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Abstract

We prove two new mixed sharp bilinear estimates of Schrodinger—Airy type. In particular, we obtain the
local well-posedness of the Cauchy problem of the Schrodinger—Kortweg—de Vries (NLS-KdV) system
in the periodic setting. Our lowest regularity is H 1/4 » L2, which is somewhat far from the naturally ex-
pected endpoint L% x H~1/2_ This is a novel phenomena related to the periodicity condition. Indeed, in the
continuous case, Corcho and Linares proved local well-posedness for the natural endpoint L2 x H3/4+,

Nevertheless, we conclude the global well-posedness of the NLS-KdV system in the energy space
H!' x H! using our local well-posedness result and three conservation laws discovered by M. Tsutsumi.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction

The interaction of a short-wave u = u(x, t) and a long-wave v = v(x, t) in fluid mechanics
(and plasma physics) is governed by the Schrodinger—Korteweg—de Vries (NLS-KdV) system
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io;u + 3314 =ouv+ Blul’u, teR,
v+ 03v + 30, (v?) = yd (Jul?), (1.1)
u(x,0) =uo(x), v(x,0)=nwvo(x),

where u = u(x, t) is a complex-valued function, v = v(x, t) is a real-valued function and «, 8,
y are real constants.!

This physical model of interaction of waves motivates the mathematical study of the local and
global well-posedness of the Cauchy problem for the NLS—KdV system with rough initial data.>

The central theme of this paper is the local and global well-posedness theory of the NLS-KdV
system in the periodic setting (i.e., x € T); but, in order to motivate our subsequent results, we
recall some known theorems in the nonperiodic setting.

In the continuous context (i.e., x € R), Corcho and Linares [7] showed the local well-
posedness of the NLS-KdV for initial data (uq, vg) € HKR) x H*(R) with k >0, s > -3/4
providedthat k — 1 <s <2k —1/2fork<1/2andk—1<s <k+1/2fork > 1/2. It is worth
to point out that the lowest regularity obtained by Corcho and Linares is k =0 and s = —3/4+.
In the nonresonant case 8 # 0, it is reasonable to expect that the NLS-KdV is locally well-
posed in L? x H73/%*: the nonlinear Schrodinger (NLS) equation with cubic term (Ju|u) is
globally well-posed in H* (R) for s > 0 and ill-posed below L?(R); similarly, the Kortweg—de
Vries (KdV) equation is globally well-posed in H®(R) for s > —3/4 and ill-posed in H®(R) for
—1 < s < —3/4. Also, using three conserved quantities for the NLS—-KdV flow, M. Tsutsumi [15]
showed global well-posedness for initial data (g, vo) € H*TV/2(R) x H*(R) with s € Z., and
Corcho and Linares [7], assuming ay > 0, showed global well-posedness in the energy space
H'(R) x H'(R).? See also [2-4,9] for some related references.

The point of view adopted by Corcho and Linares in order to prove their local well-posedness
result is to use a basic strategy to treat, in both continuous and periodic contexts, the low-
regularity study of dispersive equations (such as NLS and KdV): one considers the Fourier
restriction norm method introduced by Bourgain in [5]; then, they showed two new mixed bi-
linear estimates for the coupling terms of the NLS—KdV system (namely, #v and 3 (lul?)) in
certain Bourgain’s spaces, which implies that an equivalent integral equation can be solved by
Picard’s fixed point method (in other words, the operator associated to the integral equation is
a contraction in certain Bourgain spaces). Coming back to the periodic setting, before stating
our results, we advance that, although our efforts are to obtain similar well-posedness theorems,
the periodic case is more subtle than the continuous context: since the cubic NLS is globally
well-posed (respectively, ill-posed) in H*(T) for s > 0 (respectively, s < 0) and the KdV is
globally well-posed (respectively, ill-posed) in H*(T) for s > —1/2 (respectively, s < —1/2), it
is reasonable to expect L2(T) x H~/2(T) as the lowest regularity for the local well-posedness
results; but, surprisingly enough, the endpoint of the bilinear estimates for the coupling terms

! The case B =0 of the NLS-KdV system occurs in the study of the resonant interaction between short and long
capillary-gravity waves on water channels of uniform finite depth and in a diatomic lattice system. For more details about
these physical applications, see [8,10,11,14].

2 Benilov and Burtsev in [1] showed that the NLS-KdV is not completely integrable. In particular, the solvability
of (1.1) depends on the theory of nonlinear dispersive equations.

3 Pecher [13] announced the global well-posedness of the NLS-KdV system (with oy > 0) in the continuous setting
for initial data (u(), vg) € H® (R) x H® (R), for 3/5 < s < 1 in the resonant case 8 =0and 2/3 < s < 1 in the nonresonant
case 8 # 0. The proof is based on two refined bilinear estimates and the I-method of Colliander, Keel, Staffilani, Takaoka
and Tao.
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uv, 3, (Ju|?) in the periodic setting is (k, s) = (1/4,0), i.e., our lowest regularity is H'/* x L?
(see Propositions 1.1, 1.2, Theorem 1.1 and Remark 1.1 below). We refer the reader to the Sec-
tion 6 for a more detailed comparison between the well-posedness results for the NLS-KdV
system in the periodic and nonperiodic settings (as well as a couple of questions motivated by
this discussion).

Now, we introduce some notations. Let U (¢) = ¢'f 0 and V(¢) =e™! 2 be the unitary groups
associated to the linear Schrodinger and the Airy equations, respectively. Given k, s, b € R, we
define the spaces X*? and Y*? via the norms

+00 172
£ 1k ¢=<Z f <n>2"(f+n2)”’\f<n,r>|2dr> =00 | o

neZ _ng

+00 1/2
Igllyso := (Z f <n>2“'(r—n3)2b|§<n,r>|2dr) = VDel gy

neZ _ng

where () :=1+4 || and f is the Fourier transform of f in both variables x and ¢:

fn,v)y=n)"! / e TN £(x, 1) dt dx

RxT

and, given a time interval I, we define X*?(I) and Y*?(I) via the (restriction in time) norms

| flleoy = inf I Fllges and  llgllyssy = inf [&llyso.
fli=f gli=¢

1=

The study of the periodic dispersive equations (e.g., KdV) has been based around iteration in
the Bourgain spaces (e.g., Y*?) with b = 1/2. Since we are interested in the continuity of the
flow associated to the NLS—KdV system and the Bourgain spaces with b = 1/2 do not control
the LY° H;, we consider the slightly smaller spaces Xk, VS defined by the norms

. kA ~ . s
leell e = Naell ez + [ (1) G D) 121 and ol = Hvllysaz + [ ) DG D) 20
and, given a time interval I, we define the spaces X k(I ), Y (1) via the restriction in time norms
I/ 5ty = dnf [ fllge and llgllyssy= inf gl
fli=f 8li=¢

Also, we introduce the companion spaces Z¥ and W* via the norms

(m)*i(n, 1)
(t +n?)

(n)*v(n, 7)

and ||v|lws ;= ||v]lys-12 +
Iollws = [vlys )

el z& == llaell o172 +

el ey
Denote by 1 a non-negative smooth bump function supported in [—2,2] with ¥ =1 on

[—1, 1] and v5(¢) := ¥ (¢/5) for any § > 0. Also, let at be a number slightly larger (respec-

tively, smaller) than a. At this point, we are ready to state our main results. The fundamental
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technical propositions are the following two sharp bilinear for the coupling terms of the NLS—
KdV system:

Proposition 1.1. Forany s > 0and k — s < 3/2,
luvllze S Nl xeo-lvllysiz + lullgraz vllpse-. (1.2)

Furthermore, estimate (1.2) fails if either s <0 or k — s > 3/2. More precisely, if the bilinear
estimate |uv| yxo-1 S |lull xen ||Vl ysp with b=1/2 holds then s > 0 and k —s < 3/2.

Proposition 1.2. Forany k >0, 1 +s <4k and —1/2 <k — s,

|8x r2) | e S Nl o= Nuzll ke + Nl 2 luall e o 1.3)

Furthermore, estimate (1.3) fails if either 1 +s > 4k or k —s < —1/2. More precisely, if the
bilinear estimate |3 (u142) |lys.—172 < Nutll yra2 luzall xr.12 holds then 1 4+ s < 4k and —1/2 <
k—s.

Using these bilinear estimates for the coupling terms uv and d;(|u|?), we show the main
theorem of this paper, namely, we prove the following local well-posedness result:

Theorem 1.1. The periodic NLS—KdV (1.1) is locally well-posed in H k(Ty x HS(T) whenever
§s20, —1/2<k—s5s<3/2and 1+ s < 4k. Le., for any (ug, vg) € Hk('I[‘) x H*(T), there
exist a positive time T =T (||uo|| g, l|voll s ) and a unique solution (u(t), v(t)) of the NLS—-KdV
system (1.1) satisfying

(Yru, yrr(t)v) € XK x ¥*,
(u,v) € C([0, T1, H*(T) x H*(T)).

Moreover, the map (ug,vg) — (u(t),v(t)) is locally Lipschitz from HK(T) x H(T) into
C(0,T], Hk(T) x H*(T)), wheneverk,s >0, —1/2<k—s<3/2and 1 + s < 4k.

Remark 1.1. As we pointed out before, the endpoint of our sharp bilinear estimates and, con-
sequently, our local well-posedness result is H'/4 x L?. Since the endpoint of the sharp well-
posedness theory for the periodic NLS is L? and for the periodic KdV is H~!/2, we are somewhat
far from the naturally expected endpoint L? x H~'/2 for the local in time theory for the NLS—
KdV system (although, our bilinear estimates are optimal). This leads us to ask about possible
ill-posedness results in this gap between H'/* x L? and L? x H~'/2. For precise statements and
some comparison with the continuous setting, see Section 6.

Remark 1.2. It is easy to see that the NLS—KdV system (1.1) is ill-posed for £ < 0. Indeed, if
we put

{u =e M,

v=a"le HYT), VseR,
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system (1.1) becomes into the equation

iwy + Bfw = ,3|w|2w,
A (wl?) =0,
wo(x) =up € HX(T),

which is not locally-well posed (ill-posed) below L2(T) in the sense that the data-solution map
is not uniformly continuous.

Using this local well-posedness result and three conserved quantities for the NLS-KdV flow,
it will be not difficult to prove the following global well-posedness theorem in the energy space
HYT) x HY(T):

Theorem 1.2. Let o, B,y € R be such that ay > 0 and (ug, vo) € H' (T) x H'(T). Then, the
unique solution in Theorem 1.1 can be extended to the time interval [0, T] for any T > 0.

