Solutions of the Exercises

Hints and answers of the exercises are listed. Since those who are interested
in doing the exercises will most probably begin with the mathematical back-
ground materials in linear algebra and tensor analysis, for convenience, the

exercises of the appendix are listed first.

1.30
For simplicity, we have used the abbreviations, such as A (1.30)

ing A = B by the use of (1.30).

B, mean-

Exercise A.1.1
1) ﬂ/* = {61762} = {(17 _2)7 (07 1)}
bl =y 3| =10 7

3) Contravariant components: (v!,v?) = (3, —1);

covariant components: (vy,v2) = (1, 1).

Exercise A.1.2

1) For any (z1,22), (y1,y2) € IR?,
(y1,y2) - T(x1,22) = (31 + 22)y1 + (21 + 222)y2
= (By1 +y2)z1 + (Y1 + 2y2)x2 = (21, 22) - T'(y1,Y2),

therefore, T is symmetric.
3 7 ” 7T -3
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o= [ 1) et 7]

Note that [7}’] and [T",] are not symmetric, and [T}’] = [T%]7.
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Exercise A.1.3

We have 3 = {e!, %} = {(1,0), (0, 1)}, B* = {e', &% = {(1,-2), (0, 1},
and, by definition, the transformation matrices are given by

> 1 3 2
J _ _|€1-€ e -e 110
[Mk ]ﬁ*)ﬁ _|:€2'61 62'62:| _|:2 1:|7

i el-e; el-e 1 2 ;
YR ] e P

Exercise A.1.4
We have Mkj =e,-el =Ae,-el =€’ - Ae, = Aj,C7 by (A.5)s.
Exercise A.1.5
Relative to 8’ = {e1,ea} = {(1,0),(2,1)}, from (A.10)
Te; = (3,1) =e; + ey and Tes = (7,4) = —ey + 4es.
By definition,
(detT)w(er,ez) = w(Tey, Tes)
=w(e; + ez, —e1 +4es) = w(er,des) + w(es, —e1) = bw(er,es).
Likewise, by definition,
(trT)w(er,ex) =w(Tey, es) + wler, Tes)
=w(e; +eq,e3) +w(er, —e; +4es) = 5w(e,eq).

Therefore, detT =5 and tr7T = 5.

Exercise A.1.6

(A.30)
1) (I/V’U)Z = Wijvj = 2 EijkWEVj = EikjWiVk = —E4jk WV = —('w X ’U)i.

A.25
2) ((u X v) X w); = ik (EjpgUpVq) Wk “2n (Okpliqg — OkqOip)UpVqWi

= upwpv; — vpwrw; = (w - w)v; — (v - w)u,.
3) Juxv* = (uxv)- (uxv)=(ciru;vk)(Eipgtpvy)

A.25
“.2n (0jpOkg — 0jqOkp)Ujtpvrg

= wjujvEvr — ujukvr; = |ul?vf? — |u - vl

4) The result follows from (3) by the use of u - v = |u||v|cosf(u,v) and
sin 0(u,v) > 0.
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Exercise A.1.7

1) Verify (1 + A)(1 + A)~' =1 directly.
2) Use item (1) iteratively.

Exercise A.1.8
Verify (1 +u®v)(I +u®v)~! =1 directly.

Exercise A.1.9
Since B =1+ A,
det(B— A1) =det(A—(A—1)1)

U2 N 13 4 Ta(A— 12— A\ — 1) + [T 4

=N+ B+Ta)N = (B+20a+ TN+ (L+Ta+ g+ I4),
and the principal invariants of B follow correspondingly.
The formula for (1 + A)~! can easily be obtained from the preceding
results and the use of the relation,
B '=(B?-1IgB+1Igl)/a,

which follows from Cayley-Hamilton theorem.

Exercise A.1.10
By the spectral theorem,

n
A= E a;e; ® e,
i1

where a;, for i = 1,---,n, are eigenvalues of A, satisfying the character-
istic equation,
(=)™ Iy (=N oo Ly (=A) + I, = 0.

To prove the theorem, it is suffice to note that

AR = Z(ai>k€i®ei Vk=1,---,n.

i=1

Exercise A.1.11

3 V3 0
C=FT'F=|v3 5 0
0 0 1

has the eigenvalues {6,2,1}, with the corresponding eigenvectors,

e = (1/2,V/3/2,0), ey =(3/2,-1/2,0), e3=(0,0,1).
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Therefore, we can write
C:6€1®€1+2€2®€2+63®€3,
U:\/éel ®el+\/§ez®62+63®637

and in terms of the standard basis 3,

1/4 V3/4 0 3/4  —V/3/4 0 00 0
U=v6|v3/4 3/4 0|+V2|—-V3/4 1/4 0[+|0 0 0
0 0 0 0 0 0 001
L [3+VvE 3-v3 0
=—[3-v3 1+3V3 0

V2| 0 2V2
From R=FU ' and V = FR”, we have

1 [V3+1 vV3-1 0 ]
R=——11-V3 1+v3 0 |,
V2| o 0 2v2]
; [VB+1 VB-1 0
V=—0|Vv3-1 V3+1 0 |.
V2 0 0 V2]

Exercise A.2.1
By taking derivative of the identity QQT = 1, it follows that
QQ" +QQ" = QQ" +(QQM)" =0.

Exercise A.2.2

For any uw € V,

Ovhlu] = (Oph)u = %h('v + tu, A)

t=0

_ %(((v+tu)~A(U+tu))A2(”+tu))‘

= (u- Av)A%v + (v - Au)A%v + (v - Av)A%u
= (A%v ® Av)u + (A%2v @ v)Au + (v - Av)A?u,

which implies that
Oph = A%v @ Av + A2v @ ATv + (v - Av) A2
Likewise, for any S € £(V),

0ah[S] = %h(v, A+1tS) o (v-Sv)A%v + (v- Av)(SA + AS)v.



