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Abstract

We present, analyse and simulate a model for predator-prey interac-
tion structured by hunger. The model consists of a nonlocal transport
equation for the predator, coupled to an ordinary differential equation for
the prey. We deduce a system of 3 ODEs for some integral quantities
of the transport equation, which generalises some classical Lotka-Volterra
systems. By taking an asymptotic regime of fast hunger variation, we find
that this system provides new interpretations and derivations of several
variations of the classical Lotka–Volterra system, including the Holling-
type functional responses. We next establish a well-posedness result for
the nonlocal transport equation. Finally, we show that in the basin of
attraction of the nontrivial equilibrium, the asymptotic behaviour of the
original coupled PDE-ODE system is completely described by solutions
of the ODE system.
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1 Introduction
The aim of the present work is to introduce a new model for predator-prey
dynamics, which includes effects due to predator hunger. Specifically, in the
context of the classical Lotka-Volterra predator-prey dynamics with logistic prey
dynamics, {

u′ = αuw − u
w′ = βw(1− w − u)

(1.1) lv

(where u is the predator and w is the prey), it is assumed that predator efficiency,
represented by the term αuw, depends only on the values of u and w, and a
nondimensional constant α. The same remark is true even in the case of models
allowing for more realistic functional responses than just αuw.

In nature, however, it is to be expected that the level of hunger of an in-
dividual (in whatever way that is defined) will induce it to behave in distinct
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ways: when hunger is low, the predator feels sated and may allow itself to rest,
as is observed for instance in lions; in contrast, when hunger level is high, we
may expect that a predator will try to increase its efficiency – for instance, by
hunting less desirable prey, or trying harder to capture prey – but only up to
a certain point, after which hunger will translate into an actual weakening of
the individual and thus a reduction of its fitness. Conversely, a sated individual
can be expected to have a greater reproductive potential, and so it is natural to
assume that low values of hunger correlate with a greater fitness.

According to this very broad description, we develop in this work a model
with hunger structure. One of the most widely studied classes of structured
models in biology are age-structured models (see the book [10] for numerous
examples and references). In these models, the population, in addition to de-
pending on time and (eventually) space, also has an age distribution; in that
way, at each fixed time and place, the population has a specified age distribution.
Since each individual gets older at a constant rate, it is natural to suppose that
the age distribution evolves according to a transport equation, with transport
in the direction of positive age.

We can employ similar ideas to deduce a hunger-structured model. In the
absence of prey, we can assume that the hunger level of the predator increases
at a constant rate. However, when there is interaction between predator and
prey, the prey is consumed and this leads to a decrease in the hunger level of
the predator. Additionally, the hunger level of the predator has an effect on its
reproductive ability, and on the predation efficiency, and so influences directly
the evolution of the prey population.

Despite a large body of literature treating predator-prey interactions (to
name just two books, [8, 11]), there does not seem to be any earlier work in
this direction, except for [1, 12, 13]. In those works, the authors consider only
a finite number of possible hunger (or, in some cases, nutrition) levels for the
predator population, and so are restricted to a system of ordinary differential
equations. Our approach differs in view of our use of a transport equation to
describe the hunger structure.

1.1 Formulation of the model: a nonlocal transport equa-
tion coupled to an ODE

Let us formulate the above observations more exactly, in order to arrive at a
precise mathematical model. We suppose that the predator population is given
as a density function ρ(t, λ), for t, λ > 0, in such a way that ρ(t, λ) represents
the density of predators at time t, having hunger λ ≥ 0. Thus, for each time t,
the function λ 7→ ρ(t, λ) gives the hunger distribution of the population at that
time, and so

∫
R+
ρ(t, λ) dλ is the total population at time t. With this in mind,

we define the population density u(t) and the mean hunger density z(t) by

u(t) =

∫ +∞

0

ρ(t, λ) dλ, z(t) =
1

u(t)

∫ +∞

0

λρ(t, λ) dλ. (1.2) uuzz
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Fix zc > 0 and introduce a function βzc(z), such that βzc(0) = 1, βzc(·) > 0
on [0, zc), βzc(zc) = 0, and βzc(·) < 0 on (zc,+∞). The function β(z) may
be described as the predator’s growth rate as a function of mean hunger. The
simplest example is

βzc(z) =
(

1− z

zc

)
,

where the growth rate of the predators is positive for small values of hunger, and
decreases until, after some critical mean hunger value zc it becomes negative,
reflecting the fact that very hungry predators will have a negative net growth
rate.

Still in dimensional form, our model consists of the nonlocal transport equa-
tion for the predator density ρ coupled with an ordinary differential equation
for the prey w,

∂tρ(t, λ) + ∂λ
(
(a1 − a2w(t)λ)ρ(t, λ)

)
= ρ(t, λ)β0βzc(z(t))

w′(t) = rw(1− w/K)− bwu γ(z),
(1.3) Sist02

supplemented by initial data ρ0(λ) ≥ 0 and w0 ≥ 0, and where u(t), z(t) are
given by (1.2).

Let us analyse each term of (1.3). The constant a1 > 0 is the natural
hunger growth speed in the absence of prey, a2 > 0 is the predation efficiency
(understood as the rate of hunger decrease per unit of prey consumed), β0 is the
optimal predator growth rate (i.e., the growth rate when hunger is zero), and
zc the critical mean hunger, above which the predator’s growth rate becomes
negative. K is the prey carrying capacity, and r the prey’s natural growth rate.
The parameter b ∼ (λ2ρt)−1 is the rate of removal of the prey per units of
“hunger-mass”. Note that the form of the transport term giving the decrease
in hunger from prey consumption, −∂λ(a2λwβ), as well as the right-hand side,
ensure that at least formally the predator distribution will not have support in
the region λ < 0, if the same is true for the initial data. Indeed, negative values
of hunger are not meaningful in our model.

The term uγ(z) represents the prey response to encounters with the predator
population, where the function γ(z) translates the change in predatory efficiency
according to mean hunger level. The prototype for γ is the identity function,
in which case we suppose that predator efficiency grows linearly with hunger
level. That is, predators which are completely sated (when z = 0) do not hunt,
while for larger hunger values, the predator increases its efficiency. We will see
in a later section exactly how these assumptions relate to some of the classical
functional responses found in the literature.

We write the system (1.3) in nondimensional form, using the same notations:
∂tρ+ ∂λ

(
(α1 − α2wλ)ρ

)
= ρα3β(z)

w′(t) = w(1− w)− wuγ(z),
(1.4) Sist2

u(t) =

∫ +∞

0

ρ(t, λ) dλ, z(t) =
1

u(t)

∫ +∞

0

λρ(t, λ) dλ,
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where we set β(z) = β1(z). The new variables are

ρ(t, λ) =
1

ρ
ρold(t/r, zcλ), w(t) =

1

K
wold(t/r)

with ρ = r
bzc

, and the nondimensional parameters are

α1 =
a1
rzc

, α2 =
a2K

r
, α3 =

β0
r
.

Note that now, β(1) = 0 and β(0) = 1. Therefore the rescaling normalizes the
critical mean hunger and the prey carrying capacity and growth rates to one.

The focus of our work will be to analyse the system (1.4), both for well-
posedness and large time asymptotic results, and also to attempt to show the
consistence of the model with previous, more classical models. Regarding the
mathematical analysis, the first equation in (1.4) is a nonlocal transport equa-
tion. It may be seen as nonlocal in time as well as in space, due to the presence
of the prey quantity w(t) in the transport term. As such, its analysis is bound to
present some challenges— see, for instance [3] or the examples in [10] for some
of the difficulties that occur in structured models. Indeed, we find that the
well-posedness result (Theorem 3.3 below) contains some technically delicate
passages.