To close this introduction, we give the outline of the paper. In Section 2 we give counter-
examples for the bilinear estimates of the coupling terms, when the indices k and s satisfy (at
least) one of the following inequalities: s <0, k —s >3/2, 1 +s >4k ork —s < —1/2. In
Section 3 we complete the proof of Propositions 1.1 and 1.2 by establishing the claimed bilin-
ear estimates for the terms uv and 9, (|u|?). In Section 4 we use Propositions 1.1 and 1.2 to
show that the integral operator associated to the NLS—KdV system is a contraction in the space
Xk([0, T]) x Y*([0, T]) (for sufficiently small T > 0) when k, s >0, —1/2 <k —s < 3/2 and
1 4+ s < 4k. In particular, we obtain the desired local well-posedness statement in Theorem 1.1.
In Section 5 we make a standard use of three conserved quantities for the NLS-KdV flow to
obtain the global well-posedness result of Theorem 1.2 in the energy space H'(T) x H(T).
In Section 6 we make some questions related to the gap between the expected L> x H~!/2 end-
point regularity and our lowest regularity H'/4 x L? for the local well-posedness for the periodic
NLS-KdV system; also, we compare the known theorems in the continuous setting with the peri-
odic setting. Finally, in Appendix A, we collect some standard facts about linear and multilinear
estimates associated to the cubic NLS and the KdV equations (which were used in the proof of
Theorem 1.1) and we show that the NLS—KdV flow preserves three quantities controlling the H'!
norms of u(¢) and v(¢) (this is the heart of the proof of Theorem 1.2).

2. Counter-examples

We start with some counter-examples for the bilinear estimate in Proposition 1.1 when s < 0
ork—s>3/2:

Lemma 2.1. ||uv|| yko-1 < [l xib - [|[V|yse (With b=1/2) implies s > 0 and k —s < 3/2.

Proof. Fix N > 1 a large integer. First, we show that |uv|| xx.o-1 < |[u]l xes - [V]lyss (with b=
1/2) implies s > 0. Define

b,,:{l ifn=N,

0 otherwise
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2 A4 0

Fig. 1. Well-posedness results for periodic NLS-KdV system. The region WV, limited for the lines rj: s =4k — 1, rp:
s =k+1/2and r3: s =k — 3/2, contains indices (k, s) for which local well-posedness is achieved in Theorem 1.1. The
region Z show the ill-posedness results commented in Remark 1.2.

and

{ 1 ifn=(—N2—-N)/2,
a, =
0 otherwise.

Let u and v be defined by @i(n, T) = a, x1 (t + n?) and d(n, T) = b, x1(r — n?), where yx; is
the characteristic function of the interval [—1, 1]. Now let us go to the calculations. By definition
of the Bourgain space X%,

Juv] L
uv|| gk b1 = | ——5—=7U * .

xk.b—1 (t+n2)1/2 12,
Hence,

[luv]| = LZ drtia ((r—r)+(n—n )2)b (1: —n3)

xkb-1 = T +n2)1/2 2 18n—n X1 1 1 ny X1\ T1 1 .
Recall the following numerical expression:
(1 —n}) + ((t = 7)) + (n —n1)?) = (t +n?) = —nj +ni — 2nn;. @.1)

Taking into account that b,,, #0iffn1 =N, a,_,, #0iff n = (=N2 4+ N)/2, x1(11 —n';’) #0
iff |r1 —n3] < Land x1((t — 1) + (n — n1)?) #0iff |(x — 71) + (n —n1)?| < 1, we conclude,
from a direct substitution of these data into (2.1), that

luvl yrp1 ~ N (22)
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On the other hand, it is not difficult to see that
luller = [0 (x +n%) P an (z +0%) ] o ~N* and 2.3)
lollyss = [)*(x =) Pbua (v =)o~ N (2.4)
Putting together Egs. (2.2)—(2.4), we obtain that the bilinear estimate implies
N < N2 NS,

which is possible only if s > 0.
Secondly, we prove that ||uv|| xes-1 < |lu|lxkb - [[V]lyse (With b =1/2) implies k — s < 3/2.
Define

{ 1 ifn=N,
0 otherwise

and

{ 1 ifn=0,
a, = ]
0 otherwise.
Let u and v be defined by @i(n, ) = a, x1 (t +n?) and d(n, 7) = b, x1(r — n), where x is
the characteristic function of the interval [—1, 1].

Using the definitions of the Bourgain X** and ¥*-? spaces and the algebraic relation (2.1),
we have

k

W, ||M||Xk,b%1 and ”U”Ys,b%Ns.

luv]| yx,o-1 =
Hence, the bilinear estimate says
Nk < NS N3/2,
which is only possible if k —s <3/2. O

We consider now some counter-examples for the bilinear estimate in Proposition 1.2 when
l+s>4kork—s<—1/2:

Lemma 2.2. ||, (u1i2)||lyso—1 < |luglxio - w2l xks (with b= 1/2) implies 1 + s < 4k and
k—s>—1/2

Proof. Fix N >> 1 a large integer. First, we prove that ||dy (u1i2) ||l yso-1 < |luyg |l xrs - w2l xrs
(with b = 1/2) implies 1 + s < 4k. Define

e —N?-N e —N?4N
b,,:{l ifn= 5 and a,,:{l ifn= 5,

0 otherwise 0 otherwise.
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Let u1 and u» be defined by i1} (n, ) = a, x1(r +n?%) and it>(n, 7) = b, x1 (7 +n?), where x|
is the characteristic function of the interval [—1, 1].
By definition of the Bourgain space Y*?,

(n)*

||8x(u1u_2) mn(lfl *Ltiz)

ys.b—1 =

L},
Hence, if one uses that i (n,7) =u(—n, —1), it is not difficult to see that

|| Oy (uyu2) H ys.b—1

nin)®
—— i3 Z/dfl an—m x1((x = 11) + (n = n)?)b_p, x1(—71 +n7)
<T —n ) / n L% T
Note the following numerical expression:
(r - n3) (- + - n1)2) +(-u —I—n%) =—n> —n®+2nn. (2.5)

Taking into account that b_, # 0 iff n| = (N2+N)/2, ap—n, # 0 iff n =N,
x1(=t1 +n3) #0 iff |- +n?[ <1 and x1((r — 1) + (n — n)?) # 0 iff [(r — 71) +
(n— n1)2| < 1, we conclude, from a direct substitution of these data into (2.5), that

|9y (u1i2) |

yopt X NS, (2.6)

On the other hand, it is not difficult to see that

o = ||z +n2)2an 1 (x +n?) |, ~N* and 2.7)

1/2
luzller = | e +n%) b (2 +07) o~ N 2.38)
Putting together Egs. (2.6)—(2.8), we obtain that the bilinear estimate implies
N1+S < N2k . N2k

which is possible only if 1 4 s < 4k.

Second, we obtain that ||y (u142) lyse—1 < llugllxks - luzll xes (With b =1/2) implies k —s >
—1/2.

Define

1 ifn=0,

0 otherwise.

{1 ifn=-—N,

) and anz{
0 otherwise

Let u; and u, be defined by i1} (n, T) = a, x1(t +n?) and it>(n, T) = by, x1(t 4+ n?), where x|
is the characteristic function of the interval [—1, 1].
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Using the definitions of the Bourgain X** and Y** spaces and the algebraic relation (2.1),
we have

1+s

_ k
|9x (u1i2) | luillxes ~ 1, and [Juzllyss =~ N".

ysb—1 N2
Hence, the bilinear estimate says
NI < Nhkn3/2
which is only possible if k —s > —1/2. O
3. Bilinear estimates for the coupling terms
This section is devoted to the proof of our basic tools, that is, the sharp bilinear esti-
mates 1.1, 1.2 for the coupling terms of the NLS-KdV system. We begin by showing some
elementary calculus lemmas; next, using Plancherel and duality, the claimed bilinear estimates
reduce to controlling some weighted convolution integrals, which is quite easy from these lem-
mas.
3.1. Preliminaries

The first elementary calculus lemma to be used later is:

Lemma 3.1.

+00

/ dk < log(1 + (a))
(ic)?

(k —a)é ~ (a)9+6~71

)

where 0 < 0,0 <1and 6 +6 > 1.

Proof. Clearly we can assume that |a| > 1. In this case, we divide the domain of integra-
tion into the regions I := {|k| < |al}, I := {|«| ~ |a|} and I3 := {|k| > |a|}. Since « € I;
implies (k — a) 2 (a) > («), k € I implies (k) ~ (a) and x € I3 implies (k — a) 2= (k), we
obtain

70 dk _/ dk +/ dk +/ dk
Wi —a)¥ ) ) —a)? (1)0 (i — )b (1)0 (i — a)f
—00 I I Iz
< 1 /‘d/c 1 / dk / dk
S——— [ =+ - + -
(@)0t0-1.) ()~ (a)ft0-1 ) (k —a) (k —a)f+?

I I I

< log(1 +~(a))‘
<a>9+0—1
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The second lemma is a well-known fact concerning the convergence of series whose terms
are the values of certain polynomials along the integer numbers:*

Lemma 3.2. For any constant 6 > 1/3,

2

mezZ

pmyy < €=

where p(x) is a cubic polynomial of the form p(x) = x> + ex> + fx + g with e, f, g €R.
Proof. We start the proof of Lemma 3.2 with two simple observations: defining
&= {meZ: fm—a| =22, m—B|=22and |m — y| 22} and F:=7Z-E¢,
then
#F <12 and ((m —a)(m—B)(m —y))Z (m —a)(m — B)(m —y)

forany m € £.
In particular, writing p(x) = (x — a)(x — B)(x — y), we can estimate

1 1 1 1
< Y <Y —
; p(m)? n; p(m)? n% p(m)? % p(m)?
1
S ) T B

Now, by Holder’s inequality

L 1 1/3 1 1/3 1 1/3
Zp(m)9N12+<;(m—a>39> (;W—ﬁ)”) <;<m—y)39> '

m

So, the hypothesis 36 > 1 implies

This completes the proof of Lemma 3.2. 0O

Finally, the third lemma is a modification of the previous one for linear polynomials with large
coefficients:

4 This lemma is essentially contained in the work [12] of Kenig, Ponce and Vega on bilinear estimates related to the
KdV equation.
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Lemma 3.3. For any constant 0 > 1/2, whenever n € Z — {0}, |n1| > 1,

1
2 s SCO) <o

neZ, |n|~|ny|

where q(x) :=2n1x — n% +r withr e R.

305

Proof. The strategy of the proof is the same as before, but since now the polynomial g is linear,
we have to take a little bit of care. The idea is: although the polynomial g has degree 1, the
fact that |nq| ~ |n| means morally that ¢ has degree 2 in this range. So, the exponent of n in
the summand is morally 26 > 1 and, in particular, the series is convergent. This intuition can be
formalized as follows: we write g(x) :=r —n? 4+ 2njx =2n (x + 8), where § = (r —n?)/(2n})

(of course the assumption n # 0 enters here). If we define
G:={neZ |n+8|>2} and H:=Z-G,
then
#H <4 and (2n;(n+38))2 (n)(n —9)

for any n € G, since |n{| ~ |n|.
In particular, we can estimate

1 1 1
Z q(ny)? S Z q(ny)? * Z q(ny)?