Solutions of the Exercises

Exercise A.2.3

1) (04AH[S]+0(S)=(A+8S) 1 —A1=(1+A4715)tA - A!
=(1-A"1S+0(S)A™t - A7t = —A71SAL + o(S),
by the use of Exercise A.1.7.
2) Let f: A tr A, then by (A.47), 94f(A) = 1 and by the chain rule,
Oatr(A)[S) = D f (A1) [044 S]] = 1]-A~1SA7] = —(A-)T]3),
from item (1). Recall the notation: A[S] = A .S = tr AST.

Exercise A.2.4

1) We can show that
OAAF[S] = SAFL + ASAF=2 + A2SAF=3 4 ... + ARG,
Let f: A~ tr A, then by the chain rule,
O tr AP[S] = 04 f(A")[04AM[S]]
= tr(SAFL 4 ASAF=2 + A2GAF=3 . 4 AFTLS)
=k tr(AF1)S = k(AFHT[9].
2) Since, for any A such that det(A + A1) # 0,

8Adet(A—|—)\1) det(A+)\Z)(A+)\Z)—T

(4.35) Oa(N + 14N> + IT g\ + 11T 4),

from which we obtain

det(A+A1)1 = ()\26AIA + A0AIl 4+ 041l 4)(A+ )\])T

V29 (03 L TAN2 4 [T\ + I 4) 1.

The results follow from comparing the coefficients of A3, A2, and A.

Exercise A.2.5

Verification in index notations is straightforward.

1) (S9u;) =87 u; + S9uy,.
2) (fS7),; =871, +f5”-
3) (u'v?); = u' ;v +ulv

4) (v ;)5 = (u j,j),zw
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Exercise A.2.6

The results follow from the condition that the second gradient is sym-
metric.

1) e (fx); =€ fr; =0.
2) (eijk’l)kyjli = eijk’l}kyji =0.

3) It is known that if curlv = 0, then there exists a scalar field ¢, such that
v = V¢. Then,

Vv = div(V(V9¢)) = V(div V¢) = V(divv) = 0,
by the relation (4) of Exercise A.2.5 and the condition dive = 0.

Exercise A.2.7
Let a be any constant vector field.

1) Since (v®@n)a = (v ® a)n,

/8R(v ®@n)ada = /Rdiv(v ®a)dv = / (Vv)a dv,

R
by the relation (3) of Exercise A.2.5.

2) / (v®@ Sn)ada = / (v@ STa)ynda = / div(v ® STa) da.
R R R

Then the proof follows from the relation,
div(v ® §7a) = (Vv)STa +v(divS-a) = (Vv)ST + v @ divS)a,
by (3) of Exercise A.2.5 and (A.75).

Exercise A.2.8
Use the results from Exercise A.2.9 and note that
divu = FE.py + Eggy + E2z)  in cylindrical coordinates,
divu = F(.py + Egey + E(gpy  in spherical coordinates.

Exercise A.2.9

1) By (A.68) and (A.70),

ik Oxk = Oxi

: - 2uirji,€).
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In cylindrical coordinate system:

Ego = % +ruy,
Ezzz‘?;‘;,
an bl 2 2

B =5 (5o + )
1 (aug n 6uz>.

=72\ 0z " o0
In spherical coordinate system:
ou,
Err = )
or
0
Epo = % +rur,
8U¢ .2 .
Eyy = 5% + rsin“ 6 u, + sin 0 cos 0 uyg,
1/0u, Ouy 2
Er =3 . )
73 ( 90 " or “9)
1/0u, Ouy 2
Bro =5 o6 "o L),
1 611,9 8U¢
E9¢ = 5(87(1) + W -2 COtGU¢).
In cylindrical coordinate system:
5u<r>
Err = )
(rr) or
1 8u<9> u<r>
E =-—21 4 —
09 = 790 + r’
8u<z>
E —
(zz) 9z
1/1 8u<r> 8u<9> U(g)
E = \l-—t—F - —
=330 e )
1 8u<r> 8u<z>
Erz) = 5( 0z or )’
1 8u<9> 18u<z>
E I z
(6=) 2( Oz r 00 )
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In spherical coordinate system:
8u<r>
or ’
1 0u Uy
© , U

Etooy = r 00 r’

1 Ouwg) | U u
E =
@9) = 1 sind 0¢ r +cotd r’

By =

1/1 6u<7> 8u<9> U(g>
E,opy ==~ ),
(ro) =3 (T 00 or T )
Lo 1 OQuyy  Ouyy 1wy
By = = e
(rée) = 9 (7" sinf 9¢ * or r ) ’
1 1 8u<9> 1 8u<¢> U(gp)
E = - - —cotf —L).
09) = 9 (r sinf 0¢ + r 00 0 r )

Exercise A.2.10
Similar to (A.71), we have

) ) Iy oTY . ) .
(divD)' =T, = Z— + T L + TR

1) In cylindrical coordinate system:

o1’ aT'r‘O oT"?

(divT)" = =5 —+ =+ - + 11,7, + 1" T,%
_ o1’ N aTTO N oT"?

