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ABSTRACT. We study local and global well-posedness of the initial value prob-
lem for the Schrédinger-Debye equation in the periodic case. More precisely,
we prove local well-posedness for the periodic Schrodinger-Debye equation with
subcritical nonlinearity in arbitrary dimensions. Moreover, we derive a new a
priori estimate for the H! norm of solutions of the periodic Schrédinger-Debye
equation. A novel phenomenon obtained as a by-product of this a priori esti-
mate is the global well-posedness of the periodic Schrédinger-Debye equation
in dimensions 1 and 2 without any smallness hypothesis of the H! norm of the
initial data in the “focusing” case.

1. Introduction. The main theme of this paper is the well-posedness of the initial
value problem (IVP) for the Schridinger-Debye equation (SDE):

10xu + Au = uv, t>0, xeT",
Kow 4+ v = e|u]?, (1)
u(0,2) = ug(x), v(0,z) = vo(z),
where o« = p — 2 > 0, u is a complex-valued function, v is a real-valued function,
K >0,e=+1 and A is the Laplacian operator in the z-variable.
This equation appears naturally in certain nonlinear optics phenomena. Indeed,
the equation (1) is obtained from the Mazwell-Debye system
A+ AA=Dp4,
kno Mo
Kow +v = na| A|°,

) = [ 22 A, [,
“o ).

ol
Yl
v(t,x) = —v(t
(t,x) no (

via the rescaling

"\ kno

Physically, the Maxwell-Debye system (with a@ = 2) arises in nonlinear optics
describing the non-resonant delayed iteraction of an electromagnetic wave with a
certain media. In this system, A denotes the envelope of a light wave that travels
through a media. The wave induces a change v of the refractive index in the material
(initially no for an electromagnetic wave of frequency wg) with a slight delay K. The

2000 Mathematics Subject Classification. Primary: 35Q99.

Key words and phrases. Schrodinger-Debye system, well-posedness, Bourgain’s method.
The authors were partially supported by Faperj-Brazil.

699



700 ALEXANDER ARBIETO AND CARLOS MATHEUS

parameter 79 is related with the magnitude and the sign of the coupling of the wave
and the matter. Finally, c is the light velocity in the vacuum and k is the wave vector
of the incident electromagnetic wave. See [6] and references therein for discussions
of this model.

Mathematically, the well-posedness of the IVP (1) in the non-periodic case (i.e.,
x € R™) was recently studied by Bidégaray [1], [2] and Corcho, Linares [6].

The results proved by Bidégaray, roughly speaking, were local well-posedness
in L2(R") for data ug,vp € L*(R") and local well-posedness in H'(R") for data
ug,vg € HY(R™) (n = 1,2,3), although the persistence property was not obtained.

More recently, Corcho and Linares [(], making an optimal use of Strichartz’s
inequalities for the linear Schrodinger operator, were able to improve Bidégaray’s
results.

The strategy used by Bidégaray and Corcho, Linares was a combination of the
Strichartz inequality and a fixed point argument.

In this paper we apply the same strategy to the IVP (1), namely, use a fixed
point argument and Strichartz inequality in the periodic case. However, there is an
extra difficulty in our case because the exact analogue of the Strichartz inequality
does not hold in the torus T, and Strichartz-like inequalities may only holds locally
in time.

The idea to overcome this is to use the work of Bourgain [3], where the correct
analogue of Strichartz’s inequality was found and applied to the nonlinear periodic
Schrodinger equation (again by a fixed point argument).

In order to apply the fixed point method to solve the Schrodinger-Debye equation,
we start by decoupling the equation (1) to obtain the integral formulation:

t
olt) = R up(o) + £ [ I Kfu(r)|r 2
0

ult) = U(tyuo — i /O Ut - ryw(r)dr, (3)
with U(t) = €2, w(t) = Fo(u)(t) + Fy(u)(t), where
Fo(u) = e VEupy and  Fy(u) = %u/o e /K |y ()| dr.

In this setting, we show the following local well-posedness results:

Theorem 1.1 (n = 1). The SDE (1) with cubic nonlinearity (i.e., o = 2) is locally
well-posed for H® x H?® initial data for any s > 0.