[n|~|n1| neH neg, |n|~|ny|

<4+ )

neg, In|~|ni|

1 1
<4 -
P RR D DR T

neg, |n|~|ni|

Now, by Holder’s inequality

L L\ 12 | 172
q<n1>9N4+<ZW) (;mmz@) |

n

D

[n|~In1|

So, the hypothesis 26 > 1 implies

1
> 7 SCO <o,

[nl~nil

This completes the proof of Lemma 3.3. 0O
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3.2. Proof of Proposition 1.1: bilinear estimates for the coupling term uv
In view of Lemma 2.1, it suffices to show the bilinear estimate:

Lemma 3.4. |[uv| z« S llullxe12-[vliysiz + llull xei2]|vl ys12- whenever s >0 and k — s <
3/2.

Proof. From the definition of Z*, we must show that

Nuvll xe—1/2 < el xrao-0llysaz + lull ez l|v]lysi2-  and 3.1
k/\
(n)*uv
— S lullxerz-llvllysaz + llull geazvllysz-. (3.2)
<T +n ) L2L]

We begin with estimate (3.1). By the definition of Bourgain’s space,

(n)*
(T 4+ n?)e

luvlixe-o = |z +n°) " @00 1) 15 = ‘

Let

f(z,n)= (r + nz)b (m)*i(n,7r) and g(t,n) = (‘E — n3)c(n)sﬁ(n, 7).

In particular, by duality, we obtain

B ' f s
luv| xk—a = sup Zfdf( T n2)a v, r)((r+n2)b(n)k i (T—n3)c(n)s>

lel2 <1 ez

/dr
”‘/’”L2 Slyez n€Z

>y [ X/ [ 2/

(n,n1,t,11)€Ry (n,n1,7,711)€R (n,n1,7,71)€R2

= Wo + Wi+ W, (3-3)

Zfd (t+n2) " m*gni, 1) f(n —ni, T — 11)¢(z, n)
7]

(r1 —n3)(n1)s(r — 71 + (n — n1)?)b(n — ny )k

whenever Z2 x RZ =Ry UR; U Rx.

Now, taking into account the previous calculation, we look at three general simple ways to
reduce the problem of goods bounds on the expressions W; into some multiplier estimates. In the
sequel, xr denotes the characteristic function of the set R. So, we consider the expression

<r +n2) ")k g(ny, 1) f(n —n1, T — T)@(T, MR
W= s d .
Hwn:zlp<1,,zez TnZIEZ (11— ) (e — 11+ (1 — )2t — np)k

34)

The first way to bound W is: integrate over 71 and n1, and then use the Cauchy—Schwarz and
Holder inequalities to obtain
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2 g(m r1)f(n—n1 r—t)xrdudn |
W= < |I§0IILsz .
(1 — Pt =T+ m—nDH(n—n)* 12
g(nl,n)f(n—m,f—fl)XRdfldnl ?
2 P dtdn
T+n (t1 — n)S (T — 1+ (n—n)?)n —ny)
// (// xrdtidn
r+n (1 = )2 () (x — 11 + (1 —n1)*) 2 (n — ny) %
2 2
X/ }g(n1,r1)| |f(n—n1,t—tl)} drldm)dtdn
< IIfIIi%L%IIgIIi% 7,
‘ // xrdtydny
T+” (1 — )2t — 11 4+ (0 = n1)*) 22 n — 1)K || Lo 0
= ”u”th ”U”YM
dtid
‘ // xrdtidn; i 3.5)
T+” (T —n})2n)»(t — 11+ (n—n)H)2 (n— n) % | Lo 0

The second way we can bound W is: put f(n, 1) = f(—n, —1), integrate over t and n first
and follow the same steps as above to get

¥ f(ny —n, 11 — 0)@(r,n) xr dv dn
IW|* < IIgIILz 12, p
(n1)*(r1 —n3) (T +n2)t =114 (n —n)HP(n —ni) 2,12
< ||f||i%1 z ||g||i%1 3,
1 // )y dt dn 2
X
(n1)2 (r; —n3)% (T +n2)2(t — 11 4+ (n —n1)?)2b (n —ny)2k LeL

2 2
= llullyes lV]yse

y 1 f/ (n)* yr dtdn 3.6)
)2t —n)2 JJ) (t+n22(t —1 4+ m—n))2n—n)* | pope

T

Note that f(n 7) = (n)*(r — n?)i(—n, —7) and ||f||L%L% = ||f||L%L% = ||u|| yx.». Finally, the
third way to estimate W is: using the change of variables T = 71 — 72 and n = n| — n», the region,
R, is transformed into the set R such that

={(n.n2.11.12) €Z* xR% (ny —na.ny, 11 — 12, 11) € R}

Then, W can be estimated as:



308 A. Arbieto et al. / J. Differential Equations 230 (2006) 295-336

2 £112
<
X ”f”L%zL%Q

// ni —n2)*g(ny, 1)@(ny — ni, v — 1) x5 dridny 2
(n2)k (ry — n3)? (11 — 12 + (n1 — n2)2)% (1) — n3)(ny)S

L3 L2,

£112 2
<
X ”f”L%ZL%Z ”g”L%l L%]

// (ny —ny) Rd‘l.’] dn 2
<n2>2k (ra —n3)?b (11 — T2+ (1 — )22 (1) — n3)2¢ (n) > LEL3s
2 2
= llullyesllvilys.e
/‘/ (n —n2)* xpdryidng 3.7)
(nz)zk (ry —n3)? (11 — T2+ (n1 — n2)2)2 (1) — n3)2¢ (ny) L

Next, using Eq. (3.3) and estimates (3.5)—(3.7), we are going to reduce the desired bilinear
estimate [luv|zx < llullxri2- vllysi2 + lull xei2]|vllysi2- (whenever s > 0 and k — s < 3/2)
into certain L° bounds for multipliers localized in some well-chosen regions R;, i =0, 1, 2,
such that Rg UR | U R, = Z2 x R2. First, if ng :=n, ny, na :=n; — n are the frequencies of our
waves, let Ao = 7 + nZ A =1 — n?, A i=1) — n% =(t1—1)— n% be the modulations of our
waves. Also, we consider N; = |n|, j =0, 1, 2, variables measuring the magnitude of frequen-
cies of the waves, and L; = |A;|, j =0, 1, 2, variables measuring the magnitude of modulations
of the waves. It is convenient to define the quantities Npax = Nmed = Nmin to be the maximum,
median and minimum of Ny, N1, Na, respectively. Similarly, we define Lyax = Lmed = Lmin- In
order to define the regions R;, we split 7?2 x R? into three regions A, B and C,

A= {(n ni,t, 1) €Z? xR* Ny < 100}
B= {(n,nl,t, 1) €72 x RZ; N1 > 100 and, either N; < Ng or N| > No},
C= {(n,nl, T,T1) €72 x IR{Z; Ni > 100 and N; NNO}.

Now we separate C into three parts

Co :{(n n,t,11) €C; L()—Lmax}s
:{(n ny,t,71)€C; L= Lmax}s
C :{(n niy,t, 1) €C; L2—Lmax}-

At this point, we define the sets R;,i =0, 1, 2, as:
Ro=AUBUC, Ri1=C, Ryr=0Co

and it is clear that Z2 x R? = Rg U R U R,. For these regions R;, we can show the following
multiplier estimates.
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Claim 3.1. If k,s > 0 and k —s <3/2,

‘ // d‘[l dni <1
(t+n2) JJ (1 —nt- <n1>23<t—r1 + =) =)l peope T
Claim 3.2. Ifk,s > 0and k — s <3/2,
1 /f (n)*xr,drdn <1
(> (@ —n) JJ (w42 (@ =+ =) =) e
Claim 3.3. Ifk,s >0 and k — s < 3/2,
// nl—nz)ZkXﬁzdn dn <1,
(n2)2k (12 —n3) (11 — 2+ (1 —n2)2) (1) — N (n) > LELE

where ﬁz is the image of Ry by the change of variables ny :=n| —n, 12 :=17] — 1.

It is easy to show that these facts implies the desired bilinear estimate (3.1). Indeed, by
Egs. (3.5)-(3.7), we see that, for a = 1/2 and well-chosen b, ¢, these claims means that,
whenever s > 0 and k — s < 3/2, [Wo| S llullxri2-1vllysiz—, IW1] S llull geaz-l|vllysi2 and
[Wa| < llull xkas2]lvllys.i/2- . Putting these informations into Eq. (3.3), we obtain the bilinear esti-
mate (3.1). So, it remains only to prove these claims. For later use, recall the following algebraic
relation:

)\0—)\14-);2—1’11—}’11 2nny. (3.8)

Proof of Claim 3.1. In the region A, using that Ny < 100 and (n) < (n1){n — ny),

n)** / xadt
(t+n%) =) (m —n) = n)¥ (€ =t + (n —n)?)'= (0 —np) %

< / dl’l
u
SRl ) it t (— D)

ni

LPLy

However, Lemma 3.1 (with 6 = 0= 1—) implies

/ dry _ log(1 + (p(n1))
M-t —n+@—nDH=  (pa)-

3

where p(x) is the polynomial p(x) := x> — x> + 2nx — (z +n?). Hence, we can estimate:

dt _< log(l P(nl)))
Z/ r1—n (T Z (p(ni)! ’

— 1+ (n—np)?)
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In particular, Lemma 3.2 can be applied to give

In the region B, N > 100, and either N{ 3> No or N| < Ny. In any case, it is not difficult to see
that

<1. (39

~

LL

{n)* / xAdt

(t +n2>2a (1 — n?)2h<n]>2s<f —u+m- n1)2)2b(n _ n]>2k

ny

o 1.
(n—n)%*(n)>» ~

In fact, this is an easy consequence of s > 0 and N> 2 N; if N; > N;, for {i, j} = {0, 1}. So, we
obtain the bound

n)** / xgdr
(t+n%) =) (m —n) = (n)¥(t —t1+ (n —n)?)' = (n —np) %

LeLye
dt log(1 + {p(n1)))
< <yl D)) 5
Nsnug;/ (1 —n?)l—(r—n-i-(n—n])z)l_ N; (pm))!— ™ G-10

where, as before, we have used Lemmas 3.1 and 3.2.
In the region Cy, it is convenient to consider the following bound

( >2k / d‘L’]
(r+n?) =] (n —n?)1_<n1>2s(f —t+ (=)' —np) % | Lo

2k —2s

ni) XCo dTi
<r+n2> Z/

“(t =11+ (n—np)?)-

9
oo o0
L2°LY

which is an immediate corollary of (n) < (n — n1)(n). Integrating with respect to 71 and using
Lemma 3.1 gives, as before,

2k —2s

Zf nl XCo dT1

(t +n?) ‘L’1—n ‘L’—‘L’1+(n—n1))
o1 (m1)* 7 xgy log(1 + (p(n1)))
™t +n?) 4 (P!~ '

Since, by the dispersion relation (3.8), Lo = Lyax = N in the region Cp, we have

1 Z<m>2"—2%<colog(1+<p(m>>><L§§!fx2‘>/3 log(1 + (p(n1)))
(v +n?) (p(n)'= ~ " Lunax (p(n)'=

ny ny
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Hence, k — s < 3/2 and Lemma 3.2 together allow us to conclude

