
Solutions of the Exercises

Hints and answers of the exercises are listed. Since those who are interested
in doing the exercises will most probably begin with the mathematical back-
ground materials in linear algebra and tensor analysis, for convenience, the
exercises of the appendix are listed first.

For simplicity, we have used the abbreviations, such as A
(1.30)
= B , mean-

ing A = B by the use of (1.30).

Exercise A.1.1

1) β′∗ = {e1, e2} = {(1,−2), (0, 1)}.

2) [gij ] =
[

1 2
2 5

]
, [gij ] =

[
5 −2
−2 1

]
.

3) Contravariant components: (v1, v2) = (3,−1);

covariant components: (v1, v2) = (1, 1).

Exercise A.1.2

1) For any (x1, x2), (y1, y2) ∈ IR2,

(y1, y2) · T (x1, x2) = (3x1 + x2)y1 + (x1 + 2x2)y2

= (3y1 + y2)x1 + (y1 + 2y2)x2 = (x1, x2) · T (y1, y2),

therefore, T is symmetric.

2) [Tij ] =
[

3 7
7 18

]
, [T ij ] =

[
7 −3
−3 2

]
,

[T j
i ] =

[
1 1
−1 4

]
, [T i

j ] =
[

1 −1
1 4

]
.

Note that [T j
i ] and [T i

j ] are not symmetric, and [T j
i ] = [T i

j ]
T .
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Exercise A.1.3

We have β∗ = {e1,e2} = {(1, 0), (0, 1)}, β̄∗ = {ē1, ē2} = {(1,−2), (0, 1)},
and, by definition, the transformation matrices are given by

[M j
k ]β→ β̄ =

[
ē1 · e1 ē1 · e2

ē2 · e1 ē2 · e2

]
=

[
1 0
2 1

]
,

[M j
k ]β̄∗→β∗ =

[
e1 · ē1 e1 · ē2

e2 · ē1 e2 · ē2

]
=

[
1 2
0 1

]
= [M j

k ]T
β→β̄

.

Exercise A.1.4

We have M j
k = ēk · ej = Aek · ej = ej ·Aek = Aj

k, by (A.5)2.

Exercise A.1.5

Relative to β′ = {e1, e2} = {(1, 0), (2, 1)}, from (A.10)

Te1 = (3, 1) = e1 + e2 and Te2 = (7, 4) = −e1 + 4e2.

By definition,

(det T ) ω(e1, e2) = ω(Te1, Te2)

= ω(e1 + e2,−e1 + 4e2) = ω(e1, 4e2) + ω(e2,−e1) = 5 ω(e1, e2).

Likewise, by definition,

(tr T )ω(e1, e2) = ω(Te1, e2) + ω(e1, Te2)

= ω(e1 + e2, e2) + ω(e1,−e1 + 4e2) = 5 ω(e1, e2).

Therefore, det T = 5 and tr T = 5.

Exercise A.1.6

1) (Wv)i = Wijvj
(A.30)2= εijkwkvj = εikjwjvk = −εijkwjvk = −(w × v)i.

2) ((u× v)×w)i = εijk(εjpqupvq)wk
(A.25)1= (δkpδiq − δkqδip)upvqwk

= ukwkvi − vkwkui = (u ·w)vi − (v ·w)ui.

3) |u× v|2 = (u× v) · (u× v) = (εijkujvk)(εipqupvq)

(A.25)1= (δjpδkq − δjqδkp)ujupvkvq

= ujujvkvk − ujukvkvj = |u|2|v|2 − |u · v|2.
4) The result follows from (3) by the use of u · v = |u| |v| cos θ(u, v) and

sin θ(u, v) ≥ 0.
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Exercise A.1.7

1) Verify (1 + A)(1 + A)−1 = 1 directly.

2) Use item (1) iteratively.

Exercise A.1.8

Verify (1 + u⊗ v)(1 + u⊗ v)−1 = 1 directly.

Exercise A.1.9

Since B = 1 + A,

det(B − λ1 ) = det(A− (λ− 1)1 )
(A.35)

= −(λ− 1)3 + IA(λ− 1)2 − IIA(λ− 1) + IIIA

= −λ3 + (3 + IA)λ2 − (3 + 2IA + IIA)λ + (1 + IA + IIA + IIIA),

and the principal invariants of B follow correspondingly.

The formula for (1 + A)−1 can easily be obtained from the preceding
results and the use of the relation,

B−1 = (B2 − IBB + IIB1 )/a,

which follows from Cayley-Hamilton theorem.

Exercise A.1.10

By the spectral theorem,

A =
n∑

i=1

ai ei ⊗ ei,

where ai, for i = 1, · · · , n, are eigenvalues of A, satisfying the character-
istic equation,

(−λ)n + I1(−λ)n−1 + · · ·+ In−1(−λ) + In = 0.

To prove the theorem, it is suffice to note that

Ak =
n∑

i=1

(ai)kei ⊗ ei ∀ k = 1, · · · , n.

Exercise A.1.11

C = FT F =




3
√

3 0√
3 5 0

0 0 1




has the eigenvalues {6,2,1}, with the corresponding eigenvectors,

e1 = (1/2,
√

3/2, 0), e2 = (
√

3/2,−1/2, 0), e3 = (0, 0, 1).



4 Solutions of the Exercises

Therefore, we can write

C = 6 e1 ⊗ e1 + 2 e2 ⊗ e2 + e3 ⊗ e3,

U =
√

6 e1 ⊗ e1 +
√

2 e2 ⊗ e2 + e3 ⊗ e3,

and in terms of the standard basis β,

U =
√

6




1/4
√

3/4 0√
3/4 3/4 0
0 0 0


+

√
2




3/4 −√3/4 0
−√3/4 1/4 0

0 0 0


+




0 0 0
0 0 0
0 0 1




=
1

2
√

2




3 +
√

3 3−√3 0
3−√3 1 + 3

√
3 0

0 0 2
√

2


.

From R = FU−1 and V = FRT , we have

R =
1

2
√

2



√

3 + 1
√

3− 1 0
1−√3 1 +

√
3 0

0 0 2
√

2


,

V =
1√
2



√

3 + 1
√

3− 1 0√
3− 1

√
3 + 1 0

0 0
√

2


.

Exercise A.2.1

By taking derivative of the identity QQT = 1 , it follows that

Q̇QT + QQ̇T = Q̇QT + (Q̇QT )T = 0.

Exercise A.2.2

For any u ∈ V ,

∂vh[u] = (∂vh)u =
d

dt
h(v + tu, A)

∣∣∣
t=0

=
d

dt

((
(v + tu) ·A(v + tu)

)
A2(v + tu)

)∣∣∣
t=0

= (u ·Av)A2v + (v ·Au)A2v + (v ·Av)A2u

= (A2v ⊗Av)u + (A2v ⊗ v)Au + (v ·Av)A2u,

which implies that

∂vh = A2v ⊗Av + A2v ⊗AT v + (v ·Av)A2.

Likewise, for any S ∈ L(V ),

∂Ah[S] =
d

dt
h(v, A + tS)

∣∣∣
t=0

= (v · Sv)A2v + (v ·Av)(SA + AS)v.



Solutions of the Exercises 5

Exercise A.2.3

1) (∂AA−1)[S] + o(S) = (A + S)−1 −A−1 = (1 + A−1S)−1A−1 −A−1

= (1 −A−1S + o(S))A−1 −A−1 = −A−1SA−1 + o(S),

by the use of Exercise A.1.7.