Theorem 1.2 (n > 1). The SDE (1) is locally well-posed for H® x H?® initial data
with s >0 and 2 < a < —2

n—2s’

Remark 1. The appearence of the exponent 4/(n — 2s) in the previous result
becomes more natural if one recalls that Bidegaray [1] showed that the solutions of
the SDE converge in H" (with » — 2 > n/2) to certain solutions of the cubic NLS
(at least for some time interval and for compatible initial data vy = €|u?|) and the
exponent 4/n — 2s is the critical exponent for the NLS equation (with respect to
scaling considerations).

From these local well-posedness results, the conservation of the L? norm of u and
an a priori H' estimate we obtain the following global well-posedness results:
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Theorem 1.3 (n = 1). The SDE (1) with cubic nonlinearity o = 2 is globally
well-posed for initial data in H® x H® with s > 0. Also, the SDE (1) is globally
well-posed for H' x H' initial data if o > 1.

Theorem 1.4 (n = 2). The SDE (1) with cubic nonlinearity o = 2 1is globally
well-posed for initial data in H® x H® with s > 1.

Remark 2. A direct comparision with the global well-posedness theory of the
periodic nonlinear Schrodinger equation in the focusing setting [3] reveals a novel
phenomenon in the global well-posedness features in the “focusing case” (i.e., € =
—1) of the SDE (1). Indeed, since the Hamiltonian of the focusing NLS do not
control the H! norm of the solutions, we need some smallness assumptions of the
H' norm of the initial data in order to derive global wel-posedness theorems. On
the other hand, the structure of the nonlinear term of the SDE (1) allows us to
conclude the same global well-posedness results for the SDE without any smallness
hypothesis. This subtle difference between the NLS and the SDE occurs because the
evolution of v in the SDE permits to derive an a priori estimate for the H' norm
of u, although we do not have conserved Hamiltonians.

We close the introduction with the scheme of this paper. In section 2, we revisit
the restriction of the Fourier transform method of Bourgain. In particular, we
recall the definition of the Bourgain spaces X*° and some of its properties. Also,
we revisit the Strichartz type estimates which are the basic tools to deal with the
nonlinear terms of the SDE. In section 3, we prove the local well-posedness results
in the theorems 1.1 and 1.2. In section 4, we derive an a priori estimate for the H'
norm. By standard arguments, this implies the global well-posedness theorems 1.3
and 1.4. Finally, we briefly discuss some questions related to the well-posedness
results in this paper.

2. Preliminaries. This section is devoted to introduce the reader to the setting
of Bourgain [3].

2.1. Restriction of the Fourier transform. The first main ingredient of the
proofs of our results is Bourgain’s technique of restriction of the Fourier transform
below.

As Bourgain [3, p. 136], we are going to find a solution u of the Schrodinger-
Debye equation (1) which is local in time, that is, take a function 0 < 4; <1 such
that supp(e1) C [—24,26], 1 =1 on [0,4]. In the sequel n:=d — 1.

Inspired by equation (3), our goal is to construct a function u satisfying

t
u(t) = 1 (U (t)uo — i1 () / U(t — 7)w(r)dr. (4)
0
If we write ug, u, w as Fourier series

ug(z) = 3 ip(€)e*™=mE>
cezd—1

u(:z:,t) _ Z e27ri<z.,£>/ e27ri)\t,&(€7)\) d\

Eezd-1 —o0

w(z,t) = Y 62ﬂi<m’§>/ 2™ G(E,N) dA.

geza-t —00
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Then the integral equation (4) is
~ mi(<x, 2
u(x,t) = Pi(t) Z Ui (€) 2 i< E>+1IE]) (5)

gedel
oo 2miA-l€P) _ 1

1 2mi(<a.E>+t]¢[?) /
+o -1 (t) > oe pprE (&, N)dA,

cezd-1 -0

We denote by ® the map defined by (5), i.e.,

Du)(t,x) = Un(t) Y dig(¢)etI=H D)

gezd
oo p2mi(A-l€))t _

B 2mi( <& >+[¢[%) / -
+oti(t) Y e e et {GENCA

cezd-1

The right hand side of (5) is controled by the contributions

1 (t) Z d0(5)627ri(<w,£>+t|5|2); (6)

EGZd7 1

and
; 2
L 2mi(<a.&>+IE]%) / e U
5 1) > e p-rE (&, \)dA (7)

gezd—1 -

We apply the Picard’s fixed point method in the Bourgain spaces X *? associated
to the norm

1 llxen = 1€ (A — € F(E Nz

Remark 3. X% C L°H?® for any b > 1/2. Thus, we can use the X*° spaces with
b > 1/2 to prove the well-posedness results.

