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Abstract. We present, analyse and simulate a model for predator-prey interaction structured by3
hunger. The model consists of a nonlocal transport equation for the predator, coupled to an ordinary4
differential equation for the prey. We deduce a system of 3 ODEs for some integral quantities5
of the transport equation, which generalises some classical Lotka-Volterra systems. By taking an6
asymptotic regime of fast hunger variation, we find that this system provides new interpretations of7
classical Holling-type functional responses. We also show that, with a small extension, the system can8
reproduce predator-prey role reversal bistability results observed in the literature. We next establish9
a well-posedness result for the nonlocal transport equation. Finally, we show that in the basin of10
attraction of the nontrivial equilibrium, the asymptotic behaviour of the original coupled PDE-ODE11
system is completely described by solutions of the ODE system.12
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1. Introduction. The aim of the present work is to introduce a new model for16
predator-prey dynamics, which includes effects due to predator hunger. Specifically,17
in the context of the classical Lotka-Volterra predator-prey dynamics with logistic18
prey dynamics,19

(1.1)

{
u′ = αuw − u
w′ = βw(1− w − u)

20

(where u is the predator and w is the prey), it is assumed that predator efficiency,21
represented by the term αuw, depends only on the values of u and w, and a nondi-22
mensional constant α. The same remark is true even in the case of models allowing23
for more realistic functional responses than just αuw.24

In nature, however, it is to be expected that the level of hunger of an individual25
(in whatever way that is defined) will induce it to behave in distinct ways: when26
hunger is low, the predator feels sated and may allow itself to rest; in contrast, when27
hunger level is high, we may expect that a predator will try to increase its efficiency28
– for instance, by hunting less desirable prey, or trying harder to capture prey – but29
only up to a certain point, after which hunger will translate into an actual weakening30
of the individual and thus a reduction of its fitness. Conversely, a sated individual can31
be expected to have a greater reproductive potential, and so it is natural to assume32
that low values of hunger correlate with a greater fitness.33

According to this very broad description, we develop in this work a model with34
hunger structure, where at each time the predator population is described by the35
distribution of its hunger level. In the absence of prey, we can assume that the hunger36
level of the predator increases at a constant rate. However, when there is interaction37
between predator and prey, the prey is consumed and this leads to a decrease in the38
hunger level of the predator. Additionally, the hunger level of the predator has an39
effect on its reproductive ability, and on the predation efficiency, and so influences40
directly the evolution of the prey population.41
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2 P. AMORIM

Despite a large body of literature treating predator-prey interactions (to name42
just two books, [9, 12]), there does not seem to be any earlier work in this direction,43
except for [1, 13, 14]. In those works, the authors consider only a finite number of44
possible hunger (or, in some cases, nutrition) levels for the predator population, and45
so are restricted to a system of ordinary differential equations. Our approach differs46
in view of our use of a transport equation to describe the hunger structure. For many47
other examples of structured models in Biology, see the book [11].48

1.1. Formulation of the model: a nonlocal transport equation coupled49
to an ODE. Let us formulate the above observations more exactly, in order to arrive50
at a precise mathematical model. We suppose that the predator population is given51
as a density function ρ(t, λ), for t, λ > 0, in such a way that ρ(t, λ) represents the52
density of predators at time t, having hunger λ ≥ 0, where λ ' 0 represents low levels53
of hunger, and higher values of λ represent higher levels of hunger. Thus, for each54
time t, the function λ 7→ ρ(t, λ) gives the hunger distribution of the population at55
that time, and so

∫
R+
ρ(t, λ) dλ is the total population at time t. With this in mind,56

we define the population density u(t) and the mean hunger density z(t) by57

(1.2) u(t) =

∫ +∞

0

ρ(t, λ) dλ, z(t) =
1

u(t)

∫ +∞

0

λρ(t, λ) dλ.58

Fix zc > 0 and introduce a function βzc(z), such that βzc(0) = 1, βzc(·) > 0 on59
[0, zc), βzc(zc) = 0, and βzc(·) < 0 on (zc,+∞). The function β(z) may be described60
as the predator’s growth rate as a function of mean hunger. The simplest example is61

βzc(z) =
(

1− z

zc

)
,62

where the growth rate of the predators is positive for small values of hunger, and63
decreases until, after some critical mean hunger value zc it becomes negative, reflecting64
the fact that very hungry predators will have a negative net growth rate.65

Still in dimensional form, our model consists of the nonlocal transport equation66
for the predator density ρ coupled with an ordinary differential equation for the prey67
w,68

(1.3)


∂tρ(t, λ) + ∂λ

(
(a1 − a2w(t)λ)ρ(t, λ)

)
= ρ(t, λ)β0βzc(z(t))

w′(t) = rw(1− w/K)− bwu γ(z),
69

supplemented by initial data ρ0(λ) ≥ 0 and w0 ≥ 0, and where u(t), z(t) are given by70
(1.2).71