- Or 00 0z

aTGT N 8T90 8T0z

1
_ TT@G 4= jﬂ“r7
T

: 6 0 Or 7 Or 0
(leT)gz or 90 + 9z +(T Fr0+T F@r)+T Fr@
_ortr N or? N oT°* L3 e
oo 90 9z o 7
o177 8Tz9 oT?*
ivT)? = T [ 6
(divT) 5 + 50 + B + ro

_ore Tt or= 1,
T o 00 0z r '

In spherical coordinate system:
orr or® N orre
or 00 0¢

rr 0 rr @ rd 1 ¢
+ (10 + TS, + TTOT,,)

T’ Tt 91Tt 2
=5 4 5a + 9 + - T —rT% —rsin20 T%% +cot T

(divT)" =

+ (TQGFGT‘G + T¢¢F¢T¢)
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, 0T o1 9T?
= + +
or 90 ¢

+ (108 + T L% + TT,%)

(divT)

T 0 Or 1 0 6
+(T7°1,% + T 1,°, + T%°T,°,)

_orr N or’ N or’® L4
or 00 0¢ r
orer N or?? N ore?
or a0 d¢
+T9°T %) + (T9"T,% + T T,%, + T%T,%,)

oTer  9T*? 9T 4
= ~ZTré 7%
o + 50 + 9 +- +3cotd

T 4+ cot 0T — sinf cos 0 T,

(divT)? = +(17n,% + 11,0 +T%T,°,

Exercise A.2.11
Let @ : t — x, then 2 = ¢(t) and by (A.56),
z=d(t) = x(¢' (1), -, 9" (1)).

1) b) = 2| i) 0 e,
2) From (1),

B(t) = G (t) e (x) + ¢ (t) Ve () (t)
U9 Git)ei(x) + ¢ (1) (T () es(w) @ €l (x)) (94(¢) ex(x))
= (80 + & 0P O, (@) ex(@(t).

Exercise 1.2.1

For coordinate systems (r, 6, z) and (R, ©, Z), the metric tensors are given

by
1 0 0 1 0 0 1 0 0
[9i5] 0 72 0, [¢*]=1]0 1/R> 0| =10 a/r? O
0 1 0 0 1 0 0 1

Ja 0 0
[Fi]=1 0 1 7 |, and in physical components,
0 0 1/a

Ja 0 0
[Fliay] = [ 0 r/R 7r
0 0 1/a

Ja 0 0
=0 Va 7r|.
[ 0 0 1/a]
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Since det F' = det[F(;joy] = 1, the deformation is volume preserving —
note that det[F?,] = 1/y/a # 1 in general. For a = 1, it is a simple shear
of amount 7r locally in the coordinate surface 6-z at every fixed radius r
(compared with (1.15)).

Moreover, we have

a 0 0
(B9 = [Pl = |0 7 +af® r/a |,
0 T/a 1/a?
‘ ' a 0 0
[Caﬁ] = [Fla]T[gleF]B] = 0 Tz TT2 ,
0 % 732+ 1/a?
and in physical components,
a 0 0 a 0 0
[Bupl= 10 7r*+a 1rfa|, [Clapl=]0 a varr
0 71r/a 1/a? 0 Varr 722+ 1/a?

One can easily check that det[B;;)] = det[Cag)] = 1.

Remark: It would be of interest to calculate also the matrix [Foé] dis-
regarding F' as a two-point tensor.

To begin with, from F = F' e;(x) ® e*(X), we have Feg = F'ze;
and hence, F = e® - Feg = (e* - ;) F'y, or [F4] = [e - e][F'].

One the other hand, one can show that
e, =cos(tZ)er + Esin(tZ)eo,
eg = —rsin(rZ)er + 5 cos(7Z)eo,
e, =ey.

Therefore, we have

cos(tZ) —rsin(tZ) 0
[e* - e] = | sin(rZ) +Hcos(tZ) 0|, and
0 0 1

Vacos(tZ) —rsin(rZ) —1rsin(r2)
[F'g] = Vagsin(tZ) Lcos(tZ) 1% cos(tZ)
0 0 1/a

One can easily check that det[F'%] = 1 and that [Cop] = [FL]T[gA,(;][F‘Sﬁ]
agrees with the previous result.

[e3

One can similarly obtain the matrix [F";] = [F",][e* - e;],
Vacos(tZ) —y/arsin(rZ) 0
[Fi]= | %sin(TZ) £ cos(1Z) T

0 0 1/a



Solutions of the Exercises 11
Exercise 1.3.1

Du=(@x—-X,y-Y,2-2Z)=(kY,0,0) = xYe,.

2) H=Vxu= ke, ®e, hence, in components relative to the standard

basis,

B 0 k/2 0 B 0 k/2 0

E={(k/2 0 0], R=|-k/2 0 0
0 0 O 0 0 O

3) For k < 1, since § = tan~!(x/2) ~ k/2, sinf ~ 0, and cos § ~ 1, one can
easily check the relation (1.22) with the results for finite shear.

Exercise 1.3.2

0 0 0
1) [E(aﬁ)] =10 0 TT/2
0 /2 T2r%)2
N [0 0 0 N 0 0 0
2) [Ep) =10 0 7r/2], [Riagy] = | O 0 Tr/2
0 ™/2 0 0 —7r/2 0

Exercise 1.4.1

Let a be a constant vector, then

a-Div(JF-T) "I piy(JF-1la)
I p-1g. Grad J + J Div(F~'a)
(1331 g - T -1
=" Fla-JdivF" + JtrGrad(F~'a)
302 jp-1g. div FT + te(F grad(F~'a))
(A.76)2

Jdiv(F(F~'a)) = Jdiva = 0,
which proves (1.34);. Furthermore, from
Div(JF-T) = JDiv(F-T) + F-T Grad J "2 JDiv(F-T) + grad J,
(1.34); implies (1.34),.

Exercise 1.4.2

Use Exercise A.2.11.
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Exercise 1.4.3
1) Note that Q(X—Xo) =QQT(x—x.) = -QQT(x—x,) = wx (x—x,),
by w = (QQT) and (1) of Exercise A.1.6.

2) For this motion, F = Q(t) € O(V), therefore, it preserves the inner
product, and by (1.8), dx; - des = dX; - dXs.

Exercise 1.4.4

1) Since a = (#,4) = (k*x, k*y), we have
& = k%x, i = k2y.
With the given initial conditions, the solutions are
r = Xek, y=Ye kt
and the deformation can be written as
T =X,(X,Y,t) = XeFte, + YeFle,. 3)
2) @ = kXelt = kz,
= —kYe F = —ky.