The idea is to prove that the integral formulation of the SDE (1) is a contraction
of a large ball in the X . Therefore, the main task is to estimate these two terms.
At this point the following inequalities comes to the rescue

1(6) [ xxs.0 < clluol|are- (8)
and
(7)o < ellew] o )

for o > 1/2 and b’ > b (see [5] for further details). Hence, it suffices to control
the expression ||w|| y.v—1. To accoplish this goal, we recall some properties of the
Bourgain spaces.

Lemma 2.1. We have

1@ fllxca < el fllxcsn

for any s,b € R and, furthermore, if —1/2 < b < b < 1/2, then for any 0 < T < 1
we have

[z () fll e < T fll e
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Proof. First of all, note that (A — Ao — [€]2)® < ¢(Ao)Pl{\ — |€]2)%; hence, we obtain

€720 Fllxen < o) P £l -

Using that ¢(t) = [ 1(Ao)e™*°dAo, we conclude

lo(t) fllxen < ( / |1Z()\0)|<)\0>b|> TS

Since 1 is smooth with compact support, the first estimate follows.

Next we prove the second estimate. By conjugation we may assume s = 0 and,
by composition it suffices to treat the cases 0 < b < bor <V < b < 0. By duality,
we may take 0 < b’ < b. Finally, by interpolation with the trivial case b’ = b, we
may consider b’ = 0. This reduces matters to show that

lr(®)fllzz < |l fllx00
for 0 < b < 1/2. Partitioning the frequency spaces into the cases (A — [£]?) > 1/T
and (XA — [£]?) < 1/T, we see that in the former case we’ll have

1 £llx00 < T°| fllx00

and the desired estimate follows because the multiplication by 1 is a bounded
operation in Bourgain’s spaces. In the latter case, by Plancherel and Cauchy-
Schwarz

—

1F Oz < 1F Bz <

/ FOLO)ldn
(A—[¢]2)<1/T

L
< TR (/<A — &P IFOOPAN2|| =T fl xo.
L2
g
Integrating this against ¥ concludes the proof of the lemma. O

In order to keep a precise control of the nonlinear term w, we recall the Strichartz-
type inequalities in the periodic setting derived in [3].

2.2. Some one-dimensional estimates. In the 1-dimensional case, specially for
the cubic nonlinearity, the following Strichartz estimate will be useful:

Lemma 2.2. It holds X°3/8 C L3 (T x [0,1]). More precisely,

I fll Lacrxio)) < el fllxo.s/s.

Next we introduce the definition:

Definition 2.3. Let d > 1, S C Z¢ and p > 2. We define K,(S) to be the smallest
number such that

Z a’ye27ri<;v,'y> < KP(S) (Z |an|2)1/2'

yES LP(T4)
Also, when the nonlinearity is not cubic, we will use the following L%-estimate:
Proposition 1. If Sy = {(n,n?) : |n| < N} then

log N

Ke(S —_—
6(Sn) <echloglogN

(10)
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In particular,

Lo(2) K N¢ (Z |an|2)1/2 Ve > 0. (11)

DI

nez

Since this proposition is not difficult to show, we include a proof of it here.

Proof. Let f = Zﬁ;l ane ™+’ Then:

1 flle = HfBH% = Z Z Any Anydn—ny —ny

n,j ' ni4nd+(n—ni—ng)?=j

Define r,, j = #{(n1,n2) : [n;| < N, n? +n3 + (n —ny —n2)? = j}. We have:

2

E E } : 2
Apy Ony p—ny —ng < max Tn,j * |a7l|
P : In|<3N,|j|<3N?
n.J " nitng+(n—n1—n2)?=j [n|<N
Hence, it remains to prove that 7, ; < exp c—2&
’ 7 loglog N
s 02

The condition n? +n3 + (n —n1 —n2)? = j is n? +n3 —nny —nng +nine = I,

ie.,
3 1 _7 —n?