Let us analyse each term of (1.3). The constant a1 > 0 is the natural hunger72
growth speed in the absence of prey, a2 > 0 is the predation efficiency (understood73
as the rate of hunger decrease per unit of prey consumed), β0 is the optimal predator74
growth rate (i.e., the growth rate when hunger is zero), and zc the critical mean75
hunger, above which the predator’s growth rate becomes negative. K is the prey76
carrying capacity, and r the prey’s natural growth rate. The parameter b ∼ (λ2ρt)−177
is the rate of removal of the prey per units of “hunger-mass”. Note that the form of the78
transport term giving the decrease in hunger from prey consumption, −∂λ(a2λwρ),79
as well as the right-hand side, ensure that the predator distribution will not have80
support in the region λ < 0, if the same is true for the initial data. Indeed, negative81
values of hunger are not meaningful in our model.82
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PREDATOR-PREY INTERACTIONS WITH HUNGER STRUCTURE 3

The term uwγ(z) represents the prey response to encounters with the predator83
population, where the function γ(z) translates the change in predatory efficiency84
according to mean hunger level. The prototype for γ is the identity function, in which85
case we suppose that predator efficiency grows linearly with hunger level. That is,86
predators which are completely sated (when z = 0) do not hunt, while for larger87
hunger values, the predator increases its efficiency. We will see in a later section88
exactly how these assumptions relate to some of the classical functional responses89
found in the literature.90

We write the system (1.3) in nondimensional form, using the same notations:91

(1.4)


∂tρ+ ∂λ

(
(α1 − α2wλ)ρ

)
= ρα3β(z)

w′(t) = w(1− w)− wuγ(z),
92

93

u(t) =

∫ +∞

0

ρ(t, λ) dλ, z(t) =
1

u(t)

∫ +∞

0

λρ(t, λ) dλ,94

where we set β(z) = β1(z). The description of the variables and parameters can be95
found in Table 1. Note that now, β(1) = 0 and β(0) = 1. Therefore the rescaling96
normalizes the critical mean hunger and the prey carrying capacity and growth rates97
to one.98

Table 1
Description of variables and parameters in systems (1.3),(1.4).

Parameter Dimension Definition Nondimensio-
nal representa-
tion

t time Time t/r
λ hunger Hunger measure zcλ
w biomass Prey density w/K
ρ biomass Predator density bzcρ/r
a1 hunger time−1 Intrinsic hunger growth

speed
α1 = a1

rzc

a2 biomass−1 time−1 Hunger decrease per unit
of prey consumed

α2 = a2K
r

β0 time−1 Sated predator growth
rate

α3 = β0
r

zc hunger Critical mean hunger
K biomass Prey carrying capacity
r time−1 Prey intrinsic growth rate
b hunger−1 biomass−1

time−1
Rate of predation

The focus of our work will be to analyse the system (1.4), both for well-posedness99
and large time asymptotic results, and also to attempt to show the consistence of the100
model with previous, more classical models. Regarding the mathematical analysis, the101
first equation in (1.4) is a nonlocal transport equation. It may be seen as nonlocal in102
time as well as in space, due to the presence of the prey quantity w(t) in the transport103
term. As such, its analysis is bound to present some challenges— see, for instance [4]104
or the examples in [11] for some of the difficulties that occur in structured models.105
The well-posedness result is presented in Theorem 4.3 below.106

An outline of the paper follows. In Section 2, we deduce from (1.4) a system of107
ordinary differential equations for the quantities w, u, and z. We then show how this108
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4 P. AMORIM

new system can provide an alternative interpretation (in terms of hunger dynamics)109
of predator-prey systems with Holling-type functional response. This is done by con-110
sidering an asymptotic regime of fast hunger variation. In Section 3, we show that111
hunger dynamics can help to explain the phenomenon of predator-prey role reversal.112
We show numerically that a bistable regime can occur, where predator extinction due113
to predation by the prey is possible, in accordance with the results of [2, 17]. In Sec-114
tion 4, we prove our main well-posedness results for (1.4). This is achieved by means115
of a fixed-point method and presents some technical challenges due to the nonlocal116
character of the transport equation. In Section 5, we show that the asymptotic be-117
haviour of the solutions of the transport equation (1.4) is completely described by the118
solutions of the corresponding ODE system (2.1), in the sense that solutions ρ(t, λ)119
concentrate on Dirac deltas at λ = 1 as long as the initial data lie in the basin of120
attraction of the interior equilibrium point of the ODE system. In Section 6, we pres-121
ent and discuss some numerical simulations to showcase the behaviour of the systems122
(1.4) and (2.1). In particular, we find evidence of a Hopf bifurcation for (2.1). Next,123
we simulate the transport equation using a finite volume scheme, and use that to illus-124
trate the asymptotic results of Section 5. Finally, in Section 7 we discuss limitations125
and possible extensions of the model.126