Therefore, in material description,
v(X,Y,t) = kXeMe, — kYe e,

and in spatial description,

v(z,y,t) =kzre, — kye,.

Exercise 1.5.1
1) From v = (z,y) = (u(y),0), we have & = u(y), ¢ = 0. With the initial
conditions: z(X,Y,0) = X, y(X,Y,0) =Y, the solutions are
2(X,Y,t) = X +u(¥)t, y(X,Y,t)=Y.
Therefore, we have
x=X(X,Y) = (X +uY)t)ey + Ye,,
X =X (w,y) = (¢ —u(y)t)e, +ye,.
From (1.38), the relative deformation is given by
&= Xuy(z,y,7) =X (X7 (2,9))
=X ((z —u(y)t)es +yey) = (z — u(y)(t — 7))es + yey.
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2) Fi(z,y,7) = e, Qe + k(T —te, ®ey+e,Qey, =1+ (T—t)re, @ ey,

since e; ® e, +e, ®e, = 1.

Exercise 1.5.2

We obtain v = (2tXe!”, Yet, 0) = (2tx, y, 0), therefore, the streamline,
passing through x, at time ¢, satisfies

(s) =2txz(s), y(s)=uy(s), 2(s)=0,
with the initial conditions: z(0) = z,, y(0) = yo, 2(0) = 2.
The solution curve is given by
x(s) = (woe2", yoe®, zo).
Exercise 1.6.1

Using (1.31), the decomposition F' = RU, and the fact that RR” is
skew-symmetric, we have

L=FF'=(RU+ RU)(RU)"' = RR” + RUU'R”,

whose skew-symmetric part is

W =RR" + JR(UU-' -~ U'U)R".

(Erratum: This is the correct formula for W).
Exercise 1.6.2

The results follow immediately from the relations:
0
V= 8—1; + (gradv)v, by (1.32);

grad(v - v) = 2(grad v)Tv, by (A.52);
w = (—2W), and (1) of Exercise A.1.6.

Exercise 1.6.3
From Exercise 1.5.1,
Ci(t) = Fy(1)TFy(1) = (1 + (1 = t)xN)T (1 + (1 — t)kN)
=14+ (t—t)s(N + NT) + (1 —t)?x2NTN.
Exercise 1.7.1

From (1.57), we obtain

0 0 . o )
% o +(Qjk(zr — xy) +¢5)

9 (e 0

. ., 0
oz o + 2k (zf —ck) +¢5) 5

oz}’
9] 0
e~ Yo

Use of (1.66) completes the proof.
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Exercise 1.7.2

)

By assumption, S* = QSQT,

oS} 0S,q O, oS
! = Qinjq a;;q axz = Qinijkr axiqv

oz} N
which shows that grad S is an objective third order tensor.

2) §" = QSQ" +Q5QT +QsQT "LV QSQT + 2(QSQT) - (RSQT)2,

therefore, S is not objective.

Exercise 1.7.3

Note that P(t 4+ h) = Ri(t + h) = 1 + h W (t) + 0(2), hence,

o

§(0) = im L (S(t+h)~ (1 +hWO)SO +AW (@) = §- WS+ W,

To show it is objective, use the result (2) of the preceding Exercise and
the relation (1.78)s.

Exercise 1.7.4

Note that P(t + h) = Fy(t+ h) = 1 + h L(t) + o(2) by (1.46).

Exercise 1.7.5

1) We have from (1.42),

Fp(r*) = FX(r)F*(t") ™
" QFOKTQWFKT) ™ = Q(rF(T)QT(1).
By polar decomposition,
Ry (T9)UL(T%) = Q(T) R (1)U (T)QT (2)
= Q(T)Re(m)QT ()QM)U(1)QT (1),
which by uniqueness of the decomposition, implies
Up(7) = QE)U(1)QT (#),
R (%) = Q(1)Ry(1)Q™ (1)
Therefore, U, is objective and R; is not.

From (1), we also have C}.(7*) = Q(t)Cy(17)Q* (t), or, C; is objective.
Since by (1.57)2, 7* = 7+ a, by taking n-th derivative with respect to 7,
and using the definition (1.53), it follows that A, is objective.
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Exercise 2.1.1

1) Since the gradient of f(X,t) is normal to the surface, therefore, the unit

normal of the surface S, is given by

n. — Grad f

" | Grad f|

The normal speed of S, (t) can be defined as U, = S,(t) - n,, and since
X = 8, (t), from

d
dt

we obtain

F(Sk(t),t) = f + Grad f - S, (t) = 0,

_
Ue = |Grad f|

Likewise, we can prove the similar relations in spatial configuration, by
writing the moving surface as f(z,t) = f(X.(X,t),t) = f(X,t), and
x = S(t) and defining the normal speed as w,, = S(¢) - n.

Since Grad f = F7 grad f, from which we obtain, by (1),
FTn | Grad f|
= T d |[FTp|=—-_1.
= Era =
. . Of . . .
Similarly, f = 5 + grad f - @, from which, by (1) and (2.17), we obtain
U
U= .
[FTn|

Exercise 2.2.1

Note that div(py @v) = ¢ div(pv) + (grad ) (pv), and when 1 is a scalar
quantity, this relation should read, div(pyv) = v div(pv)+(grad v)- (pv).

Exercise 2.2.2

Substitute ¢ for pi in (2.4), and use the relation (2.36).

Exercise 2.3.1

From (1.14), we have

1 00 1+k%2 &k 0
T=-—p|0 1 O] +p| « 1 0
0 0 1 0 0 1
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From the figure, we denote the unit normals and the unit tangents by

n; = (07 170)7 my = (17070)7

1 1

ny = ——=(1,—k,0), my = ——(k, 1,0).