1+ n2)” + 2(n = n2)? = n(na +ma) =

If we put m; = ny + ngo, ms = ny — no, then:

2

3mi — 2n)% + 3m?2 = 65 — 2n?,
2

which has the form X2 +3Y? = A, where X,Y, A € Z.
Put p = e2™/3 = 1+§—‘/§ Then X2 4+ 3Y?2 = A if and only if X + iv/3Y divides
Ain Z + pZ. Since Z + pZ is an Euclidean domain, the number of divisors of A is

log A log N
at most exp clog’lﬁ < exp cloglgogN.
Because (3m; — 2n,mg) defines (ny,ng), this concludes the proof. O

2.3. Some higher dimensional estimates. For positive integers A, N, consider
the sets

AManv={C=(ENEZ"xR:N <[] <2N, A<|)— ¢ <24}
For an interval I of Z™, we define
Aar={CeIxR: A< A= <24}

Definition 2.4. Given a function u € L*(T" x R),

w— Z /d)\ ﬁ(C)SQﬂ-i(<x,§>+>\t),

er”
we define
1/2
[llull] = sup(A + 1)'2(N +1)° </ |ﬁ(C)|2dC> : (12)
AN Aa,N
Fix an interval [—6,0]. We will consider the restriction norm [||ul|| = inf |||u]|],
where the infimum is taken over all @ coinciding with « on T™ x [0, d].
Define Sy n = {(n1,...,n4-1,[0?) : n; € Z,Inj| < N}, m = (n1,...,n4-1) and

mP>=n}+---+n3_,.
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Definition 2.5. A number p is called an admissible exponent if

2(d + 1 _
p> % and K,(Sqn) < NN 5% (13)

Concerning the existence and the properties of admissible exponents we have
three important results:

Proposition 2 (Proposition 3.6 of [3]). Forn = 2, 3,4, the exponent 4 is admissible,
i.e.,

o K4(S3n) < N°©

o K4(Sin) < Nite

[ ] K4(S5)N) < N%-H:

Proposition 3 (Proposition 3.110 of [3]). Forn >4, p > ("+4)

d—1 d+1

Ky(Sqn) <cN=T 5.

Proposition 4 (Proposition 3.113 of [3]). Ifps > p1 > po = ( — ) and K, (Sq.n) <
d—1 _ d+1 d—1 _ d+1

NZ =%t then Kp, (San) < Cp, N 2 1,

The reason for the introduction of admissible exponents is explained by the good
properties (with respect to the Fourier transform) below.
Let pp be admissible. By proposition 4, for p > po,

1/2
Z a£e2m(<z,£>+t|£|2) <N NET S (Z |an|2> :

[gI<N LP(Td-1xR) nez
Let I be a (d — 1)-interval of size N in Z9~! centered at &. Writing
<z, &> HE =< @, & > +léo[*+ < @+ 2660, € — Lo > +[E — &of*.

The change of variables ' = x + 2t&y, t' = ¢ implies that also

1/2
) e
gel LP(Td-1xR) gel
It follows that (writing A = |£|> + k, |k| < A) the map
L?\A , — LP(T™ x Ryc) (14)

{QC}CGAA . — / 27” (<z, E>+t>\)d<

d+1

has norm bounded by AN
Since the map (14) from L3, to L*(T™ X Ry,c) has also bounded norm, by
interpolation we obtain the following lemma:

Lemma 2.6. Let p1 > pg, p1 > p2 > 2, p = 1})—1‘9 g Then the map (14) ranging

into LP2(T™ X Rype) has norm bounded by
4300 N - L) (1-0).
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To finish these preliminaries, we introduce the notation: for a dyadic M,

uy = Z e2m’<w,£> fﬁ({“,)\)e2”’\td)\7
[gl<M

PMU = Upr — u%
If I is an interval of Z™,

P]u _ Ze2m<z,5>/ﬁ(€7)\)62ﬂi)\td)\

el

/ ﬁ(<)62m(<1’5>+)\t)dc. (15)
Aa,r

A dyadic

This dyadic localization will be helpful in the analysis of the Bourgain norm of
the nonlinearity of the equation (1).
For later use, we observe that, using lemma 2.6

1/2
I1Prullp, <c Y ARO-0 (55000 (/ |a<<>|2dc> . (16)
Aar

A dyadic
if the size of I is M.

Similarly,
1/2
d—1_ d+1 _ ~
1Prullp, < ¢ Y AZEOME 50070 (/ |u<<>|2d<>
A dyadic Aa,m
< eMUEFEDA0=s ). (17)

3. Local well-posedness for the periodic SDE. The basic lemma in the proof
of our local well-posedness result is:

2(d+1)
d—1—2s’

Lemma 3.1. Ifs < %, a < ﬁ and pg <

where py is an admissible

exponent, then

1/2
A1/2N5</A Iw(<)|2d<> < AT N ([Jooll = |[Jul || + Ilful[[*F),  (18)
AN

for some 6 > 0.