2. Interpretation of existing models in terms of hunger dynamics in127
an asymptotic regime. The system (1.4) can be seen as a nonlocal in space and128
time transport equation. As such, its analysis and simulation present challenges and129
it might be useful to consider an associated system of ordinary differential equations130
obtained from integral quantities of (1.4). To this end, we integrate the first equation131
of (1.4) on λ ∈ (0,+∞). We keep the calculations formal at this point. From (1.2)132
we find supposing that ρ(0) = ρ(+∞) = 0,133

u′(t) = α3β(z(t))u(t).134

Next, an easy calculation gives135

z′(t) = α1 − α2w(t)z(t).136

Note that this equation is independent of the expression of β(z). Together with the137
second equation of (1.4), we find the system138

(2.1)


u′ = α3uβ(z)

z′ = α1 − α2wz

w′ = w(1− w)− wuγ(z)

139

where u is the predator, w the prey, z is the mean hunger, α1,2,3 > 0 are constants, and140
the responses β, γ are described after (1.4). The simplest choice of β is β(λ) = 1− λ,141
which is in agreement with the phenomenology. However, this case is not included in142
the well-posedness results below, which assume for technical reasons that β is bounded143
from below. Rather, typical functional responses β(z) and γ(z) are given in (2.10)144
and (2.12) and are depicted in Fig.2 below.145

Under the condition α1 < α2, which we will henceforth assume, the only nontrivial146
steady state of (2.1) is147

(2.2) (w∗, u∗, z∗) =
(α1

α2
,
α2 − α1

α2γ(1)
, 1
)
.148
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PREDATOR-PREY INTERACTIONS WITH HUNGER STRUCTURE 5

Of course it is of interest to investigate the stability of the equilibrium. However, we149
leave this question unattended for now, as it would fall outside the scope of the present150
paper. The numerical simulations we present below indicate that (2.2) is stable for151
a wide range of parameters. Moreover, a Hopf bifurcation is seen to occur in the152
numerical simulations. To analyse these questions with further care, we postpone a153
more in-depth analysis of (2.1) to future work.154

At present, we will study the relation between the model (2.1), which includes155
hunger dynamics, and some well-known predator-prey models from the literature.156
Since we shall focus on 2-dimensional models, we must find a way to reduce the157
system (2.1) to two equations.158

2.1. Fast hunger variation regime. One possible asymptotic regime is when
the change in hunger due to prey consumption, or due to absence of prey (which are
controlled by the parameters α1 and α2) is very fast. This way, we expect the presence
of prey to have an almost immediate effect on the hunger, and consequently, on the
predator’s growth/death rate. One way to achieve this is to set α1 = 1/ε, α2 = a/ε,
for some a > 1 (since we suppose that α2 > α1, cf. (2.2)). That way, the second
equation becomes

εz′(t) = 1− awz,

and so sending ε to zero we obtain formally that z = (aw)−1. Substituting in the first159
and last equations of (2.1), we find the system with fast hunger variation160

(2.3)


u′ = α3uβ

( 1

aw

)
w′ = w(1− w)− wuγ

( 1

aw

)161

in which the modeling parameters are now α3 and a = α2/α1.162

2.2. Relation to Holling-type functional response. We are interested in163
recovering from (2.3) systems of the general form164

(2.4)

{
u′ = −αu+ uφ(w)

w′ = w(1− w)− uφ(w),
165

which will also allow us to gain some new insights on the well-studied system (2.4).166
We will focus is the (general) Holling-type response167

(2.5) φ(w) =
mwp

c+ wp
168

(see for instance [18] and the references therein), but in general, the model (2.4) is169
meaningful with φ verifying the conditions170

(2.6) φ(0) = 0, φ′(w) ≥ 0, φ(+∞) = m > α.171

Then, by comparison, the models (2.3) and (2.4) will coincide as long as the functions172
β, γ and φ verify the relations173

(2.7) α3β((aw)−1) = φ(w)− α, wγ((aw)−1) = φ(w).174
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6 P. AMORIM

For this (recalling that z = (aw)−1 for some a) it suffices to set175

(2.8) β(z) =
1

α3

(
φ
(
(az)−1

)
− α

)
, γ(z) = azφ

(
(az)−1

)
.176

We now focus on the case (2.5). Having a solution of (2.4),(2.5), we want to177
find the parameters α3 and a (recall that finding a defines α1, α2 in (1.4)) such that178
(2.3) and (2.4) coincide. Recall that β should verify β(0) = 1 and β(1) = 0 (which179
is a consequence of the nondimensionalization procedure). From the first of these180
conditions and (2.5),(2.8) we easily find that α3 = m−α. Next, the fact that β(1) = 0181
implies from (2.8) that a > 1 should be chosen as182

(2.9) a =
(m− α

cα

)1/p
,183

and from this we see that we should have m > α and also c < m−α
α . Therefore184

choosing a, α3, and β, γ given by (2.8), then (2.3) and (2.4) are the same system.185
Then, according to our heuristics, at least formally the original systems (1.4) and186
(2.1) will be close to the Holling-type system (2.4), (2.5) if we choose large α1 and187
α2 = aα1.188