An outline of the paper follows. In Section 2, we deduce from (1.4) a sys-
tem of ordinary differential equations for the quantities w, u, and z. We then
show how this new system can provide an alternative interpretation (in terms
of hunger dynamics) of predator-prey systems with Holling-type functional re-
sponse. This is done by considering an asymptotic regime of fast hunger varia-
tion. Additionally, we consider some modelling situations which are better rep-
resented in terms of hunger dynamics (namely hunting for sport and very hungry
predators becoming prey), and use this approach to deduce which Holling-type
functional responses correspond more closely to those situations. This provides,
in effect, a way to interpret a given functional response of a Holling-type system
in terms of hunger dynamics.

In Section 3, we prove our main well-posedness results for (1.4). This is
achieved by means of a fixed-point method and presents some technical chal-
lenges due to the nonlocal character of the transport equation.

In Section 4, we show that the asymptotic behaviour of the solutions of
the transport equation (1.4) is completely described by the solutions of the
corresponding ODE system (2.1), in the sense that solutions ρ(t, λ) concentrate
on Dirac deltas at λ = 1 as long as the initial data lie in the basin of attraction
of the interior equilibrium point of the ODE system.

In Section 5, we present and discuss some numerical simulations to showcase
the behaviour of the systems (1.4) and (2.1). In particular, we find evidence
of a Hopf bifurcation for (2.1). Next, we simulate the transport equation using
a finite volume scheme, and use that to illustrate the asymptotic results in
Section 4.

Finally, in Section 6 we discuss limitations and possible extensions of the
model.
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2 Derivation and new interpretation of existing
models

deriv
The system (1.4) can be seen as a nonlocal in space and time transport equation.
As such, its analysis and simulation present challenges and it might be useful to
consider an associated system of ordinary differential equations obtained from
integral quantities of (1.4). To this end, we integrate the first equation of (1.4)
on λ ∈ (0,+∞). We keep the calculations formal at this point. From (1.2) we
find supposing that ρ(0) = ρ(+∞) = 0,

u′(t) = α3β(z(t))u(t).

Next, an easy calculation gives

z′(t) = α1 − α2w(t)z(t).

Note that this equation is independent of the expression of β(z). Together with
the second equation of (1.4), we find the system

u′ = α3uβ(z)

z′ = α1 − α2wz

w′ = w(1− w)− wuγ(z)

(2.1) ode

where u is the predator, w the prey, z is the mean hunger, α1,2,3 > 0 are
constants, and the responses β, γ are described after (1.4). The simplest choice
of β is β(λ) = 1− λ, which is in agreement with the phenomenology. However,
this case is not included in the well-posedness results below, which assume for
technical reasons that β is bounded from below. Rather, typical functional
responses β(z) and γ(z) are given in (2.10) and (2.12) and are depicted in Fig.2
below.

Under the condition α1 < α2, which we will henceforth assume, the only
nontrivial steady state of (2.1) is

(w∗, u∗, z∗) =
(α1

α2
,
α2 − α1

α2γ(1)
, 1
)
. (2.2) sss

Of course it is of interest to investigate the stability of the equilibrium. However,
we leave this question unattended for now, as it would fall outside the scope of
the present paper. Indeed, the numerical simulations we present below indicate
that (2.2) is stable for a wide range of parameters. Moreover, a Hopf bifurcation
is seen to occur in the numerical simulations. To analyse these questions with
further care, we postpone a more in-depth analysis of (2.1) to future work.

At present, we will study the relation between the model (2.1), which in-
cludes hunger dynamics, and some well-known predator-prey models from the
literature. Since we shall focus on 2-dimensional models, we must find a way to
reduce the system (2.1) to two equations.
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2.1 Fast hunger variation regime
One possible asymptotic regime is when the change in hunger due to prey con-
sumption, or due to absence of prey (which are controlled by the parameters
α1 and α2) is very fast. This way, we expect the presence of prey to have
an almost immediate effect on the hunger, and consequently, on the predator’s
growth/death rate. One way to achieve this is to set α1 = 1/ε, α2 = a/ε, for
some a > 1 (since we suppose that α2 > α1, cf. (2.2)). That way, the second
equation becomes

εz′(t) = 1− awz,

and so sending ε to zero we obtain formally that z = (aw)−1. Substituting in the
first and last equations of (2.1), we find the system with fast hunger variation

u′ = α3uβ
( 1

aw

)
w′ = w(1− w)− wuγ

( 1

aw

) (2.3) ode20

in which the modeling parameters are now α3 and a = α2/α1.

2.2 Relation to Holling-type functional response
We are interested in recovering from (2.3) systems of the general form{

u′ = −αu+ uφ(w)

w′ = w(1− w)− uφ(w),
(2.4) ode6

which will also allow us to gain some new insights on the well-studied system
(2.4). One well-known example on which we will focus is the (general) Holling-
type response

φ(w) =
mwp

c+ wp
(2.5) hhh

(see for instance [16] and the references therein), but in general, the model (2.4)
is meaningful with φ verifying the conditions

φ(0) = 0, φ′(w) ≥ 0, φ(+∞) = m > α. (2.6) wwee

Then, by comparison, the models (2.3) and (2.4) will coincide as long as the
functions β, γ and φ verify the relations

α3β((aw)−1) = φ(w)− α, wγ((aw)−1) = φ(w). (2.7) gb

For this (recalling that z = (aw)−1 for some a) it suffices to set

β(z) =
1

α3

(
φ
(
(az)−1

)
− α

)
, γ(z) = azφ

(
(az)−1

)
. (2.8) bg

We now focus on the case (2.5). Having a solution of (2.4),(2.5), we want to
find the parameters α3 and a (recall that finding a defines α1, α2 in (1.4)) such
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that (2.3) and (2.4) coincide. Recall that β should verify β(0) = 1 and β(1) = 0
(which is a consequence of the nondimensionalization procedure). From the first
of these conditions and (2.5),(2.8) we easily find that α3 = m − α. Next, the
fact that β(1) = 0 implies from (2.8) that a > 1 should be chosen as

a =
(m− α

cα

)1/p
, (2.9) a10

and from this we see that we should have m > α and also c < m−α
α . Therefore

choosing a, α3, and β, γ given by (2.8), then (2.3) and (2.4) are the same system.
Then, according to our heuristics, at least formally the original systems (1.4)
and (2.1) will be close to the Holling-type system (2.4), (2.5) if we choose large
α1 and α2 = aα1.

We present in Fig.1 a brief numerical test to illustrate that conclusion. We
can see that a fixed solution of the Holling-type system (2.4) (the dashed lines),
is better and better approximated by the solutions of the system (2.1) as the
values of α1 are chosen ever larger. For α1 = 50 the two curves are almost
indistinguishable.

It is useful to interpret the shape of the functions β and γ resulting from the
above procedure, since this provides some new insights into the classical choice
of response function (2.5). From (2.8) we find that

γ(z) = ma
z

c(az)p + 1
, (2.10) gaga

with a given by (2.9)1. Now, γ verifies γ(0) = 0, γ′(0) = ma > 0, and, for p > 1,

γ(+∞) = 0, arg max
z≥0

γ(z) =
1

a(c(p− 1))1/p
> 0. (2.11) gg

Thus, going back to the system (2.1), where γ can be interpreted as defining the
predatory behaviour of the predators as a function of mean hunger, we can say
that a Holling-type response (2.5) with p > 1 corresponds to a situation where
hunting activity (or efficiency) vanishes when the predator is sated, attains a
maximum value for medium values of the hunger, and falls off for larger values
of hunger; depending on the particular setting, this may be reasonable since
predators that are too hungry cannot hunt anymore.