2) Let f : A 7→ trA, then by (A.47), ∂Af(A) = 1 and by the chain rule,

∂A tr(A−1)[S] = ∂Af(A−1)[∂AA−1[S]] = 1 [−A−1SA−1] = −(A−2)T [S],

from item (1). Recall the notation: A[S] = A · S = tr AST .

Exercise A.2.4

1) We can show that

∂AAk[S] = SAk−1 + ASAk−2 + A2SAk−3 + · · ·+ Ak−1S.

Let f : A 7→ trA, then by the chain rule,

∂A trAk[S] = ∂Af(Ak)[∂AAk[S]]

= tr(SAk−1 + ASAk−2 + A2SAk−3 + · · ·+ Ak−1S)

= k tr(Ak−1)S = k(Ak−1)T [S].

2) Since, for any λ such that det(A + λ1 ) 6= 0,

∂A det(A + λ1 )
(A.48)

= det(A + λ1 )(A + λ1 )−T

(A.35)
= ∂A(λ3 + IAλ2 + IIAλ + IIIA),

from which we obtain

det(A + λ1 )1 = (λ2∂AIA + λ ∂AIIA + ∂AIIIA)(A + λ1 )T

(A.35)
= (λ3 + IAλ2 + IIAλ + IIIA)1 .

The results follow from comparing the coefficients of λ3, λ2, and λ.

Exercise A.2.5

Verification in index notations is straightforward.

1) (Sijuj),i = Sij
,iuj + Sijuj,i.

2) (fSij),j = Sijf,j + fSij
,j .

3) (uivj),j = ui
,jv

j + uivj
,j .

4) (uj
,i),j = (uj

,j),i.
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Exercise A.2.6

The results follow from the condition that the second gradient is sym-
metric.

1) eijk(f,k),j = eijkf,kj = 0.

2) (eijkvk,j),i = eijkvk,ji = 0.

3) It is known that if curl v = 0, then there exists a scalar field φ, such that
v = ∇φ. Then,

∇2v = div(∇(∇φ)) = ∇(div∇φ) = ∇(div v) = 0,

by the relation (4) of Exercise A.2.5 and the condition div v = 0.

Exercise A.2.7

Let a be any constant vector field.

1) Since (v ⊗ n)a = (v ⊗ a)n,
∫

∂R
(v ⊗ n)a da =

∫

R
div(v ⊗ a) dv =

∫

R
(∇v)a dv,

by the relation (3) of Exercise A.2.5.

2)
∫

∂R
(v ⊗ Sn)a da =

∫

∂R
(v ⊗ ST a)n da =

∫

R
div(v ⊗ ST a) da.

Then the proof follows from the relation,

div(v ⊗ ST a) = (∇v)ST a + v(div S · a) =
(
(∇v)ST + v ⊗ div S

)
a,

by (3) of Exercise A.2.5 and (A.75).

Exercise A.2.8

Use the results from Exercise A.2.9 and note that

div u = E〈rr〉 + E〈θθ〉 + E〈zz〉 in cylindrical coordinates,

div u = E〈rr〉 + E〈θθ〉 + E〈φφ〉 in spherical coordinates.

Exercise A.2.9

1) By (A.68) and (A.70),

Ejk =
1
2

(∂uj

∂xk
+

∂uk

∂xj
− 2 uiΓ

i
j k

)
.
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In cylindrical coordinate system:

Err =
∂ur

∂r
,

Eθθ =
∂uθ

∂θ
+ r ur,

Ezz =
∂uz

∂z
,

Erθ =
1
2

(∂ur

∂θ
+

∂uθ

∂r
− 2

r
uθ

)
,

Erz =
1
2

(∂ur

∂z
+

∂uz

∂r

)
,

Eθz =
1
2

(∂uθ

∂z
+

∂uz

∂θ

)
.

In spherical coordinate system:

Err =
∂ur

∂r
,

Eθθ =
∂uθ

∂θ
+ r ur,

Eφφ =
∂uφ

∂φ
+ r sin2 θ ur + sin θ cos θ uθ,

Erθ =
1
2

(∂ur

∂θ
+

∂uθ

∂r
− 2

r
uθ

)
,

Erφ =
1
2

(∂ur

∂φ
+

∂uφ

∂r
− 2

r
uφ

)
,

Eθφ =
1
2

(∂uθ

∂φ
+

∂uφ

∂θ
− 2 cot θ uφ

)
.

2) In cylindrical coordinate system:

E〈rr〉 =
∂u〈r〉
∂r

,

E〈θθ〉 =
1
r

∂u〈θ〉
∂θ

+
u〈r〉
r

,

E〈zz〉 =
∂u〈z〉
∂z

,

E〈rθ〉 =
1
2

(1
r

∂u〈r〉
∂θ

+
∂u〈θ〉
∂r

− u〈θ〉
r

)
,

E〈rz〉 =
1
2

(∂u〈r〉
∂z

+
∂u〈z〉
∂r

)
,

E〈θz〉 =
1
2

(∂u〈θ〉
∂z

+
1
r

∂u〈z〉
∂θ

)
.
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In spherical coordinate system:

E〈rr〉 =
∂u〈r〉
∂r

,

E〈θθ〉 =
1
r

∂u〈θ〉
∂θ

+
u〈r〉
r

,

E〈φφ〉 =
1

r sin θ

∂u〈φ〉
∂φ

+
u〈r〉
r

+ cot θ
u〈θ〉
r

,

E〈rθ〉 =
1
2

(1
r

∂u〈r〉
∂θ

+
∂u〈θ〉
∂r

− u〈θ〉
r

)
,

E〈rφ〉 =
1
2

( 1
r sin θ

∂u〈r〉
∂φ

+
∂u〈φ〉
∂r

− u〈φ〉
r

)
,

E〈θφ〉 =
1
2

( 1
r sin θ

∂u〈θ〉
∂φ

+
1
r

∂u〈φ〉
∂θ

− cot θ
u〈φ〉
r

)
.

Exercise A.2.10

Similar to (A.71), we have

(div T )i = T ij
,j =

∂T ij

∂xj
+ T kjΓ i

k j + T ikΓ j
k j .

1) In cylindrical coordinate system:

(div T )r =
∂T rr

∂r
+

∂T rθ

∂θ
+

∂T rz

∂z
+ T θθΓ r

θ θ + T rrΓ θ
r θ

=
∂T rr

∂r
+

∂T rθ

∂θ
+

∂T rz

∂z
− r T θθ +

1
r

T rr,

(div T )θ =
∂T θr

∂r
+

∂T θθ

∂θ
+

∂T θz

∂z
+

(
T rθΓ θ

r θ + T θrΓ θ
θ r

)
+ T θrΓ θ

r θ

=
∂T θr

∂r
+

∂T θθ

∂θ
+

∂T θz

∂z
+

3
r

T rθ,

(div T )z =
∂T zr

∂r
+

∂T zθ

∂θ
+

∂T zz

∂z
+ T zrΓ θ

r θ

=
∂T zr

∂r
+

∂T zθ

∂θ
+

∂T zz

∂z
+

1
r

T zr.