Proof. Write w = Fy(u) + Fy(u) with Fy(u) := pu and Fy(u) := nu, where p =

e V/Eyy and n = £ fot e~ =T)/Kly(r)|*dr. This reduces our goal to prove the

estimates

1/2
ATV2Ne (/ |F0(C)|2d6> < cATO N Jwoll e I[]ull], (19)
Aa,N
and
1/2
Ay ([ R©OPa) < ea Nl (20)
Aa,N
First we analyse the left-hand side of (19). Write

Fy=up=e 'K Z (UM(UO)M —Uum (Uo)%) :
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Hence, it suffices to prove the bound (19) with Fy replaced by
Pyu-e K (vo) M

and
UM - e_t/KPMU().
2

with M > N.

Because uy; = EMISM Pyruy (vo)y = EM1§M Pyvo and Pyu = ) Pru,
where [ is a decomposition of % < |¢] £ M into intervals of size M, our task is to
show that (19) holds with Fj replaced by

(Fél))] = P[’U, . e_t/KPMIUO

and
(FO(2))I = PMl’U, . eit/KP]’UQ

1 1-6 0
Choose p1 > pg, p1 > p2 > 2, p—2:p—12+72.

The dual form of lemma 2.6 gives

- 1/2
d=1_diiyq_
(/A |FO(1)I(C)|2dC> < cA3(1=02) p (== =50 02)||(F0(1))I||p/2
AT

and

A 1/2
101 d—1_d+1lyq_
(/A |Fg2>,<<>|2d<> < eA3(1=0) =500 (FO
AT

On the other hand, by Holder’s inequality

1 _
IEM) 1y < ellPrullps lle™ ™ Pag,vol y-r -
Paph
and
2 _
IES) il < ell Proollps lle ™ Pagull yy- s -

p2ph

Furthermore, using (16), we obtain

1/2
(Fr-LEH(-62)
<Z||P1u||§2> <edy T Ml
I
and

v (45 -4 (1-62)
> Prooll?, <My " - M Jvol| =
I

Also, taking

1 _
p3>p0,p3>p4>2,p—: +—and 1> — + —
4

then, the estimate (17) implies

- (=5 (1=04)—s
e  Panyul pry < NI Panullp, < My 77 [l
P2Py
and
- (=551 ) (1=0a)—s
le™ " Pag,voll yo—y, < |[Pasyvollp, < My 7 7 l[voll -

P2ph
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Thus, after performing the summations over M; < M and M > N in the previous

estimates, we get the desired bounds on Fo(l) and FO(Z). In particular, (19) is proved,

if there are numbers p1, ..., ps verifying the relations above.
Next, we show the estimate (20). Write

t ¢
Fy =un= % Z <uM/ e~ Ky |*dr — (n / e_(t_T)/K|u% |O‘d7') .
0 0

So, we have to evaluate (20) with F replaced by
c t
EPMU -/0 e /K |y | ¥dr,

and

t
€ —(t—71 « «
—KU—/O e (unl* = lug [*)dr.

with M > N.
Since for o« > 2 and complex numbers z, w,

| = w[® = (z = w)¢1(z,w) + (Z = W)ga(2, w),

where |1, |[¢a| < e(|z| + |w])*", if we write unr = Y7y, <y Paryu, it is sufficient
to estimate (20) with Fy replaced by

|z

t
%PMU . / e_(t_T)/KPMlu ~d(upg,, wan )dT (21)
0 2
and
¢
iPMlu : / e~ CIK Py d(upg, ua )dT (22)

where My < M, M > N. We subdivide % < €] < M in intervals I of size M7 and
write

PMU = Z P]u.
1

Because the functions A; = & Pru - fot e~/ E Py - ¢(ung, , unn )dr (vesp.
2
B = =Py - fot e~ /K Pry - duny, u%)dr) have disjointly supported Fourier
transforms, the contributions of (21), (22) to (20) are

1/2
~1/2 n7s 7 2
ATV2N (; /A e d<> (23)

and

1/2
—1/2 n7s 5 2
AN <2}j /A B d<> | (24)