<1. (3.1D)

~

LELye

Z/ XC() dT]
r+n (1 —n) 1= ()2t =1+ (n =)= (0 —np)
By definition of Ry, the bounds (3.9)—(3.11) concludes the proof of Claim 3.1. O

Proof of Claim 3.2. Using that (n) < (n1)(n — n1), integrating in the variable t and applying
Lemma 3.1 (with 6 = 1/2 and 6= 1/2—), we get

Zf (n)* xr, dt

(n1)25 () —n) (T +n2)( =1+ —n)?)= (0 —n) | Lo
_ <n1>2k—23 xR, log(1 + (g(n)))

~in—nd 4 (g(m)!~ oLy

where g (x) :=1] — n2 + 2n1x. Note that in the region R, N1 > 100 and No ~ Ny, |A{|~ L =
Lmax and, by the dispersion relation (3.8), Lyax = 13; this permits us to apply Lemma 3.3 to
conclude

<n1>2k72s

(r1 —n3)?P

k
3 log(1+ {g(m)) _ Linas "

{gm)!~ S Lmax

Thus, if we remember that k — s < 3/2, we get

>2k—>2; 5 xR, log(L+{gm)) _

{gm)!= ~

(n1
3

(t1 —ny
This completes the proof of Claim 3.2. O

Proof of Claim 3.3. Using the}t (n1 — na) < (n1){ny), integrating in the 7; and applying
Lemma 3.1 with6 =1/2— and 6 = 1/2,

(n — nz)ZkXﬁ dry

(n2>2k (ra —n3)?b Z/ (t1 — 12 + (1 —n2)2)2 (v — n3)2b(ny) %

5 ‘

where r(x) :=x3 4+ x2 — 2nox — (13 — n%). Note that the change of variables 7 = 71 — 72 and
n = n| — nj transforms the region R into a set R, such that

Lot

1 (n1)*72 xz3, log(1 + (r(n1)))

(ty — n%)zb p r(ny)

b

LoLn

7%2 - {(nl,nz,rl, ) e 7% x Rz; Ni > 100 and L, :Lmax}.
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In particular, the dispersion relation (3.8) implies that |Ap| ~ Ly = Lax 2, Nl3 in the region 732.
So, an application of Lemma 3.2 and the hypothesis k — s < 3/2 yields

I (m)* 2 log (1 + ren) _ LGP
(2 —n3)? 4= r(ny) ST —~t

This concludes the proof of Claim 3.3. O

It remains now only to prove the second estimate (3.2), i.e.,

We can rewrite the left-hand side as

1
” / )k / mﬁ(m,fl)ﬁ(ﬂz,h)

n=nj+nj T=T71+172

(n)k

muv(m, 'L')

S lulixee= - Nvllysaz + lulixez - fvllysie-.

LiL;

LiL
To begin with, we split the domain of integration into three regions. Let £ = £; U £, U L3, where

Ly :={(n,1.n2,12): |na| <100},

Ly :={(n,t,n2,12): [n2| > 100 and |n| < |n2|},

L3:={(n, 7,12, 2): |n2| > 100 and |n| > |na]},
M = {(n,7,n2,2): |n2| > 100, |n| ~ |n2| and either |t 4+ n}| = Liax or |72 + 13| = Limax}
and NV := {(n, T, n2, ©2): |na| > 100, |n| ~ |n2| and |t + n?| = Liyay}. Clearly, £, M and N/

completely decomposes our domain of integrations, so that, in order to prove (3.2), it suffices to
get the bounds

k
H / L / XL i(ny, t1)o(ng, )

(T +n2) (11 +n}) 2~ (ry — n3)1/2- L2L)
n=ni+ny T=171+12
S llullxoollvllyoo, (3.12)
(n)* / M . A
— ————~u(ny, 11)v(n2, 12)
/ (n1)k (na)* (t +n?) L2L]
n=nj—+ny T=1714+1) n*t
< ullgoa2-llvllyoaz + llull xo.12 [|v]l yo.1/2-, (3.13)
/ <:>k / XN2 u(ny, T)o(n, )2y
(n1)*(n2)* (T +n?) ner
n=ni+ny T=T71+172
S lullxoaz-llvllyoaz + lull xoizl[v ]l yoa/2-. (3.14)

To proceed further, we need to recall the following Bourgain—Strichartz inequalities.
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Lemma 3.5. (Bourgain [5]) X%3/3([0, 11), Y®1/3([0, 1]) € L*(T x [0, 1]). More precisely,

v flle SN lxoss and [y @] ,e S lglyons.

To prove the first bound (3.12), we start with the simple observation that

if either |ny| < 100, or |ny| > 100 and |n| < |n3|, or |np| > 100 and |n| > |n2]|. This follows
from the fact that (n) < (n1){n2) and s > 0. Hence,

k
H / L / XL i(ny, t1)v(na, ©2)

(r +n2)(t +n)/2~ (1 —n3)1/2~

LiLs
n=nj-+np T=T1+T2

1 o o
S H / / P +n%wz_(U_n%>1/2_u(r11,tl)v(nz,rz)

n=n|+ny t=11+12

LiLy

Therefore, this reduces our goal to prove that

Sllullxoollvllyoo.
2L

n—rt

1
i(ny, 11)0(n2, 12)
H f / (T +n2) (1) +n})2= (v —n3)1/2~

n=ni+ny 1=11+12

This can be rewritten as

Since 2(—5/8) < —1, the Cauchy—Schwarz inequality in t reduces this bound to showing

1
‘m / f i(ny, 11)v(n, 72)

n=n|+ny T=T1+10
However, this bound is an easy consequence of duality, L L2, L%, Holder and the Bourgain—
Strichartz inequalities x0.3/8 y0.1/3 = 14 in Lemma 3.5.
The second bound (3.13) can be proved in an analogous fashion, using the dispersion relation

S lullxoa2- vl yo./2-.

1 A~ A
(t +n2)5/8(‘t+n2)3/3 / / u(ny, t1)v(ng, 2)

LiLy
n=n1+ny t=11+172

S llullxoa2-llvllyo./2-.

LiL3

(r + n2) — (‘L’z — n%) + (rl + nf) = n% — n% —2nno, (3.15)

which implies that, in the region M, either |7; + n%| > |na)3 or |1 — n%| > |n2|3. Thus, using
that k — s < 3/2 and making the corresponding cancellation, we see that it suffices to prove that

S llullxoollvllyo.2-
L1}

1 A A
(T +n2)3/8(7 + n2)3/8 / f u(ny, 1)v(ng, )

n=n|+ny t=T1+102
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and

S lullixoa2-lvliyoo.
LiL;

1 A ~
(T 4+ n2)5/8(t +n2)3/8 f / u(ny, 1)v(n2, 2)

n=n1+ny t=11+102

Again, we use Cauchy—Schwarz to reduce these estimates to

Sllullxoollvllyoi2-  and
L2L2

n—rt

1 A A
(T +n2)3/8 / / u(ny, t)v(n2, 1)

n=ni+n t=11+102

1 A A
(T + n2)3/8 / / u(ny, 1)v(na, )
n=ni|+ny t=11+172
which follows from duality, Holder and Bourgain—Strichartz, as above.
Finally, the third bound (3.14) requires a subdivision into two cases. When |71 + n%| > |n2|2_
(respectively, |12 —n%| > |n2)?7), we use (1] +n%) 1/8 3/8

S Nl xo.a2-[[v ]l yoo,
1212

leaving (t] + n%) in the denominator and
|n2|k ~%~ in the numerator (respectively, a similar argument with (7o — n%) instead of (71 + n%),
using (1o — n%)1/6 and leaving (1, — ng)l/3). After another cancellation using |t + n?| > |n2|3,

we need to prove

1
T+ )i / / iu(ni, 11)0(n2, )

n=n|+ny t=T1+102

1 ~ A
(t £ n2)1/2+ [ / u(ny, 1)v(nz, ©)

n=n1+ny T=11+12

Sllullxossllvllyoiz-  and
LiL}

S lulixoa2-lvllyos.
LiLy

These bounds follow again from Cauchy—Schwarz in t, duality, Holder and Bourgain—Strichartz.
So it remains only the case |71 + n%|, |0 — ng| & |n2|?~. In this case, the dispersion relation says
that, in the region

T+n’= n% - n% —2nny — 0(|n2|2_).

On the other hand, the cancellation using |t + n?| P In2|® and k — s < 3/2 reduces the proof to
the bound

where 2(n) ={neR: n=r3—r>—=2nr+O0(|r|*"), forsome r € Z, |r| ~ |n| > 100}. Applying
Cauchy—Schwarz in 7, we can estimate the left-hand side by

12
”(/(T +"2)_1X52(n)(f +”2)> / / u(ny, 1)o(ny, )

n=ni+ny T=11+12

1 A A
T +n2)i2 / f a(ny, 7)d(n2, ) x2m (t +n?)

n=n|+ny I=71+12

S llullxoa2-[[vllyoa2-,
L2L!

Ly
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Therefore, the point is to show

SuP( /(T + 1) xom(t +n?) df) <1 (3.16)

n

We need the following lemma.

Lemma 3.6. There exists some § > 0 such that, for any fixed n € Z, |n| > 1 and for all M > 1
dyadic, we have

H,U« eR: |u|~M, p=r>—r*=2nr+ O(|r|2_), for somer €Z, |r|~ |n|}‘ <m'7e
Proof. Note that the dyadic block {|u| ~ M} contains at most O(M/N?) + 1 integer numbers
of the form r3 — r2 — 2nr with |r| ~ |n|, r € Z, where N ~ |n|. Indeed, this follows from the
fact that the distance between two consecutive numbers of this form is ~ N2. Thus, the set of %
verifying u = r3 —r2 —2nr 4+ O(|r|*7) is the union of O (M/N?) + 1 intervals of size O(N%7).

Since the relation i = r3 — r2 — 2nr + O(Jr|?~) with || ~ M and |r| ~ |n| ~ N > 1 implies
that M ~ N3, we get

|{/L€RZ | ~ M, ,u,=r3—r2—2nr+0(|r|2_), for some r € Z, |r|~|n|}|
<N2_~£<M1_.

This completes the proof of Lemma 3.6. 0O

Using Lemma 3.6, it is not difficult to conclude the proof of (3.16): by changing variables, we
have to estimate

SUP/(pL)*lx.o(n)(u) dp.