Additionally, for p > 1, the growth/death rate β is given by

β(z) =
1

m− α

( m

capzp + 1
− α

)
(2.12) bbtt

with a in (2.9)) and so verifies β(0) = 1, β(1) = 0 and β(+∞) = −α
m−α < 0.

1For completeness, the expression of γ in terms of m,α, c becomes

γ(z) =
m(m− α)

c1/p

(m− α

α

) 1−p
p z

zp(m− α) + α
.
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α1 = 1 α1 = 4

α1 = 12 α1 = 50

Figure 1: Comparison between the solution of the Holling-type system (2.4) (in
dashed line, predator in black, prey in blue) and of the system (2.1) (in full
line, predator in black, prey in blue), for different values of α1. We used (2.5),
α = 3,m = 6, p = 3, c = 3/10. Horizontal axis is time. comp
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γ(z)
p > 1

β(z)

mean hunger z

γ(z)
p = 1

β(z)

mean hunger z

Figure 2: Typical predator growth rate β and predation efficiency γ functions,
corresponding through (2.8),(2.9) to the Holling-type response (2.5) for α =
2,m = 3, c = 2, p = 4 (left) and α = 0.8,m = 3, c = 2, p = 1 (right). one

Therefore, the Holling-type model with p > 1 represents the behavior of
predators in system (2.1) with a hunger response γ(z) of type (2.11) and a
predator growth rate β(z) of type (2.12), in the asymptotic regime of fast hunger
variation; see Fig.2 (left) for an illustration.

In contrast, when p = 1 (which corresponds to a Holling type II response in
the literature) we have that γ(+∞) = m/c, and so in that model the hunger
response does not fall off as hunger increases, but rather stabilises on a constant
value. The functions γ and β for situation are depicted in Fig.2 (right).

We summarise our findings with the following result:

Proposition 2.1. Let the parameters m > α > 0, c > 0 be given. Consider
a solution (u(t), w(t)) of the Holling-type predator-prey system (2.4),(2.5) such
that u,w > 0. Then, (u(t), w(t)) is a solution to the fast hunger variation
system (2.3), as long as α3 = m− α, and β, and γ are defined by the relations
(2.8),(2.9).

Moreover, formally at least, the relations (2.8),(2.9) allow us to establish a
correspondence between Holling-type functional responses (2.5) and the preda-
tor growth rate β(z) and predation efficiency γ(z). This means that a partic-
ular functional response (2.8) may be interpreted as the fast hunger variation
asymptotic regime for a system of type (2.3), for predator growth rate β(z) and
predation efficiency γ(z) given by (2.8),(2.9).

In other words, the relations (2.8),(2.9) provide a “dictionary” between the
modelling interpretations used in systems of Holling type (2.4),(2.5) and the
modelling framework proposed in this work, at least in the fast hunger variation
regime.

Interestingly, it is not possible to obtain the classical Lotka-Volterra system,
which corresponds to taking φ(w) = mw. Indeed, while we easily obtain that
γ(z) = m, we would also have from (2.8) that α3β(0) = +∞.
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2.3 Two new models: hunting for sport, and weak preda-
tor becomes prey

To illustrate the above procedure, let us analyse two cases which, as far as we
could tell, have not been described in the literature.

2.3.1 Hunting for sport

We have seen that the classical Holling-type functional responses (2.5) with
p ≥ 1 corresponds to a response function γ(z) with γ(0) = 0. This reflects
a situation in which predator efficiency goes to zero as the predator becomes
sated, and so does not need to hunt.

The first new case we consider is the case where the predator continues to
hunt even when sated. This may be a viable strategy, either to build up reserves
of food for later consumption, or for practice as can be observed in household
felines. This situation corresponds to supposing that γ(0) = γ0 > 0 in the model
(1.4). We will further suppose that γ(+∞) = 0. For the sake of simplicity, take
for instance

γ(z) = γ0e
−z. (2.13) spt

Then, taking the limit of fast hunger variation as in (2.3) and the subsequent
analysis, we see from (2.7) that the corresponding Holling-type system will have
a prey equation

w′ = w(1− w)− uφ(w),

with
φ(w) = γ0we

− 1
aw , (2.14) peq

see Fig.3. Thus, while φ(0) = 0, we have φ(+∞) = +∞ and φ grows linearly at
infinity. According to our analysis, then, a model with functional response (2.14)
(or, more generally, having similar qualitative properties as (2.14)) corresponds
to a case where predators still hunt prey even when they are sated. Note that
it is unclear how one could arrive at this interpretation without the foregoing
analysis, only by inspecting the form of the functional responses.

2.3.2 Weak predators become prey

For the second new case we will consider a situation where weak predators
become prey. That is, in model (2.1) we suppose that for large values of mean
hunger z, we have γ(z) < 0. This might mean that very hungry predators
become very weak and so can themselves be killed by the prey species; for
instance, if the predator is an animal that preys on ants, which can, in turn,
prey on the animal if it is weak enough. To make matters concrete, we may
suppose that

γ(z) =
z − εzp

zp + 1
, (2.15) tyty

with p > 1, so that γ(0) = 0, while γ(∞) = −ε (see Fig.4).
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γ(z)

φ(w)

w, z

Figure 3: The predator efficiency function γ(z) in the case (2.13) of hunting
for sport – that is, γ(0) > 0 – (solid line) and the corresponding Holling-type
functional response for the prey equation φ(w) (dashed line, (2.14)). Observe
that, in contrast to the usual Holling-type functional responses (2.5), we have
φ(∞) =∞. pp

According to the same procedure as above, we now find in the prey equation
of system (2.4) the corresponding functional response φ

φ(w) =
wp − εw
wp + 1

. (2.16) hjhj

Note that now, φ(w) ≤ 0 for small values of w, while φ(∞) = 1.
This shows that a Lotka-Volterra Holling-type system (2.4) may still have

a valid biological interpretation when the response functions are not the ones
usually found in the literature.

To summarise this section, we have seen that giving particular classes of
functional responses β, γ in (2.1), which interpret the dynamics of the population
relative to the mean hunger level, can create, in the fast hunger variation regime,
new two-dimensional systems of a more traditional Holling type. Conversely,
choosing particular phenomenologies for the functional responses in Holling-type
systems (2.4), we gain from this procedure, via (2.7),(2.8), new interpretations
of existing models in terms of hunger response. This has been exemplified above
in the case of traditional Holling functional responses, as well as in two cases
which, to the best of our knowledge, have not been considered before.

3 Well-posedness results
secwp

In this section we present and prove some well-posedness results for the nonlocal
transport equation (1.4). We will rely heavily on the method of characteristics
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γ(z)

φ(w)

w, z

Figure 4: The predator efficiency function γ(z) in the case weak predators
become prey (solid line, (2.15)) and the corresponding Holling-type functional
response for the prey equation φ(w) (dashed line, (2.16)). Observe that, in
contrast to the usual Holling-type functional responses (2.5), we have φ(w) ≤ 0
near zero. Here, we take ε = 3/10, p = 3. weak

[10], and some aspects of our approach are inspired by [3]. We will begin with
some basic properties of the characteristic curves of the equation and define the
concept of solution we will use. Then we are in a position to state the main
well-posedness result of this work, Theorem 3.3.

Characteristic curves and notations.

The characteristic equation for (1.4) is

λ′(t) + α2w(t)λ(t) = α1

with solution

λ(t) = λ(0)e−α2

∫ t
0
w(s) ds + α1

∫ t

0

e−α2

∫ t
s
w(r) dr ds.