2 \/1—|—m2( ) ? \/1+I€2( ) ny
Then the normal and tangential Ny
components are S1y my
Ni=mni;-Tny =—-p+p, mo
S1=my -Tny = pk, S,
N2=n2'Tn2=—P+1+H27 N o

K

S = . T = .

2 =M2 - 1N 11 r2

Exercise 2.3.2

By (1.52), (1.55), and the assumptions, the equation (2.57) becomes

0 1 1
a—:: + 3 grad(v - v) + curlv x v + 5 gradp + grad ¢ = 0.

Exercise 2.5.1

Note that from (2.17), [v - n] = —[U], because u,, is continuous at the
singular surface. Taking inner product of (2.80)s with n, the first relation
of (2.81) follows immediately. From (2.80)2, we also obtain

pUlv — (v -n)n] = [p]jn — pUfv - n]n = 0.
For the proof of the remaining relation, see Exercise 2.5.2.
Exercise 2.5.2

Let v = v, + v; be the decomposition of v into normal and tangential
velocities. Then, [v:] = 0 by assumption, and we have

TP = S wn +00) - (00 + 0] = B [0.0)] + mlon] v,
and

[Tv] n = [v, - Tn]+v: [Tn] = [(vn—un)-Tn]+u,[n-Tn]+v,- [Tn]

(220) [[(’U -n — un)’n, . Tn]] — mun[['v . ’fl]] — MUy - [[Un]]

(2.17) ,mln. n)| —mu,|v - n| —muv - |V
2 [[p( Tn)] v n] ¢+ [vn].

From the above relations and [(v - n)? — 2(v - n)u,] = [U?], because
[un] = 0, the jump condition (2.80)3 leads to (2.82).
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Exercise 2.5.3

For a moving singular surface, the first two relations are trivial conse-

quences of (2.87)12 by (2.26). To verify the third relation, we shall use
the following identity,

[AB] = [AI(B) + (A)[BI,
which can easily be verified, and note that
1 . . .

5 puUsld - &] = puUs[2] - ()

(2.88)2

(2.26) .
= _PKUE[[F'”K]] (@)

[Tini] - (&) = (Tuns) - [&] — [Tin, - 2].
Therefore, by (2.26) again, we obtain

1
3 Uil - @) + [TT&] - n = —Un (Teny) - [Fn],

from which the result follows immediately.

Exercise 3.2.1

1) Note that if AB = BA, then
_ " n R ny n!
(A+B) %(k)A B™7,  where (k;) T Hm R

and the proof follows from the following identity for the product of two
infinite series,

<§; ai) (2 bj> = gki:_()(akbnk).

2) Tt is easy to verify that (exp(A))T = exp(AT).

3) Verify that %(exp(tA)) = (exp(tA))A.

Exercise 3.2.2
Given the constitutive equation,
Tij(Dri) = —pdij + Vijri Dy
from the material objectivity condition,
Tij(QrkmQun Dmn) = QipQjiqTpq(Dr1), we obtain
Vit Qrm QinDmn = Qip@jqVpaki Diis
and it reduces to
ViikiQkmQin = QipQjqVpgmn.
which multiplied by Q,,,Qsn becomes (3.24).
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Exercise 3.3.1
By assumption, Q = Vx (& o k7 1) is orthogonal, and we have
Ti(F) =T.(FQ) VF,
In particular, for F' = 1, we have, by the condition of material objectivity,
T:(1) = 7.(Q) = QT (1)Q",
from which, 7,.(1) = 0 implies 7z (1) = 0 also.
Exercise 3.3.2

If o satisfies objectivity condition, then o(F) = o(QF) for any @ orthog-
onal. Taking the gradient with respect to F' by the chain rule, we obtain,
for any S,

(0r0)|[S] = (0r0)lor [0r (QF)[S]] = (0r0)| 4 [QS] = QT (9r o)l 4 [S];
lor = @ (Or0)|,. Therefore,

T(QF) = p(0r0)|or (QF)T = pQ(Ir0)| . FTQT = QT (F)Q".
Exercise 3.3.3

The function .7-',.; and F, are related by

Fu(F',0',g") = Fu(F*,6",(F~T)'gl) = Fu(F', 0", gL).

Therefore,

Fo(Q'F',0' gl) = Fu(Q'F', 6", Q'(F)'gl) = Fu(Q'F". 6", Q'g").
Exercise 3.4.1

Since B = FFT and T = T(F) = to(B)1 + t1(B)B + t2(B)B?, where

ti(B) = t;(tr B, tr B2, tr B3), we have

T(QF) =1(QBQT)1 + 1(QBQT)QBQT + 1:(QBQT)QB*QT

and t;(QBQT) = t;(B). Therefore, it satisfies the objectivity condition,

T(QF) =QT(F)Q".

To show that it is a special case of (3.35), simply observe that, by the
polar decomposition F = RU, B = R(U?)RT.

which implies that (Opo)

Exercise 3.4.2

From (3.35), T(F") = RT(UHRT "2 RT(VCHRT. On the other
hand, from (1.42), we have F'(s) = F}(s)F(t), and hence

Ct=(FY)TFt = FTC!F =URTC!RU = vVC(RTC!R)VC.
Therefore, we can write 7 (v/C?) = T(RTC!R; C).

Moreover, it is straightforward to prove that 7 (F*) = RT (RTC!R; C)RT
satisfies the objectivity condition.

13)
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Exercise 3.5.1

Consider the stress tensor given by T' = 7. (F), then if G € G.(T),
T:.(FG) = T,,(F). On the other hand, by the objectivity condition, we
have, 7,.(QFG) = Q7,.(FG)QT for any orthogonal tensor Q. In particu-
lar, for Q@ = —1, we obtain

To(F(~G)) = Tu(~FG) = T (FG) = To(F).
Therefore, by definition, —G € G.(T') also.
(Erratum: The original expression T' = 7.(F,0,g) should read T =

7.(F). Note that one can also show that the above conclusion does not
hold when the constitutive function also depends on the temperature
gradient.)