By decomposing the domain of integration into dyadic blocks {|u| ~ M}, Lemma 3.6 gives

/<u>—1m<n>(mdu<1+2 /(M)_1X:z(n)(u)du§1+ Y. MM
MZ1), 5y M>1; M dyadic

This proves estimate (3.2), thus completing the proof of Lemma 3.4. O
3.3. Proof of Proposition 1.2: bilinear estimates for the coupling term 9, (|u|*)
By Lemma 2.2, it suffices to prove the bilinear estimate:

Lemma 3.7. |9 (u1i2) |ws S Nl xea2-luall xei2 + unll xxas2luz |l xr12- whenever 14+ s <
4k andk —s > —1/2.
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Proof. From the definition of W*, we have to prove that

|0x 1) || yo.—1/2 S Nuenll ko= w2l a2 + Nl | ez lluzll gz and (3.17)
(n)s S <

max(muz) S luillxraz-luallxeiz + lutll xeaz lluz |l xea2-. (3.18)
- L2L]

n-t

We begin with the proof of (3.17). First, we reduce the bilinear estimate to some multiplier
estimates as follows. By the definition of Bourgain’s spaces,

|0x (uyiz) |

ys—a = Iz ~ n3>_a <”>Saxz‘-\1“_2) | 1212

= [n(e = o) “tn) @i % 2. 0 -

Let
fo,t) =M +n2@i(n, ) and  g(n, 7) = ()=t +n2) B (—n, —1).
By duality,
|0x w1i2) | ys.a
= sup /dr > /d Tl ul(n—nl,f—n)uz( ni,—11) -9, 1)
lol2p <1 ez el

= sup /df Z/ ()" (T —n®) = f (1 =1, T = T)g (1, TP, T)
7 (n—ny) ((T—T1)+(n_n1)2>b(n1)k(—‘[l+n%>c

IIwIILz,z<1nE nieZ
[y [ 2 [ +2fx

(n,nl,t,rl)EV() (n,nl,r,'tl)evl (n,nl,t,tl)EVZ
=Vo+Vi+Va, (3.19)

whenever Z2 x RZ =V, UV, U),.
As before, we have three general ways to estimate the quantity

V= sup /dr
ol 221 ez

Z/ Inl (t—n¥)"f(n—ni, T —1)gn1, 1PN, T)
—n)K((r = 1) + (1 —n)AP(n)k (1) +ni)e
(3.20)

n|€Z

First, we integrate over 71 and n; and then use Cauchy—Schwarz and Hoélder inequalities to
obtain

In|(n gy, t)f(n—ny, T —1)xp
VI < gl ‘ Z VY T
me o (n —n)k((t — 1)+ —n)2)b (n)) (=11 +n7)¢ |l 1212
< fluy ||§(k,b||uz||xk,f
In|(n) I /dﬁ Xy
(r—=n)2 2= (1) (n —n1)** (—t+nD)2{(x =)+ 0 =) || Lo

(3.21)
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Second, we put f(n,7) = f(—n, —1), integrate over n and 7 and then use the same steps
above to get

V2< 2
||\m%%

Z/ In|(n fn —n, 11 — e, T)xy
(n1)* (=71 +n?) (t=n3 ((r — 1)+ (n —n)?)b(n; —n)*

2 2
< “ulnxk,b”uZ”Xk,c

2

2712
Lrl L"l

X

Z/ n|* ()™ xv
(n1)2k(—1 4 n?)2e (T =n)2 (@ =) + (= n)?)? =) oo

(3.22)

Finally, using the change of variables 71 = t + 1 and n| = n + ny, we transform V into the
region

V={(n,t,m): (,n+n1,7+10)eV)

and, hence, integrating over 7 and n, we can estimate

~ [n|{n g(n+nz,r+tz)<ﬂ(n )X
V<113 13 bz/ 5

(n2)k( Tz+n2 (t =n3)a(=(r + 1) + (n 4 n2)?)¢

nez L%zl‘%z
2 2
< llus ||Xk,b||”2||Xk,c

X

1 n|?(n)? X
2 % /df 32 v 212 :
<n2>2k<—1'2 +n2)2b nel. (n+nz) (T —n”)— (1t +12) + (n+ny)*)= LRLYS

(3.23)

The next step is to use estimates (3.21)—(3.23) for expression (3.20) to reduce the bilinear
estimate |9 (u1i2) |lys.—172 S il xr12- luall xr12 + Nlutll geas2 luzll xri2- to L bounds for
certain multipliers localized in some well-chosen regions Vy, V; and V,. We consider ng := n,
n1 and ny :=n; — n the frequencies of our waves and Ay := 1 — n3, A= —1 4 n%, Ay =
-1 + n% = (t — 71) + (n — n1)? the modulations of our waves; again, L; = |A;| are variables
measuring the magnitude of the modulations, j =0, 1, 2. We define Lax = Lmed = Lmin to be
the maximum, median and minimum of Lo, L1, L>. In order to define the regions V;, we split
7?2 x R? into three regions O, P, Q,

O ={(n,n1,t,7n) € Z* x R |n| < 100},
P={(nn,t,11) €Z* x R* |n| > 100 and |n1| 2 |n|*},

Q={(n,n1,7,71) € Z* x R*: |n| > 100 and |n1| < |n|*}.

Now we separate Q into three parts
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Qo {(I’l ni,7,71) €C: LO—Lmax}v
Q1= {(n’nla 7,11) €C: Ly =Lmax},
Q :{(n,nl,r,rl)EC: L2=Lmax}.

At this point, we put
Vo=0UPUQy, Vi =01, Vo= Q.
We have the following multiplier estimates:

Claim34.[f1+s<4kandk —s > —1/2,

|| (n) 1 / Vo
drn; ,Sl.
(T —n?) Z i —m)® ] S (=t + = 2 | e
Claim3.5. If 1 +s<4kandk —s > —1/2,
Zf n P gy, -
(P e ) (€ =m0+ DT =P | ™
Claim 3.6. [f | +5 <4k andk —s > —1)2,
2s
: 22:|n|()2kff 3 il pIVEs SL
() (s + 1) o (o) (=)= o)+ D | e

where V), is the image of V> under the change of variables ny :=ny —n and v := 1] — 1.

Again, it is easy to show that these facts implies the desired bilinear estimate (3.17). Indeed, by
Egs. (3.21)-(3.23), we see that, for a = 1/2 and well-chosen b, c, these claims means that, when-
ever | +s <dkand k —s > —1/2, |Vo| < lluill xkar2- luall xearo—, [Vil S lunll gz lluallyear2
and |Va| < [luq || xx1/2 ||uz || xx.1/2— . Putting these informations into Eq. (3.19), we obtain the bilin-
ear estimate (3.1). Hence, we have only to prove these claims. For later use, we recall that our
dispersion relation is

Ao+ A1 —)»2:—n3—n2+2n1n. (3.24)
Proof of Claim 3.4. In the region O, using that |n| < 100,

. n|? (n)% 1 / i X0
ne (T —n3) 4= (n1)%(n —np)* (i +n) 1t — 1)+ (n —nH1-
1 1 1
s (t —n3) ; (n1)%(n —n1)%* (A —a)1 =7

by Lemma 3.1. By the dispersion relation (3.24) and the fact (x + y) < (x)(y), we obtain the
bound
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n|?(n)? 1 f i X0
(n1)2k(n —ny)% (—t1+ )T — 1) + (n —np)?)'-

nt <‘E - I’l3) ni

1
Ssup <1, 3.25
o A () (= P — 02 4 2umy) 1 (322

if k > 0.

In the region P, we consider the cases n| = (n% +n)/2 and |n; — (n® +n)/2| > 1. Using that
In| < |n1|Y/2, 4k > 1+ s, the dispersion relation (3.24) and the fact that (xy) > (x)(y) whenever
x|, |y| > 1, we see that

In|?(n)?* 1 / xP
E d
iuf (t —nd) P —ny ] OF (—t+n) (@ =)+ —n)H)'-

ni

+ E 1
S €t supintiin™ % 2k ()1 3 :
" 1 —(n24n) /2| =1 (n)™(n —n1)™(n)' = (n1 — (n* +n)/2)

Thus,

qup 1120 v ! f i xp
ne (T —n3) 4 ()2 (n —np) (—r1+ ) (@ — 7)) + (=)Ao

ni

1
§C+Sup|n|l+(n)2s Z 2k 2k 2 1—
1 —i a1 =)y — (0% 4 ) /2)
1
~€ SL 3.26
SCH+ Z )2~ (ny — (2 +n)/2)1= ~ (3.26)

ln1—(n2+n)/21>1

In the region Qy, using that Lo > |n|> and k — s > —1/2, we get

sup 1P ()" ! / . XQo
ne (T =n®) 4= ) (n —np)* (—r+n)' (T =)+ —np?)'-
o P ! [ iz XQ
me (T=nd) L= () (n—n) (=71 ) (T — 1) + (= n)?)!-
Inl?(n)> ! XQo

d
) 2 ¥ ] (o rd) (= o)+ (=)

n|?(n)? 1 XQp
< sup D = _|a
SR )3 ()% 2 <n—m>2’</ A (@ — ) + (= n?)-

T 11> nl
n|?(n)?* 1 / X2
+su dt <1, (3.27)
nt () ) |n1|z<<|n| w0 T A G
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Proof of Claim 3.5. In the region Qj, using that L| = L, 2 |n|3 (by the dispersion rela-
tion (3.24) and |n| < |n|?), (n) < (n1)(n —n1) and k —s > —1/2, it is not difficult to see that

I n4n) [ xo,
su dt
e e Dy R I
1
< su <1. O (3.28)
w2 o+ (= n)? )

Proof of Claim 3.6. In the region 9, using that Ly = L,y 2 |n|3 (by the dispersion rela-
tion (3.24) and |n1| < |n|?), (n) < (n2)(n +ns) and k —s > —1/2, it follows that

“ ! 3 [n|?{n)* / . X3,
s (12 (72 + 1)) 4= (n+ng)* (T =m3)(—(t+ 1)+ (n+n)?)'~

! <1.
(12 — (n +n2)2 +n3)?

Ssup Y

nz’ranZ

O 3.29)
Once (3.17) is proved, we start the proof of estimate (3.18), that is,

(”l)s Er— <
max(uluz) Sl xeao=Nluzll ez + gl ez lluz |l xea2-.

LiLy

We can rewrite the left-hand side as

1 -
H / In|(n)* / mﬁ(nl,fl)@(—nz, —T12)

n=ni+nz T=11+172

ey
To begin with, we split the domain of integration into three regions. Let S = &1 U S,, where

Sy = {(n, T,n2, 7). |n| < 100},

Sy :={(n,7,n2,72): [n| > 100 and |na| > n[?},

T :={(n,7,n2, 02): |n2| > 100, |n2| < |n|? and either |t| + n?| = Lmax or |72 + 13| = Lmax}
and U :={(n, t,ny, 1): |nz| > 100, |n| ~ |ny| and |t — n3| = Lmax}. Clearly, S, 7 and U com-
pletely decomposes our domain of integrations, so that, in order to prove (3.18), it suffices to get
the bounds:

H f g / £ i (n1, ) (— 2, —12)
(1) (na) (7 +n2)(m +nd) 3 (— T+ nd)2 " ’ ’

L2L]
n=ni+ny T=T1+17

n*-t

S Nl oo lluall xo.0, (3.30)
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271
n=ni+ny T=114+12 LnLr
S lurllxoa2- luzll g2 + [luy l xo1/2 [luall xo.1/2-, (3.31)
|n|<n>Y Xu ~ -
VTR 3 u1(ny, Tur(—nz, —102)
(n1)*(n2) (t —n>) 121!
n=ni+n» =T+ ntt
S lurllxoa2- luzll g2 + llur [ xo1/2 [luzll xo.1/2- (3.32)

To prove (3.30), we note that

nln
(n)Fn)t

)

if either |n| < 100, or |n| > 100 and |n;| 2 [n|?, since (n) < (n1)(n2) and 1 + s < 4k. Hence,

H / <|"|<7”>k / < xS — i (11, T (=1, —T2)

k 1
n1)*(nz) —nd S 2=
n=n+ny =114+7 T—n’) (T + n]) (-2 + nz)

LiL

1
S H / / ; —u(ny, T)0(n2, 12)
(t=n3)(t1+n})2 (-2 +n3)2~

- - L2L!
n=n|+n T=T71+10

Therefore, this reduces our goal to prove that

1 _ -
H / / I —ui(ny, 1)uz(—n2, —12)
(t —n3) (1 +n}) 2 (—1y +n3)2™

2
— i L)lL‘l'
n=nj+ny T=T1+12

S lluillyoolluzllxo.0.