For each t ≥ 0, the characteristics define a diffeomorphism from R to R.
We draw the reader’s attention to the following non-standard notations for the
action of these diffeomorphisms. Given λ ∈ R (which we think of at t = 0), we
denote by λ↑t the image of λ by that diffeomorphism,

λ↑t = λe−α2

∫ t
0
w(s) ds + α1

∫ t

0

e−α2

∫ t
s
w(r) dr ds. (3.1) car1

Conversely, if we now think of λ ∈ R as being at t > 0, we denote by λ↓t the
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image of λ by the inverse diffeomorphism,

λ↓t = λeα2

∫ t
0
w(s) ds − α1

∫ t

0

eα2

∫ s
0
w(r) dr ds. (3.2) car2

This way, (λ↓t)↑t = (λ↑t)↓t = λ and, more generally, (λ↑t)↓s = λ↑(t−s), (λ↓t)↑s =
λ↓(t−s). Therefore, the characteristic starting at some λ at t = 0 passes by the
point (t, λ↑t). Likewise, given λ ∈ R, the foot of the characteristic passing by
(t, λ) is (0, λ↓t).

Using this notation, the change of variable formula, which will be used
throughout, reads ∫

R
ρ(λ) dλ =

∫
R
ρ(λ↓t)eα2

∫ t
0
w(s) ds dλ. (3.3) chv

Main results

Integrating a solution along the characteristics motivates (as in [3]) the following
definition:

def Definition 3.1. A solution of problem (1.4) is a pair ρ, w satisfying for almost
every t > 0, λ ∈ R,

(1 + |λ|)ρ(t, λ) ∈ L1(R), w ∈ C1(R+),
ρ(t, λ) = ρ0(λ↓t) exp

(∫ t

0

α3β
(
z(s)

)
+ α2w(s) ds

)
,

w′(t) = w(1− w)− wu(t)z(t),

ρ0(λ) ≥ 0, supp ρ0 ⊂ (0,+∞), u(0) > 0, w(0) = w0 > 0.

(3.4) sol10

where we recall from (1.4) that u(t), z(t) are defined by

u(t) =

∫ +∞

0

ρ(t, λ) dλ, z(t) =
1

u(t)

∫ +∞

0

λρ(t, λ) dλ.

First, observe that from the equation for w we can see that w(t) > 0 for all
t if w(0) > 0. Also, w′ ≤ w(1 − w) and so we have w(t) ≤ max(1, w(0)) for all
t > 0. These facts imply that the characteristics are globally defined in time
and that for each t ≥ 0 the mapping λ 7→ λ↑t is indeed a diffeomorphism on
R. That way, ρ(t, λ) is well defined for all t > 0, λ ∈ R. Also, the right-hand
side of (3.4) depends on the values of ρ on the time interval (0, t), through the
coupling induced by w.

The following proposition, whose easy proof we omit for the sake of brevity,
provides a positivity property.

sss10 Proposition 3.2. If supp ρ0 ⊂ (0,+∞) and u(0), w(0) > 0, then the same
happens for all t > 0. In particular, z(t), u(t) > 0 and w(t) > 0 for all t.
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In order to prove our main well-posedness result, we make the following
assumptions on the growth rate and predator efficiency functions, which we
suppose sufficiently smooth:

∀z ≥ 0, β′(z) ≤ C, β(z) ≥ −cβ ,
γ(z) ≥ 0, γ(z) ≤ Lγ |z|+ Cγ , |γ(z)− γ(v)| ≤ Lγ |z − v|.

(3.5) conds1

theo10 Theorem 3.3. Suppose that w(0) > 0, ρ0 ∈ C1(R) such that
∫
R ρ0 dλ > 0,

(1 + |λ|2)ρ′0(λ) ∈ L1(R), and supp ρ0 ⊂ (0,+∞). Let β(z) and γ(z) verify the
assumptions in (3.5). Then, there exists a unique solution of the system (1.4)
in the sense of Definition 3.1.

Proof. Let T > 0 be fixed, but arbitrary. During the proof, we will use the
notation u[ξ](t) =

∫
R ξ(t, λ) dλ and a similar notation for the mean hunger

z[ξ](t). In view of using a fixed-point argument, we will consider the following
norm on a suitable metric space:

‖ξ‖E = sup
[0,T ]

e−kt‖ξ‖L1(R;(1+|λ|)dλ) = sup
(0,T )

e−kt
∫
R
ξ(t, λ)(1 + |λ|) dλ. (3.6) norm

where k > 0 is to be specified later. Let 0 < R0 < R and R1 (also to be specified
later) depend only on the initial data and T , and let E be the complete metric
space of the functions

ξ(t, λ) ∈ L∞
(
0, T ;L1(R; (1 + |λ|) dλ)

)
satisfying the conditions for t ∈ [0, T ],

0 < R0 ≤ ‖ξ‖L1 , ‖ξ‖E ≤ R, (3.7) cond10

z[ξ](t) ≡
∫
R |λ|ξ dλ∫
R ξ dλ

≤ R1. (3.8) condz

Consider the map Φ : E→ E which to ξ ∈ E associates the solution ρ to the
problem 

ρ(t, λ) = ρ0(λ↓t) exp
(∫ t

0

α3β
(
z[ξ](s)

)
+ α2w(s) ds

)
,

w′(t) = w(1− w)− wu[ξ]γ(z[ξ]).

w(0) = w0 > 0,

(3.9) sol14

For ξ1, ξ2 ∈ E, notice that we will have not only w1 and w2 but also λ↓t1 and
λ↓t2 , since the characteristics depend on w. To be clear about the notation, we
have for i = 1, 2

λ↓ti = λeα2

∫ t
0
wi(s) ds − α1

∫ t

0

eα2

∫ s
0
wi(r) dr ds,

λ↑ti = λe−α2

∫ t
0
wi(s) ds + α1

∫ t

0

e−α2

∫ t
s
wi(r) dr ds.

14



We begin by proving that Φ maps E into itself. For this, we must prove that
ρ satisfies the properties in (3.7),(3.8). From (3.9), we find that∫

R+

ρ(t, λ)dλ =

∫
R+

ρ0(λ↓t) dλe
∫ t
0
α3β(z[ξ](s)) dse

∫ t
0
α2w(s) ds

=

∫
R+

ρ0(λ↓t) dλe
∫ t
0
α3β+(z[ξ](s)) dse

∫ t
0
α3β−(z[ξ](s)) dse

∫ t
0
α2w(s) ds,

(3.10) odod

with β+(z) = max(0, β(z)) and β−(z) = min(0, β(z)) ≤ 0. Therefore, using the
fact that β−(z) ≥ −cβ , we find∫

R+

ρ(t, λ)dλ ≥
∫
R+

ρ0(λ↓t) dλe−
∫ t
0
α3cβ dse

∫ t
0
α2w(s) ds.

Using the change of variable formula (3.3),∫
R+

ρ(t, λ)dλ ≥
∫
R+

ρ0(λ) dλe−tα3cβ

and so
‖ρ‖L1 ≥

∫
R+

ρ0(λ) dλe−tα3cβ .

Choosing

R0 ≤
∫
R+

ρ0(λ) dλe−Tα3cβ . (3.11) k1

we see that in fact
‖ρ‖L1 ≥ R0,

which is the lower bound in (3.7).
Now consider the upper bound in (3.7). We have from (3.9) (recalling (3.6)),

‖ρ‖E ≤
∫
R+

(1 + λ)ρ0(λ↓t)e
∫ t
0
α2w(s) ds dλet(α3−k),

where we used the fact that β(z) ≤ 1 for all z. So, using (3.3),(3.2),

‖ρ‖E ≤
∫
R+

ρ0(λ)
(

1 + α1

∫ t

0

e−α2

∫ t
s
w(r) dr ds+ λe−α2

∫ t
0
w(s) ds

)
dλet(α3−k)

≤
∫
R+

ρ0(λ)(1 + α1t+ λ) dλet(α3−k)

≤ et(α3−k)(1 + α1t)

∫
R+

ρ0(λ)(1 + λ) dλ.