In spherical coordinate system:

(div T )r =
∂T rr

∂r
+

∂T rθ

∂θ
+

∂T rφ

∂φ
+

(
T θθΓ r

θ θ + TφφΓ r
φ φ

)

+
(
T rrΓ θ

r θ + T rrΓ φ
r φ + T rθΓ φ

θ φ

)

=
∂T rr

∂r
+

∂T rθ

∂θ
+

∂T rφ

∂φ
+

2
r

T rr−r T θθ−r sin2 θ Tφφ+cot θ T rθ,
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(div T )θ =
∂T θr

∂r
+

∂T θθ

∂θ
+

∂T θφ

∂φ
+

(
T rθΓ θ

r θ + T θrΓ θ
θ r + TφφΓ θ

φ φ

)

+
(
T θrΓ θ

r θ + T θrΓ φ
r φ + T θθΓ φ

θ φ

)

=
∂T θr

∂r
+

∂T θθ

∂θ
+

∂T θφ

∂φ
+

4
r

T θr + cot θ T θθ − sin θ cos θ Tφφ,

(div T )φ =
∂Tφr

∂r
+

∂Tφθ

∂θ
+

∂Tφφ

∂φ
+

(
T rφΓ φ

r φ + TφrΓ φ
φ r + T θφΓ φ

θ φ

+ TφθΓ φ
φ θ

)
+

(
TφrΓ θ

r θ + TφrΓ φ
r φ + TφθΓ φ

θ φ

)

=
∂Tφr

∂r
+

∂Tφθ

∂θ
+

∂Tφφ

∂φ
+

4
r

T rφ + 3 cot θ T θφ.

Exercise A.2.11

Let Φ : t 7→ x, then xi = φ(t) and by (A.56),

x = Φ(t) = χ(φ1(t), · · · , φn(t)).

1) Φ̇(t) =
∂χ

∂xi

∣∣∣
x
φ̇i(t)

(A.60)
= φ̇i(t) ei(Φ(t)).

2) From (1),

Φ̈(t) = φ̈j(t) ej(x) + φ̇j(t)∇ej(x) Φ̇(t)

(A.65)
= φ̈i(t)ei(x) + φ̇j(t) (Γ i

j l(x) ei(x)⊗ el(x)) (φ̇k(t) ek(x))

=
(
φ̈i(t) + φ̇j(t)φ̇k(t)Γ i

j k(Φ(t)
)

ei(Φ(t)).

Exercise 1.2.1

For coordinate systems (r, θ, z) and (R, Θ, Z), the metric tensors are given
by

[gij ] =




1 0 0
0 r2 0
0 0 1


 , [gαβ ] =




1 0 0
0 1/R2 0
0 0 1


 =




1 0 0
0 a/r2 0
0 0 1


.

By (1.6), we have

[F i
α] =



√

a 0 0
0 1 τ
0 0 1/a


 , and in physical components,

[F〈iα〉] =



√

a 0 0
0 r/R τr
0 0 1/a


 =



√

a 0 0
0

√
a τr

0 0 1/a


.



10 Solutions of the Exercises

Since det F = det[F〈iα〉] = 1, the deformation is volume preserving –
note that det[F i

α] = 1/
√

a 6= 1 in general. For a = 1, it is a simple shear
of amount τr locally in the coordinate surface θ-z at every fixed radius r
(compared with (1.15)).

Moreover, we have

[Bij ] = [F i
α][gαβ ][F j

β ]T =




a 0 0
0 τ2 + a/r2 τ/a
0 τ/a 1/a2


,

[Cαβ ] = [F i
α]T [gij ][F

j
β ] =




a 0 0
0 r2 τr2

0 τr2 τ2r2 + 1/a2


,

and in physical components,

[B〈ij〉] =




a 0 0
0 τ2r2 + a τr/a
0 τr/a 1/a2


 , [C〈αβ〉] =




a 0 0
0 a

√
a τr

0
√

a τr τ2r2 + 1/a2


.

One can easily check that det[B〈ij〉] = det[C〈αβ〉] = 1.

Remark: It would be of interest to calculate also the matrix [Fα
β ] dis-

regarding F as a two-point tensor.
To begin with, from F = F i

αei(x) ⊗ eα(X), we have Feβ = F i
βei

and hence, Fα
β = eα · Feβ = (eα · ei)F i

β , or [Fα
β ] = [eα · ei][F i

β ].

One the other hand, one can show that

er = cos(τZ)eR + 1
R sin(τZ)eΘ,

eθ = −r sin(τZ)eR + r
R cos(τZ)eΘ,

ez = eZ .

Therefore, we have

[eα · ei] =




cos(τZ) −r sin(τZ) 0
1
R sin(τZ) r

R cos(τZ) 0
0 0 1


, and

[Fα
β ] =



√

a cos(τZ) −r sin(τZ) −τr sin(τZ)√
a 1

R sin(τZ) r
R cos(τZ) τ r

R cos(τZ)
0 0 1/a


.

One can easily check that det[Fα
β ] = 1 and that [Cαβ ] = [F γ

α]T [gγδ][F δ
β ]

agrees with the previous result.
One can similarly obtain the matrix [F i

j ] = [F i
α][eα · ej ],

[F i
j ] =



√

a cos(τZ) −√a r sin(τZ) 0
1
R sin(τZ) r

R cos(τZ) τ
0 0 1/a


.
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Exercise 1.3.1

1) u = (x−X, y − Y, z − Z) = (κY, 0, 0) = κY ex.

2) H = ∇Xu = κ ex ⊗ ey, hence, in components relative to the standard
basis,

Ẽ =




0 κ/2 0
κ/2 0 0
0 0 0


 , R̃ =




0 κ/2 0
−κ/2 0 0

0 0 0


.

3) For κ ¿ 1, since θ = tan−1(κ/2) ≈ κ/2, sin θ ≈ 0, and cos θ ≈ 1, one can
easily check the relation (1.22) with the results for finite shear.

Exercise 1.3.2

1) [E〈αβ〉] =




0 0 0
0 0 τr/2
0 τr/2 τ2r2/2


.

2) [Ẽ〈αβ〉] =




0 0 0
0 0 τr/2
0 τr/2 0


 , [R̃〈αβ〉] =




0 0 0
0 0 τr/2
0 −τr/2 0


.

Exercise 1.4.1

Let a be a constant vector, then

a ·Div(JF−T )
(A.75)

= Div(JF−1a)

(A.76)1= F−1a ·Grad J + J Div(F−1a)

(1.33)1= F−1a · J div FT + J trGrad(F−1a)

(1.30)2= J(F−1a · div FT + tr(F grad(F−1a))

(A.76)2= J div(F (F−1a)) = J div a = 0,

which proves (1.34)1. Furthermore, from

Div(JF−T ) = J Div(F−T ) + F−T Grad J
(1.30)1= J Div(F−T ) + grad J ,

(1.34)1 implies (1.34)2.

Exercise 1.4.2

Use Exercise A.2.11.
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Exercise 1.4.3

1) Note that Q̇(X−X◦) = Q̇QT (x−x◦) = −QQ̇T (x−x◦) = ω× (x−x◦),
by ω = 〈QQ̇T 〉 and (1) of Exercise A.1.6.

2) For this motion, F = Q(t) ∈ O(V ), therefore, it preserves the inner
product, and by (1.8), dx1 · dx2 = dX1 · dX2.

Exercise 1.4.4

1) Since a = (ẍ, ÿ) = (k2x, k2y), we have

ẍ = k2x, ÿ = k2y.