We present in Fig.1 a numerical test to illustrate that conclusion. We can see189
that a fixed solution of the Holling-type system (2.4) (the dashed lines), is better190
and better approximated by the solutions of the system (2.1) as the values of α1 are191
chosen ever larger. For α1 = 50 the two curves are almost indistinguishable.192

It is useful to interpret the shape of the functions β and γ resulting from the above193
procedure, since this provides some new insights into the classical choice of response194
function (2.5). From (2.8) we find that195

(2.10) γ(z) = ma
z

c(az)p + 1
,196

with a given by (2.9)1. Now, γ verifies γ(0) = 0, γ′(0) = ma > 0, and, for p > 1,197

(2.11) γ(+∞) = 0, arg max
z≥0

γ(z) =
1

a(c(p− 1))1/p
> 0.198

Thus, going back to the system (2.1), where γ can be interpreted as defining the199
predatory behaviour of the predators as a function of mean hunger, we can say that200
a Holling-type response (2.5) with p > 1 corresponds to a situation where hunting201
activity (or efficiency) vanishes when the predator is sated, attains a maximum value202
for medium values of the hunger, and falls off for larger values of hunger; depending203
on the particular setting, this may be reasonable since predators that are too hungry204
cannot hunt anymore. Additionally, for p > 1, the growth/death rate β is given by205

(2.12) β(z) =
1

m− α

( m

capzp + 1
− α

)
206

with a in (2.9)) and so verifies β(0) = 1, β(1) = 0 and β(+∞) = −α
m−α < 0.207

1For completeness, the expression of γ in terms of m,α, c becomes

γ(z) =
m(m− α)

c1/p

(m− α

α

) 1−p
p z

zp(m− α) + α
.
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PREDATOR-PREY INTERACTIONS WITH HUNGER STRUCTURE 7

α1 = 1 α1 = 4

α1 = 12 α1 = 50

Fig. 1. Comparison between the solution of the Holling-type system (2.4) (in dashed line,
predator in black, prey in blue) and of the system (2.1) (in full line, predator in black, prey in blue),
for different values of α1. We used (2.5), α = 3,m = 6, p = 3, c = 3/10. Horizontal axis is time.

Therefore, the Holling-type model with p > 1 represents the behavior of predators208
in system (2.1) with a hunger response γ(z) of type (2.11) and a predator growth rate209
β(z) of type (2.12), in the asymptotic regime of fast hunger variation; see Fig.2 (left)210
for an illustration.211

In contrast, when p = 1 (which corresponds to a Holling type II response in the212
literature) we have that γ(+∞) = m/c, and so in that model the hunger response213
does not fall off as hunger increases, but rather stabilises on a constant value. The214
functions γ and β for this situation are depicted in Fig.2 (right).215

We summarise our findings with the following result:216

Proposition 2.1. Let the parameters m > α > 0, c > 0 be given. Consider217
a solution (u(t), w(t)) of the Holling-type predator-prey system (2.4),(2.5) such that218
u,w > 0. Then, (u(t), w(t)) is a solution to the fast hunger variation system (2.3),219
as long as α3 = m− α, and β, and γ are defined by the relations (2.8),(2.9).220

Moreover, formally at least, the relations (2.8),(2.9) allow us to establish a cor-221
respondence between Holling-type functional responses (2.5) and the predator growth222
rate β(z) and predation efficiency γ(z) as functions of hunger. This means that a223
particular functional response (2.8) may be interpreted as the fast hunger variation224
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8 P. AMORIM

γ(z)
p > 1

β(z)

mean hunger z

γ(z)
p = 1

β(z)

mean hunger z

Fig. 2. Typical predator growth rate β and predation efficiency γ functions, corresponding
through (2.8),(2.9) to the Holling-type response (2.5) for α = 2,m = 3, c = 2, p = 4 (left) and
α = 0.8,m = 3, c = 2, p = 1 (right).

asymptotic regime for a system of type (2.3), for predator growth rate β(z) and pre-225
dation efficiency γ(z) given by (2.8),(2.9).226

In other words, the relations (2.8),(2.9) provide a “dictionary” between the mod-227
elling interpretations used in systems of Holling type (2.4),(2.5) and the modelling228
framework proposed in this work, at least in the fast hunger variation regime.229

3. Application: hunger-driven bistability in a role-reversal system. It230
is known that predator-prey role reversal may happen in certain ecological situations,231
such as the benthic ecosystem described in [2]. In such cases, a typical predator-prey232
relationship may be fully reversed when, due to extraneous factors such as overfishing233
or pollution, the predator population is reduced. Then, it may become impossible to234
reintroduce the predator since individuals are quickly overwhelmed and preyed upon235
by the former prey, preventing the establishment of a predator population.236