Since t 7→ α1te
t(α3−k) attains the maximum value α1

e(k−α3)
at t = (k − α3)−1

then taking
k >

α1

e
+ α3 (3.12) kkk1
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and
R ≥ 2

∫
R+

ρ0(λ)(1 + λ) dλ (3.13) RRR

gives
‖ρ‖E ≤ R, ∀t < T.

This proves the upper bound in (3.7).
Finally, we show that ρ satisfies the estimate in (3.8). We have from (3.9),(3.3),(3.1),∫

R λρ dλ∫
R ρ dλ

=

∫
R ρ0(λ)λ↑t dλ∫
R ρ0(λ) dλ

≤
∫ t

0

e−α2

∫ t
s
w dr ds+

∫
R ρ0(λ)λe−α2

∫ t
0
w ds dλ∫

R ρ0(λ) dλ

≤ T +

∫
R ρ0(λ)λ dλ∫
R ρ0(λ) dλ

.

So choosing

R1 ≥ T +

∫
R ρ0(λ)λ dλ∫
R ρ0(λ) dλ

, (3.14) R1

we see that ρ verifies the estimate (3.8). This proves that Φ maps E into E.
We now prove that the map Φ is a contraction on E with the norm (3.6).

Denoting for i = 1, 2

θi(t) := e
∫ t
0
α3β(z[ξi](s)) ds, (3.15) ttt

we find from (3.9)

|ρ1 − ρ2| =
∣∣∣ρ0(λ↓t1 )eα2

∫ t
0
w1(s) dsθ1(t)− ρ0(λ↓t2 )eα2

∫ t
0
w2(s) dsθ2(t)

∣∣∣
≤ θ1(t)

∣∣∣ρ0(λ↓t1 )eα2

∫ t
0
w1(s) ds − ρ0(λ↓t2 )eα2

∫ t
0
w2(s) ds

∣∣∣
+
∣∣θ1(t)− θ2(t)

∣∣ρ0(λ↓t2 )eα2

∫ t
0
w2(s) ds.

Now multiply by (1 + |λ|)e−kt and integrate in λ for fixed t > 0. Recall that
due to Proposition 3.2, the resulting integral can be restricted to R+. Thus,

e−kt
∫
R+

|ρ1(λ)− ρ2(λ)|(1 + |λ|) dλ

≤ θ1(t)e−kt
∫
R+

∣∣∣ρ0(λ↓t1 )eα2

∫ t
0
w1(s) ds − ρ0(λ↓t2 )eα2

∫ t
0
w2(s) ds

∣∣∣(1 + λ) dλ

+
∣∣θ1(t)− θ2(t)

∣∣e−kteα2

∫ t
0
w2(s) ds

∫
R+

ρ0(λ↓t2 )(1 + λ) dλ =: A+B.

(3.16) ab10
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We estimate A. We have

A ≤ θ1(t)e−kteα2

∫ t
0
w1(s) ds

∫
R+

(1 + λ)
∣∣ρ0(λ↓t1 )− ρ0(λ↓t2 )

∣∣ dλ
+ θ1(t)e−kt

∣∣∣eα2

∫ t
0
w1(s) ds − eα2

∫ t
0
w2(s) ds

∣∣∣ ∫
R+

ρ0(λ↓t2 )(1 + λ) dλ

= A1 +A2.

(3.17) a12

Then, by the change of variable formula (3.3),

A1 = θ1(t)e−kt
∫
R+

(
1 + α1

∫ t

0

e−α2

∫ t
s
w1(r) dr ds+ λe−α2

∫ t
0
w1(s) ds

)∣∣ρ0(λ)− ρ0((λ↓t2 )↑t1 )
∣∣ dλ

≤ θ1(t)e−kt
∫
R+

(
1 + α1t+ λ

)∣∣∣ ∫ (λ↓t2 )↑t1

λ

ρ′0(α) dα
∣∣∣ dλ,

where

(λ↓t2 )↑t1 = λ↓t2 e
−α2

∫ t
0
w1(s) ds + α1

∫ t

0

e−α2

∫ t
s
w1(r) dr ds

=
(
λeα2

∫ t
0
w2(s) ds − α1

∫ t

0

eα2

∫ s
0
w2(r) dr ds

)
e−α2

∫ t
0
w1(s) ds + α1

∫ t

0

e−α2

∫ t
s
w1(r) dr ds

= λeα2

∫ t
0
w2−w1 ds + α1

∫ t

0

(
1− eα2

∫ s
0
w2−w1 dr

)
e−α2

∫ t
s
w1 dr ds

=: λg(t) + h(t).

This way, ∣∣∣ ∫ (λ↓t2 )↑t1

λ

ρ′0(α) dα
∣∣∣ dλ =

∣∣∣ ∫ λg(t)+h(t)

λ

ρ′0(α) dα
∣∣∣

≤
∫ λmax(1,g(t))+max(0,h(t))

λmin(1,g(t))+min(0,h(t))

|ρ′0(α)| dα

and so

A1 ≤ θ1(t)e−kt
∫
R+

(
1 + α1t+ λ

) ∫ λmax(1,g(t))+max(0,h(t))

λmin(1,g(t))+min(0,h(t))

|ρ′0(α)| dα dλ.

There are four cases to consider, depending on whether or not g(t) > 1 or
h(t) > 0. They are all treated in a similar way and all result in the same
estimate, so for the sake of brevity we present the case where g(t) > 1 and
h < 0. We have by Fubini’s Theorem

A1 ≤ θ1(t)e−kt
∫
R+

(
1 + α1t+ λ

) ∫ λg−|h|

λ

|ρ′0(α)| dα dλ

= θ1(t)

∫
R+

|ρ′0(α)|
∫ max(α,

α+|h|
g )

min(α,
α+|h|
g )

(
1 + α1t+ λ

)
e−kt dλ dα.

(3.18) A111
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Computing the innermost integral turns out

(1 + α1t)e
−kt
∣∣∣α− α+ |h|

g

∣∣∣+
e−kt

2

∣∣∣α− α+ |h|
g

∣∣∣∣∣∣α+
α+ |h|
g

∣∣∣
≤ e−kt 1

g

(
α|g − 1|+ |h|

)(
1 + α+ α1t+

1

2

(
α+

α+ |h|
g

))
.

(3.19) A222

Our main goal now is to estimate (3.19) in terms of ‖ξ1 − ξ2‖E. Let us recall
the expressions of g and h:

g(t) = eα2

∫ t
0
w2−w1 ds, h(t) = α1

∫ t

0

(
1− eα2

∫ s
0
w2−w1 dr

)
e−α2

∫ t
s
w1 dr ds.

(3.20) gh
To continue, we must first bound these terms in a crude way. First, note that

g(t) ≥ e−α2

∫ t
0
|w2−w1| ds ≥ e−2tα2(1+w(0))

This gives
1

g(t)
≤ e2tα2(1+w(0)). (3.21) gbelow

On the other hand, we have

|h| ≤ α1

∫ t

0

∣∣∣1− e−α2

∫ t
s
w1 dr

∣∣∣ ds
≤ α1t(1 + eα2t(1+w(0))).