With the given initial conditions, the solutions are

x = Xekt, y = Y e−kt,

and the deformation can be written as

x = χ
κ(X,Y, t) = Xektex + Y e−ktey.

2) ẋ = kXekt = kx,

ẏ = −kY e−kt = −ky.

Therefore, in material description,

v(X, Y, t) = kXektex − kY e−ktey,

and in spatial description,

v(x, y, t) = kx ex − ky ey.

3)

q
R

µ

R

µ
I

ª

I

ª

6

?
¾ -

Exercise 1.5.1

1) From v = (ẋ, ẏ) = (u(y), 0), we have ẋ = u(y), ẏ = 0. With the initial
conditions: x(X, Y, 0) = X, y(X,Y, 0) = Y , the solutions are

x(X, Y, t) = X + u(Y )t, y(X,Y, t) = Y .

Therefore, we have

x = χ
t(X, Y ) = (X + u(Y )t)ex + Y ey,

X = χ−1
t (x, y) = (x− u(y)t)ex + yey.

From (1.38), the relative deformation is given by

ξ = χ
(t)(x, y, τ) = χ

τ (χ−1
t (x, y))

= χ
τ

(
(x− u(y)t)ex + yey

)
= (x− u(y)(t− τ))ex + yey.
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2) Ft(x, y, τ) = ex ⊗ ex + κ(τ − t)ex ⊗ ey + ey ⊗ ey = 1 + (τ − t)κ ex ⊗ ey,

since ex ⊗ ex + ey ⊗ ey = 1 .

Exercise 1.5.2

We obtain v = (2tXet2 , Y et, 0) = (2tx, y, 0), therefore, the streamline,
passing through x◦ at time t, satisfies

ẋ(s) = 2t x(s), ẏ(s) = y(s), ż(s) = 0,

with the initial conditions: x(0) = x◦, y(0) = y◦, z(0) = z◦.

The solution curve is given by

x(s) = (x◦e2ts, y◦es, z◦).

Exercise 1.6.1

Using (1.31), the decomposition F = RU , and the fact that ṘRT is
skew-symmetric, we have

L = ḞF−1 = (ṘU + RU̇)(RU)−1 = ṘRT + RU̇U−1RT ,

whose skew-symmetric part is

W = ṘRT + 1
2R(U̇U−1 − U−1U̇)RT .

(Erratum: This is the correct formula for W ).

Exercise 1.6.2

The results follow immediately from the relations:

v̇ =
∂v

∂t
+ (grad v)v, by (1.32);

grad(v · v) = 2(grad v)T v, by (A.52);

w = 〈−2W 〉, and (1) of Exercise A.1.6.

Exercise 1.6.3

From Exercise 1.5.1,

Ct(τ) = Ft(τ)T Ft(τ) = (1 + (τ − t)κN)T (1 + (τ − t)κN)

= 1 + (τ − t)κ(N + NT ) + (τ − t)2κ2NT N .

Exercise 1.7.1

From (1.57), we obtain
∂

∂t
=

∂

∂t∗
+(Q̇jk(xk−x◦k)+ ċj)

∂

∂x∗j

(1.67)
=

∂

∂t∗
+(Ωjk(x∗k− ck)+ ċj)

∂

∂x∗j
,

∂

∂xi
= Qji

∂

∂x∗j
.

Use of (1.66) completes the proof.
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Exercise 1.7.2

By assumption, S∗ = QSQT ,

1)
∂S∗ij
∂x∗k

= QipQjq
∂Spq

∂xr

∂xr

∂x∗k
= QipQjqQkr

∂Spq

∂xr
,

which shows that grad S is an objective third order tensor.

2) Ṡ∗ = Q̇SQT + QṠQT + QSQ̇T (1.67)
= QṠQT + Ω(QSQT )− (QSQT )Ω,

therefore, Ṡ is not objective.

Exercise 1.7.3

Note that P (t + h) = Rt(t + h) = 1 + h W (t) + o(2), hence,
◦
S(t) = lim

h→0

1
h

(
S(t+h)−(1 +hW (t))S(t)(1 +hW (t)T )

)
= Ṡ−WS+SW .

To show it is objective, use the result (2) of the preceding Exercise and
the relation (1.78)2.

Exercise 1.7.4

Note that P (t + h) = Ft(t + h) = 1 + hL(t) + o(2) by (1.46).

Exercise 1.7.5

1) We have from (1.42),

F ∗t∗(τ∗) = F ∗(τ∗)F ∗(t∗)−1

(1.74)
= Q(τ)F (τ)KT (Q(t)F (t)KT )−1 = Q(τ)Ft(τ)QT (t).

By polar decomposition,

R∗t∗(τ
∗)U∗

t∗(τ
∗) = Q(τ)Rt(τ)Ut(τ)QT (t)

= Q(τ)Rt(τ)QT (t)Q(t)Ut(τ)QT (t),

which by uniqueness of the decomposition, implies

U∗
t∗(τ∗) = Q(t)Ut(τ)QT (t),

R∗t∗(τ∗) = Q(τ)Rt(τ)QT (t).

Therefore, Ut is objective and Rt is not.

2) From (1), we also have C∗t∗(τ
∗) = Q(t)Ct(τ)QT (t), or, Ct is objective.

Since by (1.57)2, τ∗ = τ + a, by taking n-th derivative with respect to τ ,
and using the definition (1.53), it follows that An is objective.
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Exercise 2.1.1

1) Since the gradient of f(X, t) is normal to the surface, therefore, the unit
normal of the surface Sκ is given by

nκ =
Grad f

|Grad f | .

The normal speed of Sκ(t) can be defined as Uκ = Ṡκ(t) · nκ, and since
X = Sκ(t), from

d

dt
f(Sκ(t), t) = ḟ + Grad f · Ṡκ(t) = 0,

we obtain

Uκ = − ḟ

|Grad f | .

Likewise, we can prove the similar relations in spatial configuration, by
writing the moving surface as f(x, t) = f̃(χκ(X, t), t) = f(X, t), and
x = S(t) and defining the normal speed as un = Ṡ(t) · n.

2) Since Grad f = FT grad f , from which we obtain, by (1),

nκ =
FT n

|FT n| , and |FT n| = |Grad f |
| grad f | .

Similarly, ḟ =
∂f

∂t
+ grad f · ẋ, from which, by (1) and (2.17), we obtain

Uκ =
U

|FT n| .

Exercise 2.2.1

Note that div(ρψ⊗v) = ψ div(ρv)+(grad ψ)(ρv), and when ψ is a scalar
quantity, this relation should read, div(ρψv) = ψ div(ρv)+(gradψ)·(ρv).

Exercise 2.2.2

Substitute ψ for ρψ in (2.4), and use the relation (2.36).

Exercise 2.3.1

From (1.14), we have

T = −p




1 0 0
0 1 0
0 0 1


 + µ




1 + κ2 κ 0
κ 1 0
0 0 1


.
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From the figure, we denote the unit normals and the unit tangents by

n1 = (0, 1, 0), m1 = (1, 0, 0),

n2 =
1√

1 + κ2
(1,−κ, 0), m2 =

1√
1 + κ2

(κ, 1, 0).

Then the normal and tangential
components are

N1 = n1 · Tn1 = −p + µ,

S1 = m1 · Tn1 = µκ,

N2 = n2 · Tn2 = −p +
µ

1 + κ2
,

S2 = m2 · Tn2 =
µκ

1 + κ2
.