Role reversal was modelled mathematically in [17] using an extension of the tra-237
ditional Lotka-Volterra system. In that work, a bistability phenomenon was observed,238
in which the system stabilises in one of two equilibria, depending on the initial data.239
One of them corresponds to the “usual” predator-prey coexistence equilibrium, while240
the other one corresponds to predator extinction from the effects of predation by the241
prey due to role reversal. In [17], the underlying mechanism for this bistability is that242
at high prey densities relative to the predator, the prey is capable of overwhelming243
the predator and role reversal ensues.244

It is natural to suppose that, in addition to density alone, hungrier (or weaker)245
predators are more susceptible to being attacked by prey, and that this may also246
contribute to the appearance of role reversal, as long as that disposition already247
exists in the prey. Note that according to the heuristics of our model, “hunger” can248
also be described as “weakness,” which is more appropriate in the present context:249
predators who are too hungry (i.e., too weak) cannot hunt, cannot reproduce, and are250
more susceptible to prey attacks.251

We show here through numerical experiments that it is possible to reproduce252
such a role reversal phenomenon within our setting. To observe this behaviour, let us253
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PREDATOR-PREY INTERACTIONS WITH HUNGER STRUCTURE 9

slightly modify the system (2.1). We consider254

(3.1)


u′ = α3uβ(z)− α4uw

z′ = α1 − α2wz

w′ = w(1− w)− wuγ(z) + α5uw,

255

where, relative to (2.1), we have added the terms with α4 and α5 to account for the256
effect of prey predation on the predator.257

In Figure 3 we can see a bistability phenomenon occuring: the trajectories of258
the system separate into one family converging towards an interior equilibrium, and259
another family converging towards an equilibrium of the form (u,w, z) = (0, 1, z∗).260
To make the influence of hunger level more explicit, we have plotted in that figure261
100 solutions, with initial data randomly distributed in a suitable cube, where the262
values for z(0) vary between 1/10 and 2. Each curve has been coloured according263
to this initial hunger level, with blue for lower hunger and red for higher hunger.264
We can see from the plot that the solutions converging to each equilibrium separate265
according to initial hunger level: those with higher initial hunger (red curves) tend266
to the predator extinction equilibrium. Therefore, complementing the results in [17],267
we find that not only prey density, but also predator hunger or weakness are possible268
contributors to role reversal mechanisms. In Figure 4 we show the phase portrait for269
these trajectories.270

Note that these numerical experiments do not exclude the possibility that the271
predator extinction equilibrium is, in fact, a saddle point, and that all solutions even-272
tually converge to the interior equilibrium. In any case, even if the attractive nature of273
the predator extinction equilibrium is only transient, it would still be biologically rel-274
evant, as predator populations reach vanishingly small values. Also of interest would275
be to determine parameter regimes which give rise to this bistable configuration, as276
it is not observed for every configuration. Of course, a closer theoretical study of277
the system (3.1), which is outside the scope of this paper, would shed light on these278
questions, and so we leave it to future work.279

It is important to note that these experiments, as well as the numerical experi-280
ments in Section 6 below, are not intended to predict real outcomes in any specific281
ecological situation. For this reason, the parameters in the simulations were chosen282
within “reasonable” ranges to provide good illustrations of the dynamics involved.283
Rather, the goal is to show that the model proposed here is capable of bringing some284
new insight into predator-prey dynamics; in particular, in the present role reversal sit-285
uation, the insight is that the model supports the observation that hunger/weakness286
of the predator may play a role alongside relative density of the predator and prey in287
determining the onset of role reversal.288

4. Well-posedness results. In this section we present and prove some well-289
posedness results for the nonlocal transport equation (1.4). We will rely heavily on290
the method of characteristics [11], and some aspects of our approach are inspired291
by [4]. We will begin with some basic properties of the characteristic curves of the292
equation and define the concept of solution we will use. Then we are in a position to293
state the main well-posedness result of this work, Theorem 4.3.294

Characteristic curves and notations. The characteristic equation for (1.4) is295

λ′(t) + α2w(t)λ(t) = α1296
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10 P. AMORIM

z(t)

w(t)u(t)

Fig. 3. Numerical solution to system (3.1). Curves are coloured according to initial hunger
level: red for highest, blue for lowest. We observe the separation of the trajectories into two families
according to this property. Parameters in system (3.1) are α1 = 1.5, α2 = 1.6, α3 = 8, α4 = 1.8, α5 =
3.3. γ and β are as in Fig. 2, left.

