessimal perturbation in the domain, such as the insertion of holes,
inclusions or even source terms. The topological derivative has been successfully used to
obtain optimal topology for a large class of physics and engineering problems. In this
work we use the topological derivative in a topological structural optimization problem of
a two-dimensional membrane with fixed edge ∂Ω. In particular, the idea is to maximize
the first eigenvalue λ1 of the Laplacian Operator given by:{

−div(k∇u) = λu inΩ
u = 0 about ∂Ω ,

(1)

We consider the above problem due to the fact that its eigenvalues represent the
natural vibration frequencies of a membrane, whereas the associated autofunctions cor-
respond to the natural modes of vibration. Thus, we are interested in maximizing the
main eigenvalue λ1, of (1), searching for a first natural frequency that can optimize the
rigidity of the structure, considering a volume restriction, thus avoiding the resonance
effect, which can be caused by the high amplitude of vibration.

The Topological Derivative of a functional data Ψ is given by:

DT (x̂) = limε→0
Ψ(χε(x̂))−Ψ(χ)

f(ε)
, (2)

where Ψ(χε(x̂) and Ψ(χ) represent the functional associated with the disturbed and
undisturbed domain, respectively. And yet f(ε) is a positive function, such that f(ε)→ 0
with ε→ 0.

For the problem considered, we obtain the Topological Derivative, given by:

DT (λ1) = −2

(
1− γ
1 + γ

){
k(x̂)||∇u(x̂)||2∫

Ω
|u|2

}
(3)
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