£
£

£
£

£
£

£££
£
£
£
£
£
££

6
-

£
££±

PPPq

n1

m1

N1 S1

m2

n2

S2

N2

Exercise 2.3.2

By (1.52), (1.55), and the assumptions, the equation (2.57) becomes

∂v

∂t
+

1
2

grad(v · v) + curl v × v +
1
ρ

grad p + grad φ = 0.

Exercise 2.5.1

Note that from (2.17), [[v · n]] = −[[U ]], because un is continuous at the
singular surface. Taking inner product of (2.80)2 with n, the first relation
of (2.81) follows immediately. From (2.80)2, we also obtain

ρU [[v − (v · n)n]] = [[p]]n− ρU [[v · n]]n = 0.

For the proof of the remaining relation, see Exercise 2.5.2.

Exercise 2.5.2

Let v = vn + vt be the decomposition of v into normal and tangential
velocities. Then, [[vt]] = 0 by assumption, and we have
m

2
[[v2]] =

m

2
[[(vn + vt) · (vn + vt)]] =

m

2
[[(v·n)2]] + m[[vn]] · vt,

and

[[Tv]]·n = [[vn ·Tn]]+vt ·[[Tn]] = [[(vn−unn)·Tn]]+un[[n·Tn]]+vt ·[[Tn]]

(2.80)
= [[(v · n− un)n · Tn]]−mun[[v · n]]−mvt · [[vn]]

(2.17)
= −m[[

1
ρ
(n · Tn)]]−mun[[v · n]]−mvt · [[vn]].

From the above relations and [[(v · n)2 − 2(v · n)un]] = [[U2]], because
[[un]] = 0, the jump condition (2.80)3 leads to (2.82).
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Exercise 2.5.3

For a moving singular surface, the first two relations are trivial conse-
quences of (2.87)1,2 by (2.26). To verify the third relation, we shall use
the following identity,

[[AB]] = [[A]]〈B〉+ 〈A〉[[B]],

which can easily be verified, and note that
1
2

ρκUκ[[ẋ · ẋ]] = ρκUκ[[ẋ]] · 〈ẋ〉 (2.26)
= −ρκU2

κ [[Fnκ]] · 〈ẋ〉
(2.88)2= −[[Tκnκ]] · 〈ẋ〉 = 〈Tκnκ〉 · [[ẋ]]− [[Tκnκ · ẋ]].

Therefore, by (2.26) again, we obtain
1
2

ρκUκ[[ẋ · ẋ]] + [[TT
κ ẋ]] · nκ = −Uκ 〈Tκnκ〉 · [[Fnκ]],

from which the result follows immediately.

Exercise 3.2.1

1) Note that if AB = BA, then

(A + B)n =
n∑

k=0

(n

k

)
AkBn−k, where

(n

k

)
=

n!
k! (n− k)!

,

and the proof follows from the following identity for the product of two
infinite series,
( ∞∑

i=0

ai

)( ∞∑

j=0

bj

)
=

∞∑
n=0

n∑

k=0

(
akbn−k

)
.

2) It is easy to verify that (exp(A))T = exp(AT ).

3) Verify that
d

dt

(
exp(tA)

)
=

(
exp(tA)

)
A.

Exercise 3.2.2

Given the constitutive equation,

Tij(Dkl) = −pδij + VijklDkl.

from the material objectivity condition,

Tij(QkmQlnDmn) = QipQjqTpq(Dkl), we obtain

VijklQkmQlnDmn = QipQjqVpqklDkl,

and it reduces to

VijklQkmQln = QipQjqVpqmn,

which multiplied by QrmQsn becomes (3.24).
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Exercise 3.3.1

By assumption, Q = ∇X(κ̂ ◦ κ−1) is orthogonal, and we have

Tκ̂(F ) = Tκ(FQ) ∀F ,

In particular, for F = 1 , we have, by the condition of material objectivity,

Tκ̂(1 ) = Tκ(Q) = QTκ(1 )QT ,

from which, Tκ(1 ) = 0 implies Tκ̂(1 ) = 0 also.

Exercise 3.3.2

If σ satisfies objectivity condition, then σ(F ) = σ(QF ) for any Q orthog-
onal. Taking the gradient with respect to F by the chain rule, we obtain,
for any S,

(∂F σ)|F [S] = (∂F σ)|QF [∂F (QF )[S]] = (∂F σ)|QF [QS] = QT (∂F σ)|QF [S],

which implies that (∂F σ)|
QF

= Q (∂F σ)|
F
. Therefore,

T (QF ) = ρ(∂F σ)|
QF

(QF )T = ρQ(∂F σ)|
F
FT QT = QT (F )QT .

Exercise 3.3.3

The function F̃κ and Fκ are related by

F̃κ(F t, θt, gt) = F̃κ(F t, θt, (F−T )tgt
κ) = Fκ(F t, θt, gt

κ).

Therefore,

Fκ(QtF t, θt, gt
κ) = F̃κ(QtF t, θt, Qt(F−T )tgt

κ) = F̃κ(QtF t, θt, Qtgt).

Exercise 3.4.1

Since B = FFT and T = T (F ) = t0(B)1 + t1(B)B + t2(B)B2, where
ti(B) = ti(tr B, trB2, tr B3), we have

T (QF ) = t0(QBQT )1 + t1(QBQT )QBQT + t2(QBQT )QB2QT

and ti(QBQT ) = ti(B). Therefore, it satisfies the objectivity condition,

T (QF ) = QT (F )QT .

To show that it is a special case of (3.35), simply observe that, by the
polar decomposition F = RU , B = R(U2)RT .

Exercise 3.4.2

From (3.35), T (F t) = RT (U t)RT (1.13)
= RT (

√
Ct)RT . On the other

hand, from (1.42), we have F t(s) = F t
t (s)F (t), and hence

Ct = (F t)T F t = FT Ct
tF = URT Ct

tRU =
√

C(RT Ct
tR)

√
C.

Therefore, we can write T (
√

Ct) = T̂ (RT Ct
tR; C).

Moreover, it is straightforward to prove that T (F t) = RT̂ (RT Ct
tR; C)RT

satisfies the objectivity condition.
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Exercise 3.5.1

Consider the stress tensor given by T = Tκ(F ), then if G ∈ Gκ(T ),
Tκ(FG) = Tκ(F ). On the other hand, by the objectivity condition, we
have, Tκ(QFG) = QTκ(FG)QT for any orthogonal tensor Q. In particu-
lar, for Q = −1 , we obtain

Tκ(F (−G)) = Tκ(−FG) = Tκ(FG) = Tκ(F ).

Therefore, by definition, −G ∈ Gκ(T ) also.

(Erratum: The original expression T = Tκ(F, θ, g) should read T =
Tκ(F ). Note that one can also show that the above conclusion does not
hold when the constitutive function also depends on the temperature
gradient.)

Exercise 3.5.2

Use the Noll’s rule (3.44).

Exercise 3.5.3

Since κ and κ̂ are undistorted configurations of a solid, both Gκ and
Gκ̂ are subgroups of O(V ). If Q ∈ Gκ, by Noll’s rule, PQP−1 ∈ Gκ̂,
and PQP−1 = RUQU−1RT by the decomposition P = RU , therefore,
UQU−1 is an orthogonal tensor, say G, and hence, we have

GU = UQ = Q(QT UQ).