(3.22) h9h9

To begin the bound of (3.19), consider that using (3.21),(3.22), we find

α+
α+ |h|
g

≤ α+ e2tα2(1+w(0))
(
α+ α1t

(
1 + eα2t(1+w(0))

))
≤ α+ αeCt + CteCt,

for a constant C depending only on α1, α2 and w(0). Therefore, after using
(3.21) again, (3.19) becomes

(3.19) 319≤ e−kt
(
α|g − 1|+ |h|

)
CeCt(1 + t+ α), (3.23) 319

with C still depending only on α1, α2 and w(0).
To proceed, we must bound e−tk|g − 1| and e−tk|h|. with the mean value

theorem and ‖wi‖∞ ≤ 1 + w(0), we get

|g(t)− 1|e−kt ≤
∣∣eα2

∫ t
0
w2 ds − eα2

∫ t
0
w1 ds

∣∣e−kt
≤ α2e

α2t(1+w(0))

∫ t

0

|w1(s)− w2(s)|e−kse−k(t−s) ds

≤ α2e
α2t(1+w(0)) sup

s∈(0,t)
|w1(s)− w2(s)|e−ks 1

k
.
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We see that it is necessary to bound |w1(s) − w2(s)|, and we provide such a
bound in the Appendix: using the estimate (A.4), we find

|g(t)− 1|e−kt ≤ C

k2
eCt‖ξ1 − ξ2‖E. (3.24) gg1

Similarly, we have

|h(t)|e−kt ≤ α1e
−kt

∫ t

0

∣∣eα2

∫ s
0
w2 dr − eα2

∫ s
0
w1 dr

∣∣ ds
≤ α1e

−kteα2t(1+w(0))α2

∫ t

0

∫ s

0

|w1 − w2| dr ds

≤ α1e
−kteα2t(1+w(0))α2t

∫ t

0

|w1 − w2| ds

≤ C

k2
teCt‖ξ1 − ξ2‖E.

(3.25) hh1

The purpose of these estimates was to bound (3.19), using (3.23). We find
from (3.24),(3.25)

e−kt
(
α|g − 1|+ |h|

)
CeCt(1 + t+ α) ≤ C

k2
eCt‖ξ1 − ξ2‖E(α+ t)(1 + t+ α)

≤ C

k2
eCt‖ξ1 − ξ2‖E(1 + t2 + α+ α2),

where C may change from line to line. This is the estimate for (3.19), which we
now plug into (3.18) to find after some simplification

A1 ≤ θ1(t)

∫
R+

|ρ′0(α)| C
k2
eCt‖ξ1 − ξ2‖E(1 + t2 + α+ α2) dα

≤ θ1(t)C
(1 + t2)eCt

k2
‖ξ1 − ξ2‖E

∫
R+

|ρ′0(α)|(1 + α+ α2) dα.

Recalling that 1 = β(0) = maxz β(z), we find from (3.15)

θ1(t) ≤ eα3t, (3.26) ttthhh

and so, for a different C,

A1 ≤
C(1 + t2)

k2
eCt‖ξ1 − ξ2‖E

∫
R+

|ρ′0(α)|(1 + α+ α2) dα.

Therefore we restrict k to ensure

C(1 + T 2)

k2
eCT

∫
R+

|ρ′0(α)|(1 + α+ α2) dα ≤ 1/4, (3.27) kkk4

which gives

A1 ≤
1

4
‖ξ1 − ξ2‖E, ∀t ≤ T. (3.28) AA11

19



Now we proceed to estimate A2 from (3.17). We have from (3.24),(3.26),

A2 = θ1(t)e−kt
∣∣∣eα2

∫ t
0
w1 ds − eα2

∫ t
0
w2 ds

∣∣∣ ∫
R+

ρ0(λ↓t2 )(1 + λ) dλ

≤ C

k2
eCt‖ξ1 − ξ2‖E×

×
∫
R+

(
1 + α1

∫ t

0

e−α2

∫ t
s
w2 dr ds+ λe−α2

∫ t
0
w2 ds

)
ρ0(λ) dλ

≤ C

k2
eCt‖ξ1 − ξ2‖E

∫
R+

(
1 + α1t+ λ

)
ρ0(λ) dλ

≤ C(1 + t)

k2
eCt‖ξ1 − ξ2‖E

∫
R+

(1 + λ)ρ0(λ) dλ.

Taking k so large that

C(1 + T )

k2
eCT

∫
R+

(1 + λ)ρ0(λ) dλ ≤ 1/4, (3.29) kkk4.5

we conclude that A2 ≤ 1
4‖ξ1 − ξ2‖E. This estimate together with (3.28) gives

that
A ≤ 1

2
‖ξ1 − ξ2‖E. (3.30) AA

It remains to estimate B in (3.16). Recall that

B =
∣∣θ1(t)− θ2(t)

∣∣e−kteα2

∫ t
0
w2(s) ds

∫
R+

ρ0(λ↓t2 )(1 + λ) dλ,

and we have already estimated

eα2

∫ t
0
w2(s) ds ≤ eCt

and ∫
R+

ρ0(λ↓t2 )(1 + λ) dλ ≤ CR(1 + t).

It remains to bound |θ1(t)− θ2(t)|e−kt. We have with the mean value theorem

|θ1(t)− θ2(t)|e−kt ≤ etα3

∫ t

0

α3

∣∣β(z[ξ1](s))− β(z[ξ2](s))
∣∣e−kt ds

≤ eCtα3‖β′‖∞
∫ t

0

∣∣z[ξ1](s)− z[ξ2](s)
∣∣e−kt ds.

In the Appendix we provide the estimate (A.1) which gives the bound

|θ1(t)− θ2(t)|e−kt ≤ CeCt‖ξ1 − ξ2‖E
∫ t

0

e−k(t−s) ds

≤ C e
Ct

k
‖ξ1 − ξ2‖E.
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The estimate for B is thus (for a C depending only on the data of the problem
and T )

B ≤ C e
Ct

k
‖ξ1 − ξ2‖E.

Now add the constraint to k that

C
eCT

k
≤ 1/4 (3.31) kkk5

to get

B ≤ 1

4
‖ξ1 − ξ2‖E. (3.32) BBB

Finally, taking the estimates of A and B (3.30) and (3.32) together in (3.16),
we conclude that

‖ρ1 − ρ2‖E ≤
3

4
‖ξ1 − ξ2‖E,

which gives that the mapping Φ is a contraction on E, as long as k is large
enough that (3.12),(3.27) and (3.31) hold. By the Banach fixed point Theorem,
there exists a unique solution of the problem (3.4) on [0, T ], with T > 0 chosen
arbitrarily. The C1 property of w follows easily. This finishes the proof of
Theorem 3.3.

4 Asymptotic behavior for the transport equa-
tion

secasym
In Section 2, we deduced a system of ODEs, system (2.1), which governs the
evolution of integral quantities associated to a solution ρ(t, λ) of (1.4). In this
section, we will prove that when u0, w0, z0 lie in the basin of attraction of the
equilibrium (2.2), then any solution of the transport equation (1.4) with initial
data ρ0, w0 such that u[ρ0] = u0 and z[ρ0] = z0 tends to a Dirac delta concen-
trated on the point λ = 1. In this way, we see that at least for those initial
data, the long-time dynamics of the solution to the transport equation (1.4) is
completely described by the long-time behaviour of the ODE (2.1).

This may be a useful result, since the numerical simulation of a solution
approaching a Dirac delta in the hunger variable λ is challenging, as the spatial
resolution of any method will eventually be superseded. In these cases, the study
of the ODE will provide, according to our result, all the information about the
solution for large times.