Exercise 3.5.2

Use the Noll’s rule (3.44).

Exercise 3.5.3

Since k and K are undistorted configurations of a solid, both G, and
G are subgroups of O(V). If Q € G, by Noll's rule, PQP~! € Gz,
and PQP~! = RUQU 'R” by the decomposition P = RU, therefore,
UQU ™! is an orthogonal tensor, say G, and hence, we have

GU =UQ = Q(QTUQ).

Since (QTUQ) is symmetric positive definite, by the uniqueness of polar
decomposition, it follows that U = QTUQ.

Moreover, since QU = UQ, we have
RQRT = RUUT'QUU'RT = RUQ(RU)™! = PQP~1,
which implies that RQRT € G by the Noll’s rule.

Exercise 3.5.4

Let P = {a1e1 + ases, a1,a2 € IR} be the plane perpendicular to es
and v € P. Then Gv € P for any G € G,, i.e., the material has a
characteristic plane P preserved by the group G,.

Exercise 3.6.1
By assumption, G,, = O(V), and we have
T(F,0,9) = T(FQ.0,9) = T(VRQ,60,9) ¥YQ e O(V),
by the polar decomposition F' = V R. Taking Q = RT, we obtain

~

T(F,0,9)=T(V,0,9g)=T(B,0,g).
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Moreover, we have
T(QF,0,Qg) = T((QF)(QF)T,0,Qg) = T(QBQ",0,Qg),

which implies that ?(B,H,g) is an isotropic symmetric tensor-valued
function, by the objectivity condition of Exercise 3.3.3.

Exercise 4.2.2

If S(v,u) is defined by S;; = M;jruk, then S is a second-order tensor
isotropic function. Since it is linear in u, we have the following represen-
tation,

S(v,u) = frveu+ hLudv+ (v-u)(fsl + f1v @v),
where f1, fa, f3, and fy are functions of (v - v). Therefore, we obtain
Miji(v) = fividjre + fovidni + favedji + favivjoy.

Exercise 4.2.3

1) S(QAQT) = (1 +QAQT) ™" = (Q(1 + A)QT) ™' = QS(4)Q".
2) By Theorem 4.2.2, we have the representation,

(1 +A)7t =501 + 514+ s9A42%

Multiplying by (1 + A), we obtain

sol + (so+ 81)A+ (s1+ s2)A? + 5943 = 1,

which, by the use of Cayley-Hamilton theorem, becomes

(S0 + sodIl o)1 + (S0 + 81 — SoIl o)A + (51 + 89 + 801 4)A% = 1.

Comparing coefficients on both sides, we obtain

So+sollly =1, sg+81—82llp =0, 81482+ 5914 =0,

which lead to the expressions of the problem.

Exercise 4.3.1
1) ¢(u,v,A) = f(u-u,v-v,u-v,tr A jtr A% tr A3 w - Au,v - Av,u - Av,
u - A%u,v - A%v,u - A%v),
h(u,v, A) = hyu + ha Au + h3 A%u + hyv + hsAv + hg A%v,

S(u,v,A) =811 + s9A+ 53A% + s4,u @ U+ 550 @V
+ss(u@vtveu)+sr(u® Au+ Au®u) + sz(v ® Av + Av @ v)
+ sgAu @ Au + s10Av ® Av + s11(u @ Av + Av Q@ u)

+ s512(v ® Au 4+ Au ® v),

where the coefficients are isotropic scalar functions of (u, v, A).
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2) ¢(u7v7A) = ¢0 +¢1u ‘U A+ ¢2trA+¢3u : Aua
h(u,v,4) = (ap + vyu-v + astr A+ azu - Au)u + mv + o Au,

S(u,v,A) = (Bo + fru - v+ Patr A+ fsu - Au) !
+(o+nu-v+yptrA+yu- Au)uu
+o0A+o(u@vt+veu)+os(u® Au+ Au® u),

where the coefficients are functions of (u - u) only.

Exercise 4.3.2

d
1) Let H = Oyh, then by definition, H(A,v)[u] = Eh(A,v + tu)
Therefore, for any orthogonal tensor ), we have

t=0

H(QAQ", Qu)[u] = %h(QAQT, Qu + tu)‘

t=0

- %h(QAQT,Q(v +1QTw)| = %(Qh(f“v” +QMw)|

since h(A,v) is isotropic. Then by definition again, we obtain
H(QAQ™, Qu)[u] = QH(A,v)[Q"u] = QH (A, v)Q" [u],

which implies that H(QAQT,Qv) = QH(A,v)QT. Therefore, d,h is an
isotropic function.

2) We have the representation, h(A4,v) = g1v + go Av + g3 A%v, where
Ga = ga(tr A, tr A% tr A3 11, I, I3) and [} = v-v, [ = v-Av, I3 = v-A?v.
We obtain the gradient 9, h explicitly in terms of Cartesian components,

Oh;
—— = g10;j + g2 Aij + g3 A}
a’Uj

991 Og1

‘+87],2Ui

. 991
or, "’

2
* oI,

(Ajl + Alj)Ul + Ui(Ail + Ale)’Ul

092 09 092 2 2
2—=A; i+ —=A, Aqg+ A —= Ao (A5 + A7
+ o, kvkv]+81.2 kv (Aj + lj)vl+8[3 Kok (A + Ao

993 4o 993 42 993
+ 2671114”“%% + @Aik’uk(Ajl + Alj)l)l + 8713A
One can easily check that all individual terms on the right-hand side are
isotropic function of (A4, v).