Since (QT UQ) is symmetric positive definite, by the uniqueness of polar
decomposition, it follows that U = QT UQ.

Moreover, since QU = UQ, we have

RQRT = RUU−1QUU−1RT = RUQ(RU)−1 = PQP−1,

which implies that RQRT ∈ Gκ̂ by the Noll’s rule.

Exercise 3.5.4

Let P = {α1e1 + α2e2, α1, α2 ∈ IR} be the plane perpendicular to e3

and v ∈ P . Then Gv ∈ P for any G ∈ Gκ, i.e., the material has a
characteristic plane P preserved by the group Gκ.

Exercise 3.6.1

By assumption, Gκ = O(V ), and we have

T (F, θ, g) = T (FQ, θ, g) = T (V RQ, θ, g) ∀Q ∈ O(V ),

by the polar decomposition F = V R. Taking Q = RT , we obtain

T (F, θ, g) = T (V, θ, g) = T̂ (B, θ, g).
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Moreover, we have

T (QF, θ, Qg) = T̂ ((QF )(QF )T , θ,Qg) = T̂ (QBQT , θ, Qg),

which implies that T̂ (B, θ, g) is an isotropic symmetric tensor-valued
function, by the objectivity condition of Exercise 3.3.3.

Exercise 4.2.2

If S(v,u) is defined by Sij = Mijkuk, then S is a second-order tensor
isotropic function. Since it is linear in u, we have the following represen-
tation,

S(v, u) = f1v ⊗ u + f2u⊗ v + (v · u)(f31 + f4v ⊗ v),

where f1, f2, f3, and f4 are functions of (v · v). Therefore, we obtain

Mijk(v) = f1viδjk + f2vjδki + f3vkδji + f4vivjvk.

Exercise 4.2.3

1) S(QAQT ) = (1 + QAQT )−1 = (Q(1 + A)QT )−1 = QS(A)QT .

2) By Theorem 4.2.2, we have the representation,

(1 + A)−1 = s01 + s1A + s2A
2.

Multiplying by (1 + A), we obtain

s01 + (s0 + s1)A + (s1 + s2)A2 + s2A
3 = 1 ,

which, by the use of Cayley-Hamilton theorem, becomes

(s0 + s2IIIA)1 + (s0 + s1 − s2IIA)A + (s1 + s2 + s2IA)A2 = 1 .

Comparing coefficients on both sides, we obtain

s0 + s2IIIA = 1, s0 + s1 − s2IIA = 0, s1 + s2 + s2IA = 0,

which lead to the expressions of the problem.

Exercise 4.3.1

1) φ(u, v, A) = f(u · u, v · v,u · v, trA, trA2, trA3, u ·Au,v ·Av, u ·Av,
u ·A2u, v ·A2v, u ·A2v),

h(u,v, A) = h1u + h2Au + h3A
2u + h4v + h5Av + h6A

2v,

S(u, v, A) = s11 + s2A + s3A
2 + s4u⊗ u + s5v ⊗ v

+ s6(u⊗ v + v ⊗ u) + s7(u⊗Au + Au⊗ u) + s8(v ⊗Av + Av ⊗ v)
+ s9Au⊗Au + s10Av ⊗Av + s11(u⊗Av + Av ⊗ u)
+ s12(v ⊗Au + Au⊗ v),

where the coefficients are isotropic scalar functions of (u, v, A).
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2) φ(u, v, A) = φ0 + φ1u · v + φ2 tr A + φ3u ·Au,

h(u,v, A) = (α0 + α1u · v + α2 tr A + α3u ·Au)u + η1v + η2Au,

S(u, v, A) = (β0 + β1u · v + β2 tr A + β3u ·Au)1
+ (γ0 + γ1u · v + γ2 trA + γ3u ·Au)u⊗ u
+ σ1A + σ2(u⊗ v + v ⊗ u) + σ3(u⊗Au + Au⊗ u),

where the coefficients are functions of (u · u) only.

Exercise 4.3.2

1) Let H = ∂vh, then by definition, H(A,v)[u] =
d

dt
h(A, v + tu)

∣∣∣
t=0

.
Therefore, for any orthogonal tensor Q, we have

H(QAQT , Qv)[u] =
d

dt
h(QAQT , Qv + tu)

∣∣∣
t=0

=
d

dt
h(QAQT , Q(v + tQT u))

∣∣∣
t=0

=
d

dt

(
Qh(A,v + tQT u)

)∣∣∣
t=0

,

since h(A,v) is isotropic. Then by definition again, we obtain

H(QAQT , Qv)[u] = QH(A, v)[QT u] = QH(A,v)QT [u],

which implies that H(QAQT , Qv) = QH(A,v)QT . Therefore, ∂vh is an
isotropic function.

2) We have the representation, h(A,v) = g1v + g2Av + g3A
2v, where

ga = ga(tr A, tr A2, tr A3, I1, I2, I3) and I1 = v·v, I2 = v·Av, I3 = v·A2v.
We obtain the gradient ∂vh explicitly in terms of Cartesian components,

∂hi

∂vj
= g1δij + g2Aij + g3A

2
ij

+ 2
∂g1

∂I1
vivj +

∂g1

∂I2
vi(Ajl + Alj)vl +

∂g1

∂I3
vi(A2

jl + A2
lj)vl

+ 2
∂g2

∂I1
Aikvkvj +

∂g2

∂I2
Aikvk(Ajl + Alj)vl +

∂g2

∂I3
Aikvk(A2

jl + A2
lj)vl

+ 2
∂g3

∂I1
A2

ikvkvj +
∂g3

∂I2
A2

ikvk(Ajl + Alj)vl +
∂g3

∂I3
A2

ikvk(A2
jl + A2

lj)vl.

One can easily check that all individual terms on the right-hand side are
isotropic function of (A, v).
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Exercise 4.3.3

Let B = v ⊗ v, then (4.49) becomes

Av ⊗Av + (A2v ⊗ v + v ⊗A2v)
= (v ·A2v − (v ·Av) tr A− 1

2 (tr A2 − (tr A)2))1
+ (v ·Av − (v · v) tr A)A + 1

2 (tr A2 − (tr A)2)v ⊗ v
+ trA(Av ⊗ v + v ⊗Av) + (v · v)A2.

The terms on the right-hand side of the equation involve only tensors
(1 , A, v ⊗ v, (Av ⊗ v + v ⊗ Av), A2), and the isotropic scalars found in
Table 4.1.

Exercise 4.3.4

Let B = (Av ⊗ v + v ⊗ Av), then the left-hand side of (4.49) becomes
2(A2v ⊗ Av + Av ⊗ A2v) + (A3v ⊗ v + v ⊗ A3v), which by the use
of Cayley-Hamilton theorem, the terms involving A3 can be reduced to
combinations of terms of lower polynomial order in A. Similarly, the terms
on the right-hand side of the equation (4.49), after elimination of A3, are
all listed in Table 4.1 and Table 4.3, therefore, (A2v ⊗ Av + Av ⊗ A2v)
can be expressed explicitly in terms of the elements from the tables, and
thus need not be included as a generator element.

Likewise, A2v ⊗A2v is not needed by the same arguments. In this case,
simply take B = Av ⊗Av in (4.49).