Fig. 4. Phase portrait for 100 trajectories of system (3.1). All parameters are as in Fig. 3.
Curves are coloured according to initial hunger level: red for highest, blue for lowest. We observe
the separation of the trajectories into two families according to this property.

with solution297

λ(t) = λ(0)e−α2

∫ t
0
w(s) ds + α1

∫ t

0

e−α2

∫ t
s
w(r) dr ds.298

For each t ≥ 0, the characteristics define a diffeomorphism from R to R. We draw299
the reader’s attention to the following non-standard notations for the action of these300
diffeomorphisms. Given λ ∈ R (which we think of at t = 0), we denote by λ↑t the301
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image of λ by that diffeomorphism,302

(4.1) λ↑t = λe−α2

∫ t
0
w(s) ds + α1

∫ t

0

e−α2

∫ t
s
w(r) dr ds.303

Conversely, if we now think of λ ∈ R as being at t > 0, we denote by λ↓t the image of304
λ by the inverse diffeomorphism,305

(4.2) λ↓t = λeα2

∫ t
0
w(s) ds − α1

∫ t

0

eα2

∫ s
0
w(r) dr ds.306

This way, (λ↓t)↑t = (λ↑t)↓t = λ and, more generally, (λ↑t)↓s = λ↑(t−s), (λ↓t)↑s =307
λ↓(t−s). Therefore, the characteristic starting at some λ at t = 0 passes by the point308
(t, λ↑t). Likewise, given λ ∈ R, the foot of the characteristic passing by (t, λ) is309
(0, λ↓t).310

Using this notation, the change of variable formula, which will be used throughout,311
reads312

(4.3)
∫
R
ρ(λ) dλ =

∫
R
ρ(λ↓t)eα2

∫ t
0
w(s) ds dλ.313

Main results. Integrating a solution along the characteristics motivates (as in314
[4]) the following definition:315

Definition 4.1. A solution of problem (1.4) is a pair ρ, w satisfying for almost316
every t > 0, λ ∈ R,317

(4.4)

(1 + |λ|)ρ(t, λ) ∈ L1(R), w ∈ C1(R+),
ρ(t, λ) = ρ0(λ↓t) exp

(∫ t

0

α3β
(
z(s)

)
+ α2w(s) ds

)
,

w′(t) = w(1− w)− wu(t)z(t),

ρ0(λ) ≥ 0, supp ρ0 ⊂ (0,+∞), u(0) > 0, w(0) = w0 > 0.

318

where we recall from (1.4) that u(t), z(t) are defined by319

u(t) =

∫ +∞

0

ρ(t, λ) dλ, z(t) =
1

u(t)

∫ +∞

0

λρ(t, λ) dλ.320

First, observe that from the equation for w we can see that w(t) > 0 for all t if321
w(0) > 0. Also, w′ ≤ w(1 − w) and so we have w(t) ≤ max(1, w(0)) for all t > 0.322
These facts imply that the characteristics are globally defined in time and that for323
each t ≥ 0 the mapping λ 7→ λ↑t is indeed a diffeomorphism on R. That way, ρ(t, λ)324
is well defined for all t > 0, λ ∈ R. Also, the right-hand side of (4.4) depends on the325
values of ρ on the time interval (0, t), through the coupling induced by w.326

The following proposition, whose easy proof we omit for the sake of brevity,327
provides a positivity property.328

Proposition 4.2. If supp ρ0 ⊂ (0,+∞) and u(0), w(0) > 0, then the same hap-329
pens for all t > 0. In particular, z(t), u(t) > 0 and w(t) > 0 for all t.330

In order to prove our main well-posedness result, we make the following assump-331
tions on the growth rate and predator efficiency functions, which we suppose suffi-332
ciently smooth:333

(4.5)
∀z ≥ 0, β′(z) ≤ C, β(z) ≥ −cβ ,
γ(z) ≥ 0, γ(z) ≤ Lγ |z|+ Cγ , |γ(z)− γ(v)| ≤ Lγ |z − v|.

334
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12 P. AMORIM

Theorem 4.3. Suppose that w(0) > 0, ρ0 ∈ C1(R) such that
∫
R ρ0 dλ > 0, (1 +335

|λ|2)ρ′0(λ) ∈ L1(R), and supp ρ0 ⊂ (0,+∞). Let β(z) and γ(z) verify the assumptions336
in (4.5). Then, there exists a unique solution of the system (1.4) in the sense of337
Definition 4.1.338

Proof. Let T > 0 be fixed, but arbitrary. During the proof, we will use the339
notation u[ξ](t) =

∫
R ξ(t, λ) dλ and a similar notation for the mean hunger z[ξ](t).340

In view of using a fixed-point argument, we will consider the following norm on a341
suitable metric space:342

(4.6) ‖ξ‖E = sup
[0,T ]

e−kt‖ξ‖L1(R;(1+|λ|)dλ) = sup
(0,T )

e−kt
∫
R
ξ(t, λ)(1 + |λ|) dλ.343

where k > 0 is to be specified later. Let 0 < R0 < R and R1 (also to be specified
later) depend only on the initial data and T , and let E be the complete metric space
of the functions

ξ(t, λ) ∈ L∞
(
0, T ;L1(R; (1 + |λ|) dλ)

)
satisfying the conditions for t ∈ [0, T ],344

(4.7) 0 < R0 ≤ ‖ξ‖L1 , ‖ξ‖E ≤ R,345
346

(4.8) z[ξ](t) ≡
∫
R |λ|ξ dλ∫
R ξ dλ

≤ R1.347

Consider the map Φ : E → E which to ξ ∈ E associates the solution ρ to the348
problem349

(4.9)


ρ(t, λ) = ρ0(λ↓t) exp

(∫ t

0

α3β
(
z[ξ](s)

)
+ α2w(s) ds

)
,

w′(t) = w(1− w)− wu[ξ]γ(z[ξ]).

w(0) = w0 > 0.