We deal first with the contribution (23). Choose p1 > po, p1 > p2 > 2, p% =
1-05 + 02
P1 2°
The dual form of lemma 2.6 gives

d—1 __d+1

1/2
( /A |Az<<>|2d<> < e 00 g, (25)
AT
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and, by Holder’s inequality

t
Aty < lPrall [ K Prgu o s arlg e (26)
0 P2ph
Using (16), we obtain
(F-4hy-6,)
<Z ||qu|§2> <eMy t M Jul (27)
I
On the other hand, choosing
1-06 0 2 1
p3 > Po,P3 > Ppa > 2, — = Ty M andl > 2 & (28)
P4 P3 2 P2 P4

then

2 P2

¢
/ ef(th)/KPMlu - d(ung, , wan )dT
0

< . _
L S Il ol gy (29

Note that
Illam 2ty < elluan 87 e 1y (30)

P2 P2 P4
But, writing un, = >0, <0, dyadic PMa s if we choose ps > po,ps > ps > 2,
izl_—eﬁ+9—6anda—71§1—l—i,then
Pe 25 2 D6 D2 P4

(30) < ellfull]*~". (31)

Putting together the estimates (31), (29), (17) and performing summations over
My < M and M > N, we proved

(23) < cATONTO - [[Jul]|!Fe (32)

for some 6 > 0, provided that we can assure the existence of pi, ..., pg satisfying
the relations above.

Similarly, the contribution of (24) can be analysed as follows. Keeping the same
notation as above, the dual form of the lemma 2.6 still yields

1/2
( /A |81<<>|2d<> / < cAB00) Y DA B, (33)
AT
and, by Holder’s inequality
111, < ellPus sl | I P gl el (34)
where py = (1 — p% - p%)’l.
Using (16), we obtain again
<Z ||qu|§2> <emf I (35)
1
On the other hand, choosing
11,1 (36)
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N 2 1y-1
then, since py = (1 — == p—4) ,

t
I [ e Pas g el < llPrl - ooz 200 (37)

1
2

Thus, we can apply the same arguments used in the treatment of (23) to get

(24) < cATON O [ful[]"Fe. (38)

Finally, it remains only to justify the existence of the numbers pi, ..., pg satisfy-
ing the claimed relations. However, it is not difficult to prove (see [3, p.149]) that
these numbers exist if s < 41, o < o—t— and py < d2_(cft1%)s. O

Once this lemma is proved, it is a standard matter to get the local well-posedness
statements in the theorems 1.1 and 1.2. Indeed, the lemma 3.1 can be applied to
give the estimate

[wll xs-1/2+ < ellvollars Jull xoarz + [[ull355,2)-

In particular, this estimate can be combined with the bounds (8) and (9) to obtain
that the integral formulation of the SDE (1) is a contraction of a large ball in
the space X into itself. This completes the proof of the local well-posedness
thereoms 1.1 and 1.2.

4. Global well-posedness for the periodic SDE. We start with the case of
cubic nonlinearity in dimensions n = 1,2: the proof of the first part of theorem 1.3
clearly follows from the conservation of the L2-norm of u, if we can prove the
estimate

[wllxe 12+ < elllvollzslullxere + lull ko2 lull xo/2)- (39)
Similarly, the proof of the first part of theorem 1.4 follows from the estimate

[wll o124 < elllvoll e lullxoare + lull 5 e [ull xor2)- (40)

However, the bound in (39) is easily obtained via a simple modification of the cal-
culations in [5, p.110-114] using the Strichartz estimate in lemma 2.2. Analogously,
the bound (40) follows from simple modifications of the calculations in [5, p.115-
118] (along the lines of the proof of the lemma 3.1) using the Strichartz bounds in
propositions 2 and 3.

Next, we study the variation of the H!-norm of u (see the proposition below).
Using this, we will derive an a priori estimate for the solution.

Proposition 5.

% (/Tn [Vu(t)]? — / |U(t)|2v(t)) = % - (/ lu(t)|?v(t) — a/n |U(t)|p> . (41)

Proof. Write u = a + ib. The equation (1) implies that

Ora = —Ab+ b,
{ Ob = Aa — av (42)
But,
1d
55 |Vu(t)|2 = / < Va, Voia > +/ < Vb, Voib >= / ((%(LA@ + &gbAb) .
'JI"I?. n ' n
Hence by equation (42),

1d

. 2 — —
37t o [Vu(t)] /n (bAav — aAbv) . (43)
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On the other hand, the equation (1) also implies

1 €
3,51) = —E’U —+ E|U|a (44)

However,

53 [ OP) = 5 [ omoup+ 5 [ uoPon.