Exercise 4.4.1

φ(u,v) = f(u · u,v · v, u · v),

h(u, v) = h1u + h2v + h3u× v,

S(u, v) = s11 + s2u⊗ u + s3v ⊗ v + s4(u⊗ v + v ⊗ u)
+ s5(u⊗ (u× v) + (u× v)⊗ u) + s6(v ⊗ (u× v) + (u× v)⊗ v),

where the coefficients are functions of (u · u,v · v, u · v).

Exercise 4.5.1

Since n is a constant unit vector, n · n = 1 and (n⊗ n)2 = n⊗ n.

1) Regard Q as an isotropic function of (θ, g,n):

q = k1g + k2n,

where k1, k2 are functions of (θ, g · g, g · n).

2) Regard Q as a hemitropic function of (θ, g,n):

q = k1g + k2n + k3g × n,

where k1, k2, k3 are functions of (θ, g · g, g · n).
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3) Regard Q as an isotropic function of (θ, g,n⊗ n):

q = k1g + k2(n⊗ n)g = k1g + k2(g · n)n,

where k1, k2 are functions of (θ, g · g, (g · n)2).

Exercise 4.5.2

By definition, T = J−1FSκFT , and J =
√

det B =
√

detC, therefore,
we obtain, from (4.66),

T = t1Fn1 ⊗ Fn1 + t2Fn2 ⊗ Fn2 + t3Fn3 ⊗ Fn3

+ t4(Fn1⊗BFn1 + BFn1⊗Fn1) + t5(Fn2⊗BFn2 + BFn2⊗Fn2)

+ t6(Fn3 ⊗BFn3 + BFn3 ⊗ Fn3)

+ t7BFn1 ⊗BFn1 + t8BFn2 ⊗BFn2 + t9BFn3 ⊗BFn3,

where ti depends on (det B,Fn1 · Fn1, Fn2 · Fn2, Fn3 · Fn3,
Fn1 ·BFn1, Fn2 ·BFn2, Fn3 ·BFn3).

Exercise 5.3.1

From (5.25), θdη = dε− p

ρ2
dρ, hence

d(θη) = θdη + ηdθ = dε− p

ρ2
dρ + ηdθ, and

θd(ρη) = ρθdη + θηdρ = ρdε− p

ρ
dρ + θηdρ = d(ρε)− (ε− θη +

p

ρ
)dρ.

Exercise 5.3.2

Note that for any scalar function f̂(B) = f̂(FFT ) = f(F ), we have

∂f

∂F
[S] =

∂f̂

∂B
[SFT + FST ] = 2

∂f̂

∂B
F [S],

since for any S, A ∈ L(V ), A[S] = A · S = tr AST = AT · ST . Hence, we

obtain 2
∂f̂

∂B
B =

∂f

∂F
FT , which leads to the relations (5.32) easily.

To show (5.34), use the formulae (A.54).

Exercise 5.4.1

The material is incompressible and inextensible in a certain direction.
The constraint can be specified by two conditions,

µ̃1(C) = det C − 1 = 0, µ̃2(C) = e · Ce− e · e = 0,

from which we have
∂µ̃1

∂C
= (det C)C−T ,

∂µ̃2

∂C
= e⊗e. Hence, by (5.56),

N = −p1 + λFe⊗ Fe.
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Exercise 5.4.2

Let {e1, e2, e3} be a basis of V , then we can write µ(C) = C − 1 = 0 in
component form as µij(C) = ei · Cej − ei · ej = 0. We have µij(C) =
µji(C), and the reaction stress is given by

N =
∑

i,j

λijF
∂µij

∂C
FT =

∑

i,j

λijF (ei ⊗ ej)FT =
∑

i,j

λijFei ⊗ Fej = Λ.

Since F is non-singular, {Fe1, Fe2, Fe3} is also a basis of V , and
λij = λji are arbitrary parameters, therefore, Λ is an arbitrary sym-
metric tensor in L(V ).

Exercise 5.5.1

We can write u = u(v(u,w), w) = ũ(u,w).

1) 1 =
∂ũ

∂u
=

∂u

∂v

∣∣∣∣
w

∂v

∂u

∣∣∣∣
w

.

2) 0 =
∂ũ

∂w
=

∂u

∂v

∣∣∣∣
w

∂v

∂w

∣∣∣∣
u

+
∂u

∂w

∣∣∣∣
v

, which gives
∂u

∂v

∣∣∣∣
w

∂v

∂w

∣∣∣∣
u

∂w

∂u

∣∣∣∣
v

= −1.

Exercise 5.5.2

1) It follows from (5.30)1 with dv = −(1/ρ2)dρ.

2) We have, from (5.72),
∂p

∂ρ

∣∣∣
θ

= − 1
ρ2

∂p

∂v

∣∣∣
θ
≥ 0, and from (1), −p =

∂ψ

∂v

∣∣∣
θ
.

Therefore,

−∂p

∂v

∣∣∣
θ

=
∂2ψ

∂v2

∣∣∣
θ
≥ 0.

Exercise 5.5.3

From (5.25), we have θdη = dε + p dv, therefore

θdη =
∂ε

∂θ

∣∣∣
v
dθ +

(∂ε

∂v

∣∣∣
θ

+ p
)
dv

=
∂ε

∂θ

∣∣∣
v
dθ +

(∂ε

∂v

∣∣∣
θ

+ p
)(∂v

∂θ

∣∣∣
p
dθ +

∂v

∂p

∣∣∣
θ
dp

)

(5.26)
=

(∂ε

∂θ

∣∣∣
v

+ θ
∂p

∂θ

∣∣∣
v

∂v

∂θ

∣∣∣
p

)
dθ + θ

∂p

∂θ

∣∣∣
v

∂v

∂p

∣∣∣
θ
dp

Therefore, we obtain

θ
∂η

∂θ

∣∣∣
v

=
∂ε

∂θ

∣∣∣
v

= cv and θ
∂η

∂θ

∣∣∣
p

=
∂ε

∂θ

∣∣∣
v

+ θ
∂p

∂θ

∣∣∣
v

∂v

∂θ

∣∣∣
p
.
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By definition of cp and the use of identity (2) of Exercise 5.5.1, it follows
that

cp = cv − θ
∂p

∂v

∣∣∣∣
θ

(∂v

∂θ

∣∣∣∣
p

)2

, and since
∂p

∂v

∣∣∣
θ
≤ 0, we have cp ≥ cv.

Furthermore, by definition of α and κT , we can write the relation as
cp = cv + θvα2/κT , and since cv ≥ 0, it follows that

α2 ≤ 1
θv

cpκT .

Exercise 5.5.4

The boundary conditions are given by

θ = θo, Tn = −pon on ∂V.

The energy balance becomes
d

dt

∫

V
ρ(ε + 1

2v · v) dv +
∫

∂V
q · n da + po

∫

∂V
v · n da = 0.

Elimination of the heat flux by the use of the entropy inequality, with
Φ = q/θo at the boundary, and the relation (2.10), gives
d

dt

∫

V
ρ(ε− θoη +

po

ρ
+ 1

2v · v) dv ≤ 0.

Exercise 6.5.1

We denote the unit normal and the unit tangent of the slanted surface,
as indicated in Fig. 6.5, by

n =
1√

1 + κ2
(1,−κ, 0), m =

1√
1 + κ2

(κ, 1, 0).