350

For ξ1, ξ2 ∈ E , notice that we will have not only w1 and w2 but also λ↓t1 and λ↓t2 , since351
the characteristics depend on w. To be clear about the notation, we have for i = 1, 2352

λ↓ti = λeα2

∫ t
0
wi(s) ds − α1

∫ t

0

eα2

∫ s
0
wi(r) dr ds,

λ↑ti = λe−α2

∫ t
0
wi(s) ds + α1

∫ t

0

e−α2

∫ t
s
wi(r) dr ds.

353

We begin by proving that Φ maps E into itself. For this, we must prove that ρ354
satisfies the properties in (4.7),(4.8). From (4.9), we find that355

(4.10)

∫
R+

ρ(t, λ)dλ =

∫
R+

ρ0(λ↓t) dλe
∫ t
0
α3β(z[ξ](s)) dse

∫ t
0
α2w(s) ds

=

∫
R+

ρ0(λ↓t) dλe
∫ t
0
α3β+(z[ξ](s)) dse

∫ t
0
α3β−(z[ξ](s)) dse

∫ t
0
α2w(s) ds,

356

with β+(z) = max(0, β(z)) and β−(z) = min(0, β(z)) ≤ 0. Therefore, using the fact357
that β−(z) ≥ −cβ , we find358 ∫

R+

ρ(t, λ)dλ ≥
∫
R+

ρ0(λ↓t) dλe−
∫ t
0
α3cβ dse

∫ t
0
α2w(s) ds.359
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Using the change of variable formula (4.3),360 ∫
R+

ρ(t, λ)dλ ≥
∫
R+

ρ0(λ) dλe−tα3cβ361

and so362

‖ρ‖L1 ≥
∫
R+

ρ0(λ) dλe−tα3cβ .363

Choosing364

(4.11) R0 ≤
∫
R+

ρ0(λ) dλe−Tα3cβ .365

we see that in fact ‖ρ‖L1 ≥ R0, which is the lower bound in (4.7).366
Now consider the upper bound in (4.7). We have from (4.9) (recalling (4.6)),367

‖ρ‖E ≤
∫
R+

(1 + λ)ρ0(λ↓t)e
∫ t
0
α2w(s) ds dλet(α3−k),368

where we used the fact that β(z) ≤ 1 for all z. So, using (4.3),(4.2),369

‖ρ‖E ≤
∫
R+

ρ0(λ)
(

1 + α1

∫ t

0

e−α2

∫ t
s
w(r) dr ds+ λe−α2

∫ t
0
w(s) ds

)
dλet(α3−k)

≤
∫
R+

ρ0(λ)(1 + α1t+ λ) dλet(α3−k)

≤ et(α3−k)(1 + α1t)

∫
R+

ρ0(λ)(1 + λ) dλ.

370

Since t 7→ α1te
t(α3−k) attains the maximum value α1

e(k−α3)
at t = (k − α3)−1 then371

taking372

(4.12) k >
α1

e
+ α3, R ≥ 2

∫
R+

ρ0(λ)(1 + λ) dλ373

gives ‖ρ‖E ≤ R,∀t < T. This proves the upper bound in (4.7).374
Finally, we show that ρ satisfies the estimate in (4.8). We have from (4.9),(4.3),(4.1),375 ∫

R λρ dλ∫
R ρ dλ

=

∫
R ρ0(λ)λ↑t dλ∫
R ρ0(λ) dλ

≤
∫ t

0

e−α2

∫ t
s
w dr ds+

∫
R ρ0(λ)λe−α2

∫ t
0
w ds dλ∫

R ρ0(λ) dλ

≤ T +

∫
R ρ0(λ)λ dλ∫
R ρ0(λ) dλ

.

376

So choosing377

(4.13) R1 ≥ T +

∫
R ρ0(λ)λ dλ∫
R ρ0(λ) dλ

,378

we see that ρ verifies the estimate (4.8). This proves that Φ maps E into E .379
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14 P. AMORIM

We now prove that the map Φ is a contraction on E with the norm (4.6). Denoting380
for i = 1, 2381

(4.14) θi(t) := e
∫ t
0
α3β(z[ξi](s)) ds,382

we find from (4.9)383

|ρ1 − ρ2| =
∣∣∣ρ0(λ↓t1 )eα2

∫ t
0
w1(s) dsθ1(t)− ρ0(λ↓t2 )eα2

∫ t
0
w2(s) dsθ2(t)

∣∣∣
≤ θ1(t)

∣∣∣ρ0(λ↓t1 )eα2

∫ t
0
w1(s) ds − ρ0(λ↓t2 )eα2

∫ t
0
w2(s) ds

∣∣∣
+
∣∣θ1(t)− θ2(t)

∣∣ρ0(λ↓t2 )eα2

∫ t
0
w2(s) ds.