4.1 Asymptotic behavior for the solution of the transport
equation

asymp Theorem 4.1. Suppose that the initial data ρ0, w0 are such that (w0, u0, z0)
lies in the basin of attraction of the equilibrium (2.2). Then, the solution ρ(t, λ)
converges to the delta distribution ρ∞ = u∗δλ=z∗ as t→ +∞.
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The proof will rest upon the following Lemma, stating that when the equilib-
rium point is asymptotically stable, all the characteristic curves of the equation
essentially end up concentrating on λ = 1.

lem10 Lemma 4.2. With the assumptions of Theorem 4.1, we have for all λ ∈ R (cf.
(3.1))

lim
t→+∞

λ↑t = 1. (4.1) kiki

Proof. We can easily believe the result, since if w(t) ≡ w∗, then the above limit
is computed explicitly and gives 1. More generally, supposing that the initial
data is in the basin of attraction of the equilibrium (2.2), then we have that
limt→∞

∫ t
0
w(s) ds = +∞, since w(t)→ w∗ > 0. Then, the first term of

λ↑t = λe−α2

∫ t
0
w(s) ds + α1

∫ t

0

e−α2

∫ t
s
w(r) dr ds

goes to zero regardless of the value of λ. It remains to check that the second
term goes to 1. First, note that it is bounded, and bounded away from zero.
Indeed, this follows easily from the fact that w is continuous on [0,+∞) and
has a limit, and so is uniformly bounded. For this reason, we can multiply
and divide α1

∫ t
0
e−α2

∫ t
s
w(r) dr ds by etα1 and use l’Hôspital’s rule. Note that

etα1 = eα2

∫ t
0
w∗ dr and so the numerator in l’Hôspital’s rule is

etα1α1

∫ t

0

e−α2

∫ t
s
w(r) dr ds = e−α2

∫ t
0
(w(r)−w∗) drα1

∫ t

0

eα2

∫ s
0
w(r) dr ds.

Therefore,

d

dt

(
α1e

tα1

∫ t

0

e−α2

∫ t
s
w(r) dr ds

)
= −α1α2(w(t)− w∗)e−α2

∫ t
0
(w(r)−w∗) dr

∫ t

0

eα2

∫ s
0
w(r) dr ds

+ α1e
−α2

∫ t
0
(w(r)−w∗) dreα2

∫ t
0
w(r) dr,

while, for the denominator in l’Hôspital’s rule, (etα1)′ = α1e
tα1 = α1e

α2

∫ t
0
w∗ dr.

So, after simplifying, we get

lim
t→∞

α1

∫ t

0

e−α2

∫ t
s
w(r) dr = lim

t→∞

α1e
tα1
∫ t
0
e−α2

∫ t
s
w(r) dr

etα1

= lim
t→∞

α2(w(t)− w∗)e−α2

∫ t
0
w(r) dr

∫ t

0

eα2

∫ s
0
w(r) dr ds+ 1

= lim
t→∞

α2(w(t)− w∗)
∫ t

0

e−α2

∫ t
s
w(r) dr ds+ 1.

Since the integral appearing in this expression is bounded (as we have seen),
and limt→∞ w(t) = w∗ by assumption, the above limit is 1, as we wished to
prove.
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Proof of Theorem 4.1. It it easy to see from the definition of u that limt→∞ ρ(t, λ) =
u∗δλ=1 is equivalent to

lim
t→∞

ρ(t, λ)

u(t)
= δλ=1.

Therefore, according to distribution theory, it is enough to show that

∀a > 0, lim
t→∞

1

u(t)

∫ 1+a

1−a
ρ(t, λ) dλ = 1. (4.2) rrr

Let 1 > ε′ > 0, and M0 :=
∫
R ρ0 dλ. Since ρ0 is integrable, we can find

λ′ > 0 large enough that
∫ λ′
−λ′ ρ0 dλ > M0(1 − ε′). Now, from (3.3) and (3.4),

we have for any t > 0∫ λ′

−λ′
ρ0 dλ = e−α3

∫ t
0
β(z(s)) ds

∫ (λ′)↑t

(−λ′)↑t
ρ(t, λ) dλ.

Next, take t′ large enough that for any t > t′ we have

((−λ′)↑t, (λ′)↑t) ⊂ (1− a, 1 + a);

this is possible due to Lemma 4.2. Then, recalling that from (3.4) we know that
u(t) = M0e

α3

∫ t
0
β(z(s)) ds, we find

1 ≥ 1

u(t)

∫ 1+a

1−a
ρ(t, λ) dλ ≥ 1

u(t)

∫ (λ′)↑t

(−λ′)↑t
ρ(t, λ) dλ

=
1

u(t)
eα3

∫ t
0
β(z(s)) ds

∫ λ′

−λ′
ρ0 dλ

=
1

M0

∫ λ′

−λ′
ρ0 dλ >

M0(1− ε′)
M0

= 1− ε′.

Since ε′ > 0 was arbitrary, we have proved (4.2). This completes the proof of
Theorem 4.1.

5 Numerical results
secnum

In this section, we present some numerical simulations of the transport equation
(1.4), as well as the associated ODE (2.1). In particular, we show evidence
of a Hopf bifurcation and we illustrate numerically the asymptotic result of
Section 4.1.

5.1 Numerical evidence of a Hopf bifurcation
In this numerical example, we present evidence of a Hopf bifurcation. We con-
sider the ODE system (2.1), with the simplest functional responses

β(z) = 1− z, γ(z) = z. (5.1) rtyu
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z(t)

w(t)

u(t)

t

t

Figure 5: Solutions and phase portrait of the system (2.1) with (5.1), for the
values α1 = 2, α2 = 3, with α3 = 3/2 (top) and α3 = 5 (bottom). We can see
the formation of a limit cycle. The phase portraits include several trajectories. hopf

In Fig. 5, we present two simulations showing the formation of a limit cycle
as the parameter α3 is changed. It is known that predator-prey systems with
functional responses of Holling type can exhibit Hopf bifurcations [16]. Here we
can see that (numerically at least) a Hopf bifurcation occurs as the parameter α3

passes a critical value. It is interesting to note that this bifurcation occurs even
in the case of the very simple functional responses (5.1). It should be possible
to determine this critical value and parameter regimes which give the presence
of limit cycles, although we leave that detailed analysis for future work.

As the parameter α3 gets larger, we can see in Fig. 6 that the limit cycle
gets closer to the coordinate planes, and the solution presents rapid “pulses” in-
terspersed by long periods of stagnation, where the predator population is very
close to zero. This phenomenon is related to the so-called “paradox of enrich-
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Figure 6: Solutions and phase portrait of the system (2.1) with (5.1), for the
values α1 = 2, α2 = 3, with α3 = 18. para

ment” [5], where a change in some parameter which would seem to benefit the
predator (in this case, increasing α3, which raises the efficiency of the predator;
classically, raising the prey carrying capacity) can actually lead to its extinction
– or, in the case of continuous models, to very small values, as observed here.

5.2 Numerical results for the transport equation and asymp-
totic behaviour

We use an upwind, first order finite volume scheme (with a simple quadrature
rule to compute the nonlocal terms) to simulate the transport equation (1.4). To
avoid boundary terms, we consider only initial data ρ0(λ) which are vanishingly
small outside a bounded set (the interval [0, 3] in our simulations), and we ensure
that the same remains true for positive times, as suggested by the concentration
properties of the characteristic curves in Lemma 4.2.

We compare the simulation of the PDE (1.4) with the solution of the corre-
sponding ODE (2.1). In particular, we are interested in illustrating the asymp-
totic result from Section 4. The numerical experiment is reported in Fig. 7. We
can see that as the spatial discretisation is refined (i.e., in the variable λ) – here
from 75 up to 300 points on the interval λ ∈ [0, 3] – the integral quantities u and
z computed from the solution of the PDE (1.4) get increasingly closer to the
solution of the ODE (2.1). In the bottom picture, where a limit cycle occurs,
we see that the PDE generates a limit cycle which is close, but not equal, to the
limit cycle of the ODE.