This can be rewritten as

1 -
’ (t —n3)23(x —n3)1/3 / / ui(ny, )z (—na, —12)

n=n|4+n) T=T1+10
Since 2(—2/3) < —1, the Cauchy—Schwarz inequality in 7 reduces this bound to showing

which is an easy consequence of duality, LitLitLit Holder and the Bourgain—Strichartz inequal-
ities X9-3/8 y0-1/3 < 1% in Lemma 3.5.
The second bound (3.31) can be proved in an analogous fashion, using the dispersion relation

LiL:

S Nl xoa/2- luz ll xo.1/2-

1 _ —
m f / uy(ny, 1)uz(nz, ©)
n=n|+ny t=11+172

Sl Nl g2 luz |l xo0.1/2-,
1212

T

(r — n3) — (—‘Ez + n%) + (rl + n%) =—nd+n?+ 2nna, (3.33)
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which implies that, in the region M, either |t 4+ n}| > |n|* or | =72 + n3| > |n|3. Thus, using
that s — k < 1/2 and making the corresponding cancellation, we see that it suffices to prove that

and

1 - P
‘ (T —n3)2/3 (1 —n3)1/3 / / uy(ny, t)uz(—naz, —12)

n=nj+ny T=T1+172
Again, we use Cauchy—Schwarz to reduce these estimates to

1 -
‘ (r —n3)1/3 / / i1 (ny, T2 (—n2, —72)

n=n|+ny T=T1+102

S llut oo lluall xo.2-
LZLL

1 —~ —
(T —n3)23(z — n3)1/3 f / ui(ny, uz(=na, —12)

n=n1+ny 1=11+102

Sl [l go.172- lluz |l xo.0.
2L

n

S luilixoolluzlixo./-

L212

T

and

S luilixoar-lluzlixoo,
LiL?

which follows from duality, Holder and Bourgain—Strichartz, as above.

Finally, the third bound (3.32) requires a subdivision into two cases. When |71 + n%l pe In|'=
(respectively, |—12 + n%| 2z |n|'7), we use (] + n%)l/8 leaving (71 + 11%)3/8 in the denominator
and |n|"t*%~ in the numerator (respectively, the same argument with (—12 + n%) instead of
(1 + n%)). After another cancellation using |t — n3| e |n|3, we need to prove

1 _—
(t —n3)1/3 / / i1 (n1, T))ip(—n2, —72)

n=n|+ny T=T1+102

S el 0.3/ llua |l x0,1/2-
L1

1 R S —
(t —n3)1/2+ / / ur(ny, t)uz(—n2, —12)

n=ni+ny 1=11+1

and

S llut llxo/2- 1wzl xo.3/8.
L3L!

These bounds follow again from Cauchy—Schwarz in t, duality, Holder and Bourgain—Strichartz.
So it remains only the case |11 + n%|, |70 — n§| < |n|'~. In this case, the dispersion relation says
that, in the region NV,

1 R -
(T —n3)1/2+ f / ur(ny, t)uz(—nz, —12)

n=n|+ny 1=11+1

t—n’=-n*4n? + 2nny — 0(|n|1_).

On the other hand, the cancellation using |t — n3 = In|? and s — k < 1/2 reduces the proof to
the bound
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1 N -
(T —n3)i2 / / 01 (1, )i (—n2, =) Xy (T — 1)

L7L}
n=n1+ny T=11+172

Sl Nl go/2- lluz |l xo0.1/2-,

where Qm)={neR: n=n3—n?=2nr + 0(n|'"), for some r € Z, |r| < |n|?} if |n| > 100
and £2(n) = @, otherwise. Applying Cauchy—Schwarz in 7, we can estimate the left-hand side by

12
H (/(f _”3>_1X§(n)(f —"3)> / / uy(ny, 1))z (—nz, —12)

n=n|+ny T=T1+12
Therefore, the point is to show

S“P</<f — 1) g (r =) dr) <L (3.34)

n

L2lieg

We need the following lemma:

Lemma 3.8. There exists some § > O such that, for any fixed n € Z, |n| > 1 and for all M > 1
dyadic, we have

|{,ueR: |~ M, M=n3—n2—2nr+0(|n|17),fors0mereZ, Ir| < |n|2}| SMP’S.

Proof. Note that the dyadic block {|u| ~ M} contains at most O(M/N) + 1 integer numbers
of the form n3 — n? — 2nr with r € Z, where N ~ |n]. Indeed, this follows from the fact that
the distance between two consecutive numbers of this form is ~ N. Thus, the set of p verifying
w=r3—r%—2nr+ O(r|*7) is the union of O(M/N) + 1 intervals of size O(N>7). Since
the relation . = n> —n% — 2nr + O(Jn|' ™) with |u| ~ M and |r| < |n|> ~ N2> 1 implies that
M ~ N3, we get

|{/L eR: |u|~M, u =n’—n>—2nr+ 0(|n|17), for some r € Z, |r| K |n|2}|
< NI-. M _ M.
~ N ~
This completes the proof of Lemma 3.8. O

It is now easy to conclude the proof of (3.16): by changing variables, we have to estimate

Sup/(ﬂ>_1X§(n) (wydu.

By decomposing the domain of integration into dyadic blocks {|u| ~ M}, Lemma 3.8 gives

/(u)‘l)(§(n)(u)du< 1+ Y / (™ X3y A
M2V~ m

Si+ Y MM
M>1; M dyadic

This proves estimate (3.18), thus completing the proof of Lemma 3.7. O
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4. Local well-posedness for rough initial data

This section contains the proof of Theorem 1.1 concerning the local well-posedness of the
NLS—KdV. First of all, we observe that the NLS—KdV (1.1) is equivalent to the integral equation

t

u®) =Uug —i / Ut — ) {au@ vt + ﬁ|u|2u(t’)} dr’,
0

t
1
v(t) =V (t)vo + / V- r’){yax(|u|2)<r’> — 50 (v2)<r’>}dﬂ.
0

Since we are seeking jor local—in—tiLne solutions fgr (1.1), 1t sufﬁces to find a fixed point u for the
map @ = (@1, ®2): X*([0, T]) x Y*([0, T]) — X*([0, T]) x Y*([0, T]),

t
D1 (u, v) = Y1 (U Oug — iy (1) / Ut — ) {au)() + Blulut)} dr,
0

t / 2 / 1 2 / /
<1>z(u,v)=w1(t)V(t)vo+wr(t)/V(t—t){yax(lul )@ — Eax(v )(t)}dt.
0

From now on, our efforts are to show that @ is a contraction of (a large ball of) the space
?k([O, T] x ?S([O, T]) for sufficiently small T > 0. To accomplish this goal, we need the
following well-known linear and multilinear estimates related to the cubic NLS and the KdV
equations:

Lemma 4.1 (Linear estimates). It holds

o ViU @uolixr S luoll g and Il (1) fy Ut — ) F () de |y S I Fll 2
o V1@V @Ovollys S llvollms and Y7 () fg V(& — )G (@) dr llys S IGllws.

Lemma 4.2 (Trilinear estimate for the cubic term |u|*u). For k > 0, we have
[ @uvd | i < llullesssllvll gesss lwl yess.
Lemma 4.3 (Bilinear estimate for 8, (v%)). For s > —1/2, we have

[ @)0x1v2) |y S vtllysarzllvallysaz- + lvillysarz-v2llpsiz,

if v = v1(x,t) and vy = va(x,t) are x-periodic functions having zero x-mean for all t (i.e.,
Jrvj(x,0)dx =0 forallt and j =1,2).

Remark 4.1. The zero-mean assumption in Lemma 4.3 above is crucial for some of the analy-
sis of the multiplier associated to this bilinear estimate. However, in the proof of our local
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well-posedness result, this hypothesis is not restrictive by a standard argument based on the
conservation of the mean of v under the flow (1.1). See Remark 4.2 below.

We present the proofs of these lemmas in Appendix A of this paper because some of these
estimates are not stated as above in the literature, although they are contained in the works [5,6]
for instance. See Appendix A below for more details. Returning to the proof of Theorem 1.1, in
order to apply Lemma 4.3, we make the following observation:

Remark 4.2. The spatial mean fT v(t, x)dx is preserved during evolution (1.1). Thus, we can
assume that the initial data vy has zero-mean, since otherwise we make the change w = v —
J vodx at the expense of two harmless linear terms (namely, u [ vodx and d,v [ vo).