Bon(A% + Afor.
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Exercise 4.3.3
Let B = v ® v, then (4.49) becomes

Av @ Av+ (A*v @ v+ v ® A%v)
= (v A% — (v-Av)tr A — 1%(trA2 — (tr A)?))1
+(v-Av—(v-v)trA)A+ S(tr A2 — (trA)?>)v @ v

2

+trA(Av @ v+ v ® Av) + (v - v)A2.
The terms on the right-hand side of the equation involve only tensors
(1,A,v®v,(Av®@v + v ® Av), A%), and the isotropic scalars found in
Table 4.1.
Exercise 4.3.4

Let B = (Av ® v + v ® Av), then the left-hand side of (4.49) becomes
2(A%v @ Av + Av ® A%v) + (A3v ® v + v ® A3v), which by the use
of Cayley-Hamilton theorem, the terms involving A3 can be reduced to
combinations of terms of lower polynomial order in A. Similarly, the terms
on the right-hand side of the equation (4.49), after elimination of A3, are
all listed in Table 4.1 and Table 4.3, therefore, (A?v ® Av + Av @ A?v)
can be expressed explicitly in terms of the elements from the tables, and
thus need not be included as a generator element.

Likewise, A%v ® A%v is not needed by the same arguments. In this case,
simply take B = Av ® Av in (4.49).
Exercise 4.4.1
o(u,v) = flu-u,v-v,u-v),
h(u,v) = hyu + hav + hau X v,

S(u,v) =511 + 520U+ 3530V + s4(uRvV+vQu)
+s5(u® (uxv)+ (uxv)@u)+ss(v® (uxv)+ (uxv)v),

where the coefficients are functions of (u - u,v - v,u - v).

Exercise 4.5.1
Since m is a constant unit vector, n-mn =1 and (n®n)?=n@n.
1) Regard Q as an isotropic function of (6, g,n):
q = kig + kon,
where kq, ko are functions of (8,9 -g,g9-n).
2) Regard Q as a hemitropic function of (0, g, n):
q = k1g + kan + k3g x n,
where kq, ko, ks are functions of (0,9 -g,g9 - n).
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3) Regard Q as an isotropic function of (0, g,n ® n):
q=kg+k(ne@n)g="rkg+k(g nn,
where k1, ko are functions of (6,9 - g, (g - n)?).

Exercise 4.5.2

By definition, T = J 'FS.F”, and J = v/det B = V/det C, therefore,
we obtain, from (4.66),

T=t1Fni ® Fn, +t3Fny, ® Fns + t3Fns ® Fns
+t4(Fny @ BFny+ BFn; ® Fny) +t5(Fny @ BFng+ BFns ® Fng)
+ts(Fns ® BFng + BFn3 ® Fng)
+t7BFny ® BFny +tsBFns ® BFny +t9gBFns ® BFng,
where t; depends on (det B, F'ny- Fny, Fny- Fng, Fng- Fng,
Fn,- BFny,Fny- BFnsy, Fns- BFng).
Exercise 5.3.1

From (5.25), 8dn = de — %dp7 hence
p
d(6n) = dn +ndf = de — %dp +1df, and
0d(pn) = pdn + Ondp = pds — %dp + Ondp = d(ps) — (¢ — On + %)dp'

Exercise 5.3.2

Note that for any scalar function f(B) = f(FFT) = f(F), we have

Of g O opr | pgry _ 9 0F

S8 = SZISFT + PST) =222 FIS),

since for any S, A € L(V), A[S] = A-S =tr AST = AT . ST Hence, we
o SOf o of o . ‘ - .

obtain Qa—BB = aFF , which leads to the relations (5.32) easily.

To show (5.34), use the formulae (A.54).

Exercise 5.4.1
The material is incompressible and inextensible in a certain direction.
The constraint can be specified by two conditions,
f1(C)=detC —1=0, [p2(C)=e-Ce—e-e=0,
ofi ot
from which we have % = (detC)C T, % = e®e. Hence, by (5.56),

N =—-pl +AFe® Fe.
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Exercise 5.4.2

Let {e1, ez, e3} be a basis of V, then we can write u(C) =C — 1 =0in
component form as p;;(C) = e; - Ce; — e; - €; = 0. We have p;;(C) =
1;i(C), and the reaction stress is given by

N=>)" /\”F%FT =Y NiF(e;i®e;)F" =) XNFe; ® Fe; = A.
.5 i,j ,J

Since F is non-singular, {Fe;, Fey, Fes} is also a basis of V, and

A9 = M? are arbitrary parameters, therefore, A is an arbitrary sym-

metric tensor in L(V).

Exercise 5.5.1

We can write u = u(v(u, w),w) = t(u,w).

ou  Ou| Ov
1)1=—=— .
) ou  Ov|,0ul,
ou ou| Ov ou . . ou| Ov| Ow
2) O—%—%w%u+% v, WthhglVeS% w% uaiu v—_]..
Exercise 5.5.2
1) Tt follows from (5.30); with dv = —(1/p?)dp.
dp 1 0p o
72), 2| =—=ZE| > —p=1] .
2) We have, from (5.72), 6p‘9 R 0, and from (1), —p 50 |
Therefore,
2
O _ O
Oovle  0Ov2le —
Exercise 5.5.3
From (5.25), we have 8dn = de + p dv, therefore
Oe Oe
oy = o | do+ (%‘0 +p)dv
Oe Oe ov ov
(5.26) [ O¢ dp| Ov Op| Ov
= — 0—| —| JdO+0=| —
(351, + 561,36 p) 0% v@p‘@
Therefore, we obtain
on Oe on Oe dp| v
07 = — =Cy _— = — —_— — .
00, ~aol, =~ ™4 0% =5l 0%, 50,
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By definition of ¢, and the use of identity (2) of Exercise 5.5.1, it follows

that
dp ( ov
g \OO

v v

cp=c

2 . Op

, and since =—| < 0, we have ¢, > c,.
v le P

p

Furthermore, by definition of @ and kr, we can write the relation as
Cp=Cy+ 9’()042//{'1", and since ¢, > 0, it follows that

2 1
« —CpRT.
= pT

Exercise 5.5.4
The boundary conditions are given by
0=0, Tn=-pmn on JIV.