Note that in this last situation, the interior equilibrium point is not stable,
and so is out of the scope of the asymptotic result in Theorem 4.1. Nonwith-
standing, we observe numerically that the solution ρ(t, λ) still concentrates on
a Dirac delta, but this time concentrated along the limit cycle instead of the
equilibrium. Thus, we suspect that Theorem 4.1 can be generalised to the case
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u(t)

t
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Figure 7: Comparison of solutions of the system (2.1) (black, using (5.1)) with
w(t) and the integral quantities u(t), z(t) (red) computed from the solution of
the transport equation (1.4), for 75, 150, 200 and 300 spatial points (in the
variable λ) and α1 = 2, α2 = 3. Top: α3 = 3/2. Bottom: α3 = 4. figcomp

where a limit cycle exists. We present in Fig. 8 the solution ρ at time T = 40 of
a situation with the same parameters as in Fig. 7 (top), as well as the initial data
ρ0, consisting of two bumps. We can see that the solution becomes increasingly
concentrated around λ = 1, just as Theorem 4.1 predicts.

6 Limitations and further work
seclim

As described in the Introduction, we use as a starting point of our discussion the
dynamics given by the system (1.1) (in particular the prey equation featuring
logistic growth), in which the functional responses are very simple. Of course,
many more models have been proposed, see for instance [2, 6, 7, 8, 11, 14, 15].
Some more detailed descriptions have even been derived from first principles [4].
In this work, though, the discussion remains mostly descriptive: for instance,
the precise form of the transport term in (1.4) was introduced as conveniently
as possible to be coherent with our heuristic description, and still allow for
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ρ

λ

Figure 8: Solution ρ of the system (1.4) at T = 40 (solid line), using (5.1)
α1 = 2, α2 = 3, α3 = 1, with 300 spatial points, for initial data consisting of
two bumps (dashed line). Notice the formation of a Dirac delta. figbump

the “closing” of the system needed to deduce the ODEs in (2.1). Still, it is
possible to envision the use of a more precise formulation of the hunger/satiation
mechanism, which might give a more accurate formulation of the transport
terms. In the same vein, it would be interesting to generalise the analysis and
the modelling to some of the more general functional responses of the prey in
the absence of predator (instead of the logistic response) which are abundant
in the literature. Further, it should be possible to consider models with hunger
structure also in the case of competition models.

Another observation is that throughout this work the term “hunger” remains
ill-defined and purely descriptive. Indeed, we use the term as a proxy for some
behavioural aspect of the predator which may or may not consist purely of what
is intuitively known as hunger. It may represent something more biologically
meaningful such as stomach contents, nutrients ingested, body mass, or a com-
bination of those. We make no attempt to make this precise, in part to keep
the model general, but also to keep it relatively simple. It might be interesting
to study whether the introduction of a more specific notion of “hunger” could
allow for more refined models.

The careful study of the ODE system (2.1) will also be postponed to future
work. It is expected that results on the existence and stability of the equilibrium
can be achieved, as well as the proof of a Hopf bifurcation result. Global stability
results may also be considered [9, 17].

Our numerical experiments indicate that the asymptotic results of Section 4
may hold even in the case where there is a limit cycle in system (2.1) and the in-
terior equilibrium is unstable. It would be interesting to generalise Theorem 4.1
to this case as well.

Finally, it should be possible to generalise the well-posedness results in Sec-
tion 3 to include less regular initial data, for instance in appropriate Sobolev
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spaces.

A Estimates used in the proof of Theorem 3.3
Here we prove a few estimates which are used in the proof of Theorem 3.3.

Estimates involving |z1 − z2|.

The first is an estimate on the difference |z1(s)− z2(s)|, where we write zi(t) =
z[ξi](t). We find from (3.6),(3.7)

∣∣z1(s)− z2(s)
∣∣ =

∣∣∣ ∫R λξ1 dλ ∫R ξ2 dλ− ∫R λξ2 dλ ∫R ξ1 dλ∣∣∣∫
R ξ1 dλ

∫
R ξ2 dλ

≤
∫
R |λ||ξ1 − ξ2| dλ∫

R ξ1 dλ
+

∫
R |λ|ξ1 dλ

∫
R |ξ1 − ξ2| dλ∫

R ξ1 dλ
∫
R ξ2 dλ

≤ eks

R0
‖ξ1 − ξ2‖E(1 + z1(s)).

But according to (3.8) z1 ≤ R1, and so

∣∣z1(s)− z2(s)
∣∣ ≤ eks

R0
‖ξ1 − ξ2‖E(1 +R1) ≤ Ceks‖ξ1 − ξ2‖E, (A.1) zzzz

with C depending only on the data of the problem and T . For future reference,
we find also that

u1(s)
∣∣z1(s)− z2(s)

∣∣ ≤ ∫
R
|λ|ξ1 dλ−

∫
R |λ|ξ2 dλ∫
R ξ2 dλ

∫
R
ξ1 dλ

≤
∫
R
|λ||ξ1 − ξ2| dλ+

∫
R
|λ|ξ2 dλ

(∫
R ξ1 dλ∫
R ξ2 dλ

− 1
)

≤
∫
R
|λ||ξ1 − ξ2| dλ+

∫
R |λ|ξ2 dλ∫
R ξ2 dλ

(∫
R
|ξ1 − ξ2| dλ

)
and so, using (3.8), we have

u1(s)
∣∣z1(s)− z2(s)

∣∣ ≤ (1 +R1)eks‖ξ1 − ξ2‖E. (A.2) kfkf

Estimates involving |w1 − w2|.

Next is an estimate of |w1 − w2|, as follows. We have from (3.9)

(w1 − w2)′ = w1(1− w1)− w2(1− w2)− w1u1γ(z1) + w2u2γ(z2)

= w1 − w2 + (w2 − w1)(w1 + w2)

− (w1 − w2)u1γ(z1) + w2

(
u1γ(z1)− u2γ(z2)

)
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and so, integrating on (0, t), multiplying by sgn(w1(t) − w2(t)), using that
w1(0) = w2(0) and that ‖wi‖∞ ≤ max(1, w(0)) ≤ 1 + w(0), and discarding
a nonpositive term −|w1 − w2|u1γ(z1), we get

|w1(t)− w2(t)| ≤
∫ t

0

|w1(s)− w2(s)|
(
3 + 2w(0)

)
ds

+ (1 + w(0))

∫ t

0

∣∣u1(s)γ(z1(s))− u2(s)γ(z2(s))
∣∣ ds. (A.3) q1q1

For the second integral of (A.3) (evaluated at s), we have from (A.2) and (3.5)∣∣u1(s)γ(z1(s))− u2(s)γ(z2(s))
∣∣ ≤ |u1 − u2|γ(z1) + u2|γ(z1)− γ(z2)|
≤ C‖ξ1 − ξ2‖Eeks,

with C depending on Lγ , Cγ and R1. So, (A.3) becomes

|w1(t)− w2(t)| ≤
∫ t

0

|w1(s)− w2(s)|
(
3 + 2w(0)

)
ds

+

∫ t

0

C‖ξ1 − ξ2‖Eeks ds

≤ C
∫ t

0

|w1(s)− w2(s)| ds

+
C

k
‖ξ1 − ξ2‖E(ekt − 1),

or

|w1(t)− w2(t)| ≤ C
∫ t

0

|w1(s)− w2(s)| ds

+
C

k
‖ξ1 − ξ2‖E(ekt − 1),

with C depending on Lγ , Cγ , R,w(0), and R1. Using Gronwall’s Lemma, we get

|w1(t)− w2(t)| ≤ C

k
‖ξ1 − ξ2‖E(ekt − 1)eCt,

and finally

|w1(t)− w2(t)|e−kt ≤ C

k
‖ξ1 − ξ2‖EeCt. (A.4) www
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