Then the normal and tangential stresses are given by

N = n · Tn , and S = m · Tn.

The solution follows from direct calculations and the use of (6.41).

Exercise 6.5.2

Reference: see [71] Sec. 57, and [76] p. 307.

Exercise 6.6.1

Relative to the basis {êi}, we have

[T̂ ij ] =




0 T̂ 12 0
T̂ 21 0 0
0 0 T̂ 33


 , [B̂ij ] =




λ2
1 0 0
0 λ2

2 0
0 0 λ2

3


,

[ ĝij ] =




1 κ 0
κ 1 + κ2 0
0 0 1


.
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Compare the expressions on both sides of [T ij ][gjk][Bkl] = [Bij ][gjk][T kl],
by direct matrix multiplications, gives the relation (6.10).

Exercise 6.6.2

From (6.43), we obtain

[C〈iα〉] =




λ2
1 κλ1λ2 0

κλ1λ2 (1 + κ2)λ2
2 0

0 0 λ2
3


 =




λ2
1 κλ1λ2 0

κλ1λ2 λ2
1 0

0 0 λ2
3


,

which admits the eigenvectors and the corresponding eigenvalues,

n1 =
1√
2
(1, 1, 0), n2 =

1√
2
(1,−1, 0), n3 = (0, 0, 1),

α1 = λ2
1 + κλ1λ2, α2 = λ2

1 − κλ1λ2, α3 = λ2
3.

From Fig. 6.6, we have

λ2 = λ1 cos 2θ, κλ2 = λ1 sin 2θ,

and hence,

α1 = λ2
1(1 + sin 2θ) = λ2

1(cos θ + sin θ)2,

α2 = λ2
1(1− sin 2θ) = λ2

1(cos θ − sin θ)2.

Since θ < π/4, cos θ > sin θ, therefore, we can easily obtain the expression
of U by

U =
√

α1 n1 ⊗ n1 +
√

α2 n2 ⊗ n2 +
√

α3 n3 ⊗ n3

= λ1(cos θ + sin θ)n1 ⊗ n1 + λ1(cos θ − sin θ)n2 ⊗ n2 + λ3 n3 ⊗ n3.

Exercise 6.7.1

Reference: see [71] Sec. 57, and [76] p. 310.

Exercise 6.8.1

Reference: see [42].

Exercise 7.3.1

[X] = [ ρ̇ v̇n θ̇ (θ,n)̇ Ḋmn ρ,n θ,mn Dmn,k ]T ,

[A] =




1 0 0 0 0 0 0 0

0 ρδin 0 0 0 −∂Tin

∂ρ
−∂Tim

∂θ,n
− ∂Tik

∂Dmn

ρ
∂ε

∂ρ
0 ρ

∂ε

∂θ
ρ

∂ε

∂θ,n
ρ

∂ε

∂Dmn

∂qn

∂ρ

∂qm

∂θ,n

∂qk

∂Dmn


,

[B] =
[
ρDkk −∂Tik

∂θ
θ,k

∂qk

∂θ
θ,k − TikDik

]T

,
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[α] =
[

ρ
∂η

∂ρ
0 ρ

∂η

∂θ
ρ

∂η

∂θ,n
ρ

∂η

∂Dmn

∂Φn

∂ρ

∂Φm

∂θ,n

∂Φk

∂Dmn

]
,

[β] =
[
∂Φk

∂θ
θk

]
.

Exercise 7.3.2

fρ = −ρvk,k,

fvi
= −vkvi,k +

1
ρ

(∂Tik

∂ρ
ρ,k +

∂Tik

∂θ
θ,k +

∂Tik

∂θ,n
θ,nk +

∂Tik

∂Dmn
Dmn,k

)
,

fε = −vk

(∂ε

∂ρ
ρ,k +

∂ε

∂θ
θ,k +

∂ε

∂θ,n
θ,nk +

∂ε

∂Dmn
Dmn,k

)

− 1
ρ

(∂qk

∂ρ
ρ,k +

∂qk

∂θ
θ,k +

∂qk

∂θ,n
θ,nk +

∂qk

∂Dmn
Dmn,k − Tikvi,k

)
.

Exercise 8.2.1

We shall show that Λ · ∂u

∂t
=

∂ρη

∂t
.

Λ · ∂u

∂t
= −1

θ

(
ε− θη +

p

ρ
− v2

2

)∂ρ

∂t
− 1

θ
vi

∂ρvi

∂t
+

1
θ

∂

∂t

(
ρε +

1
2
ρv2

)

= η
∂ρ

∂t
+

ρ

θ

(∂ε

∂t
− p

ρ2

∂ρ

∂t

)
(8.14)
= η

∂ρ

∂t
+ ρ

∂η

∂t
=

∂ρη

∂t
.

The proof for Λ · ∂Hj

∂t
=

∂

∂t
(ρηvj) is similar.

Exercise 8.2.2

From (8.15) and (8.16), we have

δu · δΛ = −(δρ) δ
(ε

θ
− η +

p

ρθ
− v2

2θ

)
− δ(ρvi) δ

(vi

θ

)
+ δ

(
ρε+

ρv2

2

)
δ
(1

θ

)

= −
(1

θ

∂ε

∂ρ
− ∂η

∂ρ
− p

θρ2
+

1
ρθ

∂p

∂ρ

)
(δρ)2 − ρ

θ
(δvi)(δvi)

− ρ

θ2

∂ε

∂θ
(δθ)2 −

(1
θ

∂ε

∂θ
− ∂η

∂θ
+

ρ

θ2

∂ε

∂ρ
− 1

θ2

p

ρ
+

1
ρθ

∂p

∂θ

)
(δρ)(δθ)

= −ρ

θ

{
(δvk)(δvk) +

1
θ

∂ε

∂θ
(δθ)2 +

1
ρ2

∂p

∂ρ
(δρ)2

}
,

where in the last passage the Gibbs relation (5.25) and its integrability
condition (5.26) are used.
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Exercise 8.2.3

From (8.26), we obtain

X(u + v) = X(v + u) = X(u)X(v) = X(v)X(u),

and

X(v − v) = X(v)X(−v) = X(0) = 1 .

Exercise 8.3.1

Reference: see [64].

Exercise 8.5.1

Let Λ = (Λ̂0, Λ̂i, Λ̂ij , Λ̂llj) and u = (F0, Fi, Fij , Fiij), then, from (8.38),
we can write (8.4)1 as

dh = Λ̂0 dρ+Λ̂i d(ρvi)+Λ̂ij d(ρij +ρvivj)+Λ̂llj d(ρiij +3ρ(iivj)+ρvivivj)

= Λ dρ + Λij dρij + λj dρiij + (ρΛj + 3λ(iρij)) dvj ,

where we have defined the internal Lagrange multipliers as

Λ = Λ̂0 + Λ̂ivi + Λ̂ijvivj + Λ̂lljvivivj ,

Λi = Λ̂i + 2Λ̂ijvj + 3Λ̂ll(ivjvj),

Λij = Λ̂ij + +3Λ̂llkv(kδij),

λj = Λ̂llj .

Since h = ρη is velocity-independent, so do the internal Lagrange multi-
pliers defined above. Moreover, we obtain (8.68),

ρΛj + 3λ(iρij) = 0.

The proof of (8.69) is similar (see [46] Sec. 6).

Exercise 8.5.2

See Exercise 8.2.2.