After this reduction, we are ready to finish the proof of Theorem 1.1. Accordingly with the
linear estimates (Lemma 4.1), trilinear estimate for the cubic term |u|?u (Lemma 4.2), bilinear es-

timate for 9, (v%) (Lemma 4.3) and the bilinear estimates for the coupling terms (Propositions 1.1
and 1.2), we obtain

| @16t ) 3¢ .7 < Collitoll gt + Ca{lluvllze + lullesss 0.7}
< Colluoll gr + Crllull xxa/2- o,y v llys.12o, 77y

+ Cillullxx12¢0, 7Vl ys.1/2- o, 77y + Crllu ||§(k,3/8([0,7~]) and

H Py (u, v) ” Fqorn S Collvollms + Cl{” BX(UZ) ” ws T H BX(|“|2) ” Ws}
< Collvoll gx + Ci{llvllysazvllysie-qo. 7y + Nl gz lull xeirz-go.rp )

ifs >0, —1/2<k—s<3/2and 1 + s < 4k. At this point we invoke the following elementary
lemma concerning the stability of Bourgain’s spaces with respect to time localization:

Lemma 4.4. Let Xiﬁh(g) ={f: (r — h(€))P(£)*| f(x, )| € L%}. Then,
t b S
[Vl Swo 1 lxen,
for any s, b € R and, furthermore, if —1/2 <b' < b < 1/2, then for any 0 < T < 1 we have

b—b’
UrOfll s Sy p T 1 fllysn -
” f”Xi:h(s) e ! X he

Proof. First of all, note that (t — 19 — h(£))? <p (1)1t — h(£))?, from which we obtain

itto < |5
e b b (7o b
o™ Fllss, . o @)1 s,

Using that ¥ (1) = [ /()€™ d o, we conclude

[V, e ( / |&(ro)|<zo>b') Il -

Since ¥ is smooth with compact support, the first estimate follows.
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Next we prove the second estimate. By conjugation we may assume s = 0 and, by composition
it suffices to treat the cases 0 < b’ < b or b’ < b < 0. By duality, we may take 0 < b’ < b. Finally,
by interpolation with the trivial case b’ = b, we may consider b’ = 0. This reduces matters to
show that

HWT(t)f”M Sv.b Tb”f”X?ﬁh(s)

for 0 < b < 1/2. Partitioning the frequency spaces into the cases (t — h(¢)) > 1/T and
(t —h(&)) < 1/T, we see that in the former case we will have

b
00 <T 0.5
I los,  <TONFlgon,

and the desired estimate follows because the multiplication by i is a bounded operation in Bour-
gain’s spaces. In the latter case, by Plancherel and Cauchy—Schwarz

||f(t)HL§§||f/(7)($)||L§SH / |f (. §)|dr

(t—=h(EN<Y/T

/ (r =h®Y’|f(x, &) ar)"

2
Lg

<, TV-172

=T fll o
L} T=h(€)

Integrating this against ¥7 concludes the proof of the lemma. O

Now, a direct application of this lemma yields

| @1, 0) | 0.7y < Collwoll g+ LT {lull k2o, ry IV v,z + 1l k20,7 )

and

2 2
|| 452(”? U) || ?S([O,T]) < COHUOHHS + Cl TO+{ ||U||YS,1/2([0,T]) + ||u||Xk,l/2([01T])}’

ifs>0,-1/2<k—s5<3/2and 1 + s < 4k. Hence, if T > 0 is sufficiently small (depending
on [lug|| gx and ||vo || ms), we see that for every sufficiently large R > 0, @ sends the ball of radius
R of the space X ko, T1) x Y*([0, T) into itself. Similarly, we have that

| @1, v) — @1, )]
S T0+{||M||Xk-]/2 + ”u“ik,lﬂ —+ ||U||Ys,l/2}{||u — ﬂ”Xk,l/Z + ||U — ﬁ||Y_sv1]/2}
and
|2, v) = @2, D) |34 0.7,
ST Null o2 + I0llysan Hllu = @il gero + 1o = Bllysa2 ),

ifs >0, —-1/2<k—s<3/2and 1+ s < 4k. So, up to taking 7 > 0 smaller, we get that @ is a
contraction. This concludes the proof of Theorem 1.1.
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5. Global well-posedness in the energy space H! x H!

This section is devoted to the proof of Theorem 1.2. First of all, we recall the following
conserved functionals for the NLS-KdV system.

Lemma 5.1. The evolution (1.1) preserves the quantities

o M(t):= [r|u()*dx,
o O(t):= [p{av(t)® + 2y I(u(t)dcu(t))} dx and
o E():= [playv®lu@®)? — o) + B lu@)|* + L1800 + y18.u ()} dx

In other words, M (t) = M(0), Q(t) = Q(0) and E(t) = E(0).

In order to do not interrupt the proof of the global well-posedness result, we postpone the

proof of this lemma to Appendix A.
Let ¢y > 0 and ¢ > 0. From the previous lemma, we have that ||u(¢)| ;2 = |luoll 2, and

vaHLz\ {|Qo|+2|y|||uo||LzHaxua)an}

Put 4 = min{|y|, |«|/2}. Then, using again the previous lemma, Gagliardo—Nirenberg and Young
inequalities, we deduce

locu) |72 + [0 |72 < = (Iyl|8xu® |72 + lerl [0 (0) | 7.2)

?;l'—'

<CEO|+ [v ] 2w o+ [v@ 5 + Ju )] 12)
<CEO]+ v |5 + v ] + fu)]4)
<C(|EO)]+ QO] + luoll 2| 0u® ] ;2 + [v@ |35 + |u@ | })
<CEO|+[00)| + |00 + M©)° + M(©)* + M(0))
3l + Jaw®]).
Hence
x| 2 + oo 2
ClEO)|+|0O)|+ |0 + M©)’ + M(©0)® + M(©))}. (5.1)

We can estimate the right-hand side of (5.1) using the conservation laws in Lemma 5.1 and
Sobolev’s lemma to get

lu)|| 31+ 0@ |51 <@ (ol g1 ol 1) (5.2)

where ¥ is a function depending only on |ugl|| 51 and [Jvo|| z1. We observe that the constants
depend only on the parameters «, 8 and y. Since the right-hand side in (5.2) only depends of
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loll g1 and |Jvo|| 71, we can repeat the argument of local existence of solution at time 7" arriving
to a solution for any positive time. This completes the proof of Theorem 1.2.

6. Final remarks

We conclude this paper with some comments and questions related to our results in Theo-
rems 1.1, 1.2.

Concerning the local well-posedness result in Theorem 1.1, the gap between our endpoint
H'/* x L? and the “natural” L? x H~'/2 endpoint® suggests the ill-posedness question:

Question 6.1. Is the periodic NLS—KdV system (1.1) ill-posed for initial data (o, vo) € H* x H*
withO<k<1/4,1+s<4dkand —1/2 <k —s5<3/2?

On the other hand, one should be able to improve the global well-posedness result in Theo-
rem 1.2 using the I-method of Colliander, Keel, Staffilani, Takaoka and Tao [6]. In the continuous
case, the global well-posedness result in the energy space of Corcho and Linares [7] was refined
by Pecher [13] via the I-method. This motivates the following question in the periodic context:

Question 6.2. Is the periodic NLS-KdV system (1.1) globally well-posed for initial data
(ug, vo) € H1= x H'=2

We plan to address this issue in a forthcoming paper by using our bilinear estimates for the
coupling terms uv and dy (Ju |2) and the I-method.

Acknowledgments

The authors are thankful to IMPA and its staff for the fine research ambient. A.A. and C.M.
would like to acknowledge Viviane Baladi for the invitation to visit the Institute Henri Poincaré
in May—June 2005, where a large part of the bilinear estimates for the coupling terms was done.
Also, C.M. is indebted to Terence Tao for some discussions about the method of sharp bilinear
estimates. A.A. and C.M. were partially supported by CNPq-Brazil and A.J.C. was partially
supported by CNPg-Brazil and FAPEAL.

Appendix A

This appendix collects some well-known results concerning linear and multilinear estimates
related to the periodic cubic NLS and the periodic KdV, and also includes a brief comment about
three conserved functionals for the NLS-KdV discovered by M. Tsutsumi.

A.l. Linear estimates

We begin with the proof of the linear estimates in Lemma 4.1. The basic strategy of the
argument is contained in the work [6] of Colliander, Keel, Staffilani, Takaoka and Tao. First,

5 As we said before, from the sharp well-posedness theory for the NLS and the KdV equations, the well-posedness
endpoint for the periodic NLS equation is L? and for the periodic KdV is H -z,
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we observe that wm)(n, ) = ity (n) Y (t +n?) and wm)(n, 7) = 0o(n) ¥ (t —n3). Thus, it
follows that

|v OU@uol 5 Slluollyx and ¥ @OV Ovo e S llvollss- (A1)

Hence, it remains only to show that

Up to a smooth cutoff, we can assume that both F' and G are supported on T x [—3,3]. Let
a(t) = sgn(t)n(t), where n(t) is a smooth bump function supported on [—10, 10] which equals 1
on [—5, 5]. The identity

SIGllws.

SIFlze and ‘

t t
wT(t)fU(t—t/)F(t/)dt/ wT(t)/V(t—t/)G(t/)dt/
0 0

Xk Ys

/ l i /
X[0,0(t") = E(a(t ) —a(t —1)),

for r € [—2,2] and ¢’ € [—3, 3] permits to rewrite IﬂT(l‘)fOt U(t — t')F(t')dt’ (respectively,
Yr (1) fot V(t —t")G(t') dt") as a linear combination of
1//T(I)U(t)/a(t’)U(—t/)F(t/) dt’ (respectively, l/fr(t)V(z‘)fa(t’)V(—t’)G(t’) dt’)
R R
(A.2)

and

wT(t)/a(t—t/)U(t —F{dt <respectively, wT(t)/a(t—t’)V(t -G dt’).
N (A.3)

For (A.2), we note that by (A.1), it suffices to prove that

H/a(t/)U(—t/)F(t/)dt/ SIFlzx
Hk
R

(respectively, SIGH W~“> :

/a(t’)V(—t’)G(t’) dt’
J Hs
Since the Fourier transform of [ a(t)U(—t")F(t')dt’ (respectively, [pa(t)V(—=1)G(t')dt")
at n is [a(tr + n®)F(n, v)dt (respectively, [d(r —n®)G(n, 1)dt) and |a(r)| = O((z)~"),
the desired estimate follows. For (A.3), we discard the cutoff {7 (¢) and note that the Fourier
transform of [ a(t —1")U(t —1")F(¢") dt’ (respectively, fR a(t—t)V(t—1t)G(t')dt') evaluated
at (n,7) is a(r + nz)F (n, t) (respectively, a(t — n3)G (n, 7)). Therefore, the decay estimate
la(t)| = O((r)~") give us the claimed estimate. This proves Lemma 4.1.
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A.2. Trilinear estimates for (|u|*u)

Next, we prove the trilinear estimate in Lemma 4.2. The argument is essentially contained in
the work [5] of Bourgain.®
By definition of Z*, the hypothesis k > 0 says that it suffices to show that

w Y[ e
P TR

7701, T)0(n2, ) W(n3, T3)
16l <1
n,t

n=nj+ny—nj3 =11+ 0+73

S ullgrasllvllxessllwl xess  and

S llull s vl xesssllwll xesss.

LiLy

(”)k —=
Hmuvw(n, 'L')

Observe that (n)* < max{(n1)*, (n2)%, (n3)*}. By symmetry, we can assume that (n)f < (ny)¥.
This reduces matters to show that

sup Z ———5 (a0, 1) 0 (n2, )W (n3, 13))
Il <1 e (t+n2)l/
Lije S A=A NS g Loy
S llullxosssllvll xosssllwll xoss  and (A4
1 A A =, <
Z f T u(n, TV (2, )w(ng, 13)
_ _ (T +n > 21
R=MIFRI=NS gy 1y 41y n-T
S llullxosssllvll xo3/s [l wll xo3/s. (A.5)

First, it is not difficult to see that duality, Li‘,Li’tLiy,Li’t Holder inequality and the

Bourgain—Strichartz estimate in Lemma 3.5 (i.e., X038 L% implies (A.4). Next, consider
the contribution of (A.5). By Cauchy—Schwarz in t, since 2(—5/8) < —1, we need only to prove
that

1 -
> / mﬁ(”hfl)ﬁ(nz,‘Ez)w(n3,‘c3)

271
N=N1HN2—N3 o0 Vot gg Lk

S Nl xosss vl xo3ss llwll xo.3s,

which follows again by duality, Li,Li tLi tLi’ , Holder inequality and the Bourgain—Strichartz
estimate. This concludes the proof of Lemma 4.2.