384

Now multiply by (1 + |λ|)e−kt and integrate in λ for fixed t > 0. Recall that due to385
Proposition 4.2, the resulting integral can be restricted to R+. Thus,386
(4.15)

e−kt
∫
R+

|ρ1(λ)− ρ2(λ)|(1 + |λ|) dλ

≤ θ1(t)e−kt
∫
R+

∣∣∣ρ0(λ↓t1 )eα2

∫ t
0
w1(s) ds − ρ0(λ↓t2 )eα2

∫ t
0
w2(s) ds

∣∣∣(1 + λ) dλ

+
∣∣θ1(t)− θ2(t)

∣∣e−kteα2

∫ t
0
w2(s) ds

∫
R+

ρ0(λ↓t2 )(1 + λ) dλ =: A+B.

387

We estimate A. We have388

(4.16)

A ≤ θ1(t)e−kteα2

∫ t
0
w1(s) ds

∫
R+

(1 + λ)
∣∣ρ0(λ↓t1 )− ρ0(λ↓t2 )

∣∣ dλ
+ θ1(t)e−kt

∣∣∣eα2

∫ t
0
w1(s) ds − eα2

∫ t
0
w2(s) ds

∣∣∣ ∫
R+

ρ0(λ↓t2 )(1 + λ) dλ

= A1 +A2.

389

Then, by the change of variable formula (4.3),390

A1 = θ1(t)e−kt·

·
∫
R+

(
1 + α1

∫ t

0

e−α2

∫ t
s
w1(r) dr ds+ λe−α2

∫ t
0
w1(s) ds

)∣∣ρ0(λ)− ρ0((λ↓t2 )↑t1 )
∣∣ dλ

≤ θ1(t)e−kt
∫
R+

(
1 + α1t+ λ

)∣∣∣ ∫ (λ↓t2 )↑t1

λ

ρ′0(α) dα
∣∣∣ dλ,

391

where392

(λ↓t2 )↑t1 = λ↓t2 e
−α2

∫ t
0
w1(s) ds + α1

∫ t

0

e−α2

∫ t
s
w1(r) dr ds

=
(
λeα2

∫ t
0
w2(s) ds − α1

∫ t

0

eα2

∫ s
0
w2(r) dr ds

)
e−α2

∫ t
0
w1(s) ds

+ α1

∫ t

0

e−α2

∫ t
s
w1(r) dr ds

= λeα2

∫ t
0
w2−w1 ds + α1

∫ t

0

(
1− eα2

∫ s
0
w2−w1 dr

)
e−α2

∫ t
s
w1 dr ds

=: λg(t) + h(t).

393
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This way,394

∣∣∣ ∫ (λ↓t2 )↑t1

λ

ρ′0(α) dα
∣∣∣ dλ =

∣∣∣ ∫ λg(t)+h(t)

λ

ρ′0(α) dα
∣∣∣

≤
∫ λmax(1,g(t))+max(0,h(t))

λmin(1,g(t))+min(0,h(t))

|ρ′0(α)| dα
395

and so396

A1 ≤ θ1(t)e−kt
∫
R+

(
1 + α1t+ λ

) ∫ λmax(1,g(t))+max(0,h(t))

λmin(1,g(t))+min(0,h(t))

|ρ′0(α)| dα dλ.397

There are four cases to consider, depending on whether or not g(t) > 1 or h(t) > 0.398
They are all treated in a similar way and all result in the same estimate, so for the399
sake of brevity we present the case where g(t) > 1 and h < 0. We have by Fubini’s400
Theorem401

(4.17)

A1 ≤ θ1(t)e−kt
∫
R+

(
1 + α1t+ λ

) ∫ λg−|h|

λ

|ρ′0(α)| dα dλ

= θ1(t)

∫
R+

|ρ′0(α)|
∫ max(α,

α+|h|
g )

min(α,
α+|h|
g )

(
1 + α1t+ λ

)
e−kt dλ dα.

402

Computing the innermost integral turns out403

(4.18)
(1 + α1t)e

−kt
∣∣∣α− α+ |h|

g

∣∣∣+
e−kt

2

∣∣∣α− α+ |h|
g

∣∣∣∣∣∣α+
α+ |h|
g

∣∣∣
≤ e−kt 1

g

(
α|g − 1|+ |h|

)(
1 + α+ α1t+

1

2

(
α+

α+ |h|
g

))
.

404

Our main goal now is to