The energy balance becomes

d
—/p(e—i—%vw))dv—i—/ q~nda+po/ v-nda=0.
dt Jy oV oV

Elimination of the heat flux by the use of the entropy inequality, with
@ = q/0, at the boundary, and the relation (2.10), gives

d

D
7 vp(s—90n+?o+%v-v)dv§0.
Exercise 6.5.1

We denote the unit normal and the unit tangent of the slanted surface,
as indicated in Fig. 6.5, by

1 1
n=———-(1,-k,0), m=————(x,1,0).
Trn?( ) Trm?( )

Then the normal and tangential stresses are given by

N=n-Tn ,and S=m- Tn.

The solution follows from direct calculations and the use of (6.41).
Exercise 6.5.2

Reference: see [71] Sec. 57, and [76] p. 307.
Exercise 6.6.1

Relative to the basis {&;}, we have

R [0 T 0 R A0 o0
T9]= |72 0 0 |, [BY9=|0 A3 0|,
0 o0 713 0 0 X
[1 K 0
[QZ]}Z K 1+/£2 0
0o 0 1
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Compare the expressions on both sides of [T%][g;|[B*'] = [B¥][g;x][T*!],
by direct matrix multiplications, gives the relation (6.10).

Exercise 6.6.2

From (6.43), we obtain

)\% Iﬁ?/\1>\2 0 )\% Ii)\l )\2 0
[0(1(1}] = /i)\l)\g (1 + I€2)>\% 0 = /43)\1)\2 )\% 0 ;
0 0 A2 0 0 A3
which admits the eigenvectors and the corresponding eigenvalues,
1 1
n; = —(1,1,0), mny=-—(1,-1,0), n3=(0,0,1),
1 \/5( ), m2 \/5( ), ms=( )

aq z)\%—km\l)\g, Q9 :/\f—/{)\l)\g, a3 :)\%.
From Fig. 6.6, we have

Ao = A1 cos20, KAy = Apysin26,

and hence,

a; = A (1 +sin26) = A\2(cos 0 + sin 0)?,

as = A3(1 —sin20) = A\?(cos f — sin 0)2.

Since 6 < 7/4, cos 6 > sin 8, therefore, we can easily obtain the expression
of U by

U= Va1 my @ ny + /o e @ ng + /3 N3 Q Ny
= A1(cos@ +sinf)ny; @ ny + A1(cos — sinf) ny @ na + A3 n3 ® ng.
Exercise 6.7.1

Reference: see [71] Sec. 57, and [76] p. 310.

Exercise 6.8.1

Reference: see [42].

Exercise 7.3.1

[X] = [p Un 9 (e,n) Dmn P.n e,mn Dmn,k}Ta

10 0 0 0 0 0 0
Bin Bt
= % r 0 0 0 dp 00, ODmn |,
% 0 % Oe Oe 6Qn 6Q7n 3%
L7p Po9 00, "0Dmn Op 90, ODmn
- aT; dq. T
[B] = | PDre — aaka,k %9,1@ —TixDir |
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o 0B, 0B, Ob,

Ly o
=173, ° P36 "33, "aDn. Op 06, Dy
0D
(8] = [8094
Exercise 7.3.2
fp = _p'Uk,Iw
0Ty, 0Ty, 0Ty, 0Ty,
v; — i : N Dmn : )
fui VU k+p< Bp Prt g 9k+89’ 0 k+8Dmn ,k)
Oe Oe Oe Oe
e — — a. Aan n Dmn
[ Uk(a Pk + 899,k+ 89,,19’ K+ oD k)
Aqx Oqr Oqx, oqy,
- 70 9 N Dmn - Tz 7 .
p(ap”” 20 "+ 90,0 T oD, Uk i)

Exercise 8.2.1
Ju Jpn

We shall show that A - E =5
2\ 0 1 Opv; 10 1
= ) P P +ff(p€+fpv2>

ou 1 P
'E“@(g_e”;_? ot 0" ot oo 2
3p (@_g@) (8.14) ap 877 dpn
"ot ot 2 ot Tor TPt T ot
H, 0 o
5 —&(pm}])ls similar.

Exercise 8.2.2
From (8.15) and (8.16), we have
Su-6A=—(6p)5(5—n+ p% - %) ~a(pu)o(%) +5(,og+p7“2) 5(%)
~—(35- 34; S R AU
- —z{ka)(éwg) 225007 + pﬂgi(ap)?},

where in the last passage the Gibbs relation (5.25) and its integrability

condition (5.26) are used.
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Exercise 8.2.3
From (8.26), we obtain
Xu+v)=X(wv+u)=Xu)Xw)=X)X(u),
and

X(v—v)=Xw)X(—v)=X(0)=1.

Exercise 8.3.1

Reference: see [64].

Exercise 8.5.1

Let A = (/107/ii7/iij;/illj) and u = (F(),Fi7Fij,FZ‘ij), then, from (838),
we can write (8.4); as

dh = Ay dp+ A; d(pv,-)—k/iij d(psj +pvivj)—|—/i”j d(piij +3piivj) + pivivy)
= Adp + Aijdpi; + Aj dpiij + (pAj + 3Xapiz) dvj,

where we have defined the internal Lagrange multipliers as

A= /io + /iivi + /iijvivj + /i”jvivivj,

A=A+ Q/iijvj + 3/1”(1-1)]»11]-),

Aij = Aij + +3Auv0i5),

Aj = Ayj.

Since h = pn is velocity-independent, so do the internal Lagrange multi-
pliers defined above. Moreover, we obtain (8.68),

The proof of (8.69) is similar (see [46] Sec. 6).

Exercise 8.5.2

See Exercise 8.2.2.