So using equations (42), (44), we have

1d 1 €
—-—— t)|2v(t) = bAav — aAbv) — — t)|2v(t — t)|P.
530 | 1u@Po® = [ @aar—atb) - o [ Pow + 5% [ )
(45)
Then, if we subtract the equations (43) and (45), the proof is complete. O

Integrating the equation of proposition 5, we obtain

1
Vu()? = / () Po(t) / Vol + / o [P0t = / o £ / P (46)
Tn 'ﬂ‘n 'ﬂ‘n Tn K K

We recall the following basic inequality

£l zoqeny < ellFl20 I N (47)

where@::n(%— %) < 1.

Then, by Hoélder inequality,
/ u(®)[o(t) < Ju®)l]v(t)]]2,
J v < Jull3]lv]l2
But, by (47), since ||u(t)||2 = ||uol|2,
lu()lla < elluollz™* u(®) %,

ulla < T *Juglls~" sup [lu(t)||F,
te[0,T]

1-0 0
[l < Tl sup futo)e
t€[0,T]

with g =n(3 — 1) =2 <1,0=n(3— %) < 1. Moreover,
1-6 6
[o@®)ll2 < llvollz + &llullss < lvollz + £T?[luolls ™% sup u(t)]|%h,
te[0,T
1-6
[vll2 < TY?|lwoll2 + ST |luolls* ") sup [Ju(t)]| 2%
te[0,7)

where 1 = n(3 — o) < 1.
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Applying these inequalities into the equation (46), we get the following a priori
estimate:

(4—n) n
sup [lu(®)lFn < lluollFy + cllvollalluolly * sup [lu(®)] 7
te[0,T] te[0,T]

(4—n) n4 0
+elluolly ® pa(T) sup Ju(t)ll g™
t€[0,7)

= THU0||2 (Ilvo|+u1(T)ts[up IIU()II"‘el)tS[up [u (@)l 71

) )

c 1-6
T luoll5" ™" sup Jlu(t) 7, (48)
t€[0,T]

where p1(T) = %T1/2||u0||g(1791). From the previous a priori estimate, using a
standard argument, if 6y, 61,6 < 1, then we will obtain our global well-posedness
results in the theorems 1.3 and 1.4 for H' x H' data, as follows:
Note that 0y <1 <= n < 3. Also, if n =1,2, 6; <1 for any @ > 0 (i.e., any
p),0 <1l — p < 2" and %—i—a@l =5 < 2 if n = o = 2. These informations
together clearly gives the desired results (see [6, p.128-129] for further details).

Remark 4. The a priori bound (48) can be used to obtain global well-posedness
results in dimension 2 and 3 (with general nonlinearity) when the initial data is
H' x L? sufficiently small.

Remark 5. As we pointed out in the introduction, the global well-posedness results
for the SDE and for the NLS are quite different (at least in dimension 1 and 2):
while in the NLS case the conserved Hamiltonians only allows to prove global well-
posedness with a smallness assumption, the structure of the evolution equation of
the term v (see the equation (2)) in the SDE context permits much better estimates
(e.g., (48)) in short time intervals (in particular, a crucial fact is the existence of
solution on a time interval [0, T, where T = T'(||ug||2, ||vo]|2))-

5. Concluding remarks. We finish this article with two questions motivated by
the previous results. Firstly, in view of the global well-posedness theorem for the
periodic NLS equation in dimension 4 proved by Bourgain in [4], it is natural to
ask:
Question 1. In dimension 4, is the periodic SDE (1) where the nonlinearity |u|*
is replaced by f(|u|?) with f(t) = O"(t'/2) (i.e., [f(t)| < ct'/?, |f'(t)| < ct~/? and
|f"(t)] < ct=3/2) globally well-posed for H® x H* initial data satisfying s > 27
Secondly, while our results are always stated for H® x H*® initial data, Corcho
and Linares [6] were able to prove well-posedness for H¥ x H* initial data with
k # s. Thus, a interesting question is:
Question 2. Is the periodic SDE (1) well-posed for H¥ x H* initial data with
k # s?
We plan to attack these issues in forthcoming papers. At the present moment,
we advance that some work in progress by Corcho and the second author indicates
the possibility of a satisfactory answer for the second question in dimension 1.
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