6 The “novelty” here is to estimate the contribution of the weighted L%L}. portion of the Z* norm, although this is not
hard, as we are going to see.
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A.3. Bilinear estimates for 0, (v?)

Now, we present the proof of the bilinear estimate in Lemma 4.3. Since this bilinear estimate
was used only in the case s > 0, we will restrict ourselves to this specific context (although
the proof of the bilinear estimate for —1/2 < s < 0 is similar). Again, the argument is due to
Bourgain [5] (except for the bound on the weighted LﬁL% portion of the W* norm, which is due
to Colliander, Keel, Staffilani, Takaoka and Tao [6]). By definition of W, it suffices to prove that

Inl{n)* —~ —
sup mvl(m, T)v2(n2, 12)¢ (1, T)
”d)HL%.'[ sl n=ni+ny T=T1+172
S ”U]||y.r,1/2||U2||ys.l/2— + ”Ul”ys.l/Z—||v2||ys,l/2 and (A6)
Inf(n)* <
T3 ni2n, 1) S lvtllysazllvallysiz- 4+ Totllysaz-[lv2llys.i/2. (A7)
(=n) 1Ll

Note that our hypothesis of zero mean implies that nnin, # 0. Since
t—n’= (11 —n}) + (2 —m3) — 3nnna,
we obtain that

max{(r — %), (v —nj). (2 —n3)} 2 Innina| 2 In|>.

Also, observe that s > 0 implies that (n)* < (n1)*(n2)*.
First, we deal with (A.6). To do so, we analyse two cases:

o (r —n3) =max{(r —n?), (1] — n?), (T — n%)}: in this case, the estimate (A.6) follows from

sp Y [ 686w Shulys el
”(P”L%,r<1"=n1+n2‘[:‘[]+‘r2

which is an easy consequence of duality, Li),LiJLﬁ,t Holder inequality and Bourgain—
Strichartz estimate in Lemma 3.5 (Y%1/3 ¢ L*%).

° (7j — n;) = max{(t — n3), (1] — nf), (10 — ng)} for j € {1,2}: in this case, estimate (A.6)
follows from

~ ~ ¢(n, 1)
sup Y / Binn, ) B(n2, 1) 77— 5577 S I lyeollvallyos- - and

H(p”erm Shu=ni+ny T=T714172

¢, 1)
S lvtllyoaz-llvallyoo,

sup Y / ﬂ(nl,fl)@(nz,fz)m S

”(p”L%,r gl":n'—’_nzrzrl-&-n

which are valid by duality, Holder and the Bourgain—Strichartz estimate.
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Second, we consider (A.7). Again, we distinguish two cases:

o (7j— "3) = max{(r — n3), (r; —n3), (ra — n3)} for j € {1, 2}: after doing the natural can-

cellations, we see that (A.7) is a corollary of

3\—2/3 3\—1/3 ~ —~
(e =n? =) Ui, B, )| S lvillyeollvallyes
n=nl+n21.=1.1+1,2 erzL%
and
3\—2/3 3\—1/3 ~ ~
(t =) —n?) > / G, B2, )| S villyoaslvallyeo.
n:"]+n21':1'1+12 L;%Ll

Applying Cauchy—Schwarz in 7, since 2(—2/3) < —1, it suffices to prove

S vt llyoollv2llyons  and

3\—1/3 = >
(v —n?) E v1(ny, T1)v2(n2, 72)
L3212

n=nj-+ny =141

S lvtllyoaslivzllyoo.
L212

(1: —n3)71/3 Z / v1(n1, T1)02(n2, 72)

n=nj-+np T=11+1)

Rewriting the left-hand sides by duality, using Holder inequality and Bourgain—Strichartz
estimate Y*1/3 ¢ L* we finish off this case.

o (r —n?) =max{(rt —nd), (1] — n%), (10 — n%)}: we subdivide this case into two situations.
If (r; — n?) > |nniny| /190 > n)1/50 for some j € {1,2}, we cancel (t; — n§)1/6 leaving

173

(tj — n;) so that we need to show

3\—1/2— —~ ~
(r—n?) > G, T)Bn2, )| S lvillyoollvallyers  and
L2L]

n=n|+nz_[:_[1+,[2 n*-t

(RS IED S BRI

n=nitny g 4,

S lvillyoasslivzlyoo.
L2L!

This is an easy consequence of Cauchy—Schwarz in r, Holder inequality and Bourgain—
Strichartz. If (r; — n?) & |nniny| 1% for j =1, 2, we observe that

T—n’= —3nniny + O((nnlnz)l/loo).

After some cancellations, we need to prove that

<f_n3)_1/2 Z / ﬂ(nlvfl)@(nz,fz))(g)(n)(r—n3)

n=nitnyr_g 4,

LiLy

S lvillyoaslivzllyois,
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where 2(n) :={n eR: n=—-3nnny + 0((nn1n2)1/100) for ny,ny € Z withn =n1 + na}. By
Cauchy—Schwarz in 7, we bound the left-hand side by

H </ (r =)y (t - n3)dr>l/2

Therefore, it remains only to prove that

(/(r —n3)—1m(m(r —n3)d1>1/2 <1.

To estimate the integral on the left-hand side, we need the following lemma about the distribution
of points in £2(n) in a fixed dyadic block:

Z f v1(n1, T)02(n2, 72)

n=nitny g 4,

Liles

Lemma A.1. Fix n € Z — {0}. For n1, ny € Z — {0}, we have for all dyadic M > 1
i eR: |ul~M, p=—3nnins+ O((nnna) 1)} < M'2,

for some § > 0.

Proof. By symmetry, we may assume |n{| > |n2|. Consider first the situation |n| > |n{|. Since
w = =3nniny + O((nn1n2)/19), we get |n| < |u| < |n]® because ny,ny € Z — {0} and
Inniny| < |n|>. Suppose p ~ M and |n| ~ N. For some 1 < p < 3, we have M ~ N”. Thus,
the expression of u implies that |nny| ~ M'~1/P_ Observe that there are at most M!~1/P
multiples of M!/? in the dyadic block {|u| ~ M}. Therefore, the set of p with the form

—3nniny + 0((nn1n2)1/100) is the union of M1~/ intervals of size M /100 each of them
containing an integer multiple of n. Then,

|{M eR: |ul~M, u=—-3nnny + 0((nn1n2)1/100)}| < M1/ pg1/100 §M3/4,
since 1 < p < 3.

In the situation |n| < |n1], we have |ny| < |u| < |n1]3. So, if |n1| ~ Ny, we obtain M ~ Nlp
for some 1 < p < 3. Thus, we can repeat the previous argument. 0O

Using this lemma, it is not hard to prove that

/(r - n3)_1xg(,,)(r —n?)dr S 1.

Indeed, we change the variables to rewrite the left-hand side as

f(u)‘lxrz(m(u) dp.

Decomposing the domain of integration and using the previous lemma, we have
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f<ﬂ>_1X9(n>(M)du= / W xewwdp+ Y /(M)_lxmn)(u)du
lnl<1 M>ld)’adic|m~M

S+ ) MM
M >1 dyadic

This finishes the proof of Lemma 4.3.
A.4. Three conserved quantities for the NLS—KdV flow

In the sequel, we show that the quantities

o M(t):= [;|u(t)*dx,
e Q1) = [p{av(®)? +2y3(u(t)d,u(t))} dx and
o E(t):= [playv®lu@®)? — o) + B lu@)|* + L1000 + y13.u ()} dx

are conserved by the NLS-KdV flow, as discovered by M. Tsutsumi [15]. By the local well-
posedness result in Theorem 1.1, we may assume that ¥ and v are smooth in both x and ¢
variables. First, we consider M (¢). Differentiating with respect to ¢, we have

8tM(t)=/8,u~ﬁ+/u~8,_u.

T T

Since Eq. (1.1) implies
o = iafu —ilouv — i,3|u|2u,

we see that, by integration by parts,

/B,u~ﬁ=i/8fu'ﬁ—ifauﬁv—i/ﬁ|u|4
T
:—/u-@—/u(—iauv)—/u(—iﬂ|u|2u):—/u-Bt_u.
T

Hence, 0; M (¢) =0, i.e., M (¢) is a conserved quantity. Second, we analyse Q(¢). Differentiating
with respect to ¢ and using that v is a real-valued function,

a,Q(t)=2a/a,u-u+2y/3(a,uax_u)+2y/3(uaxa,u).

T T T

Applying (1.1) and using integration by parts, we obtain
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Za/atv.v:&xy/{—agv—%8X(U2)+y8x(|u|2)}.U:2ay/3x(|u|2).v,
T T

T
/atuaxﬁ:i/&fuaxﬁ—ia/uvaxﬁ—iﬂ/|u|2u8Xﬁ
T T T T
and
/uaxa,ﬁzfu.ax{—ia§u+iaﬁv+iﬂ|u|2ﬁ}
T T
. — . 2 . 2 — . 2 2
t(xfuvaxu+la/|u| 8xv+tﬁf|u| u8Xu+l,3/|u| 8X(|u| )
T T T T
ia/uvaxﬁ+iozf3x(|u|2)v+i,8/|u|2u8xﬁ.
T T

T

In particular,

/ 3,u3xb_t +
T

Since i [ 92udyit =i [1 dcitdZu, we get

3(/8tu3xﬁ+fu3x8,ﬁ> :(xfax(|u|2)v.
T T T

Hence, putting these informations together, we obtain 9; Q(¢) = 0. Third, we compute 9; E(¢).
Writing E(t) =1 — I+ I + 1V + V, where I :=ay [p|ul*v, I =% [p v, I := ﬁTy g lul®,
=% [ |axv]? and V :=y [ |dcu|?. Using (1.1) and integrating by parts,

H—
=
2
2
N
Il

q\.

o
<
2
<
+
S
—_—
(o5
=
—
<
o
N—
<

I =—ay / |u|2{a§v + %ax(vz)} +v{idfu it —idfii-u},
T

1
—8;11:—%/{—v283v+yv28x(|u|2)}=%fv28;v—ay/|u|2§8x(vz),

T T T
8;11]:ﬂyf{8,u|u|212+8tﬁ|u|2u}=,3y/{iﬁ|u|28fu—iu|u|28§ﬁ},
T T

a,zvza/axv.axatvz_%/v233v+ay/|u|za§v,
T T T
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»V =y /{axa,u - Byil + Dy - By i)
T

=y /{iafu —iouv + iBlulPu}dla + {—idka + icitv — iflul*u}du
T

:—ay[v~{i8§ﬁ~u—i8§ﬁ-u}—ﬁy/{iﬁ|u|28§u—iu|u|28fﬁ}.
T T

From these expressions, it is not hard to conclude that 9, Q(¢) = 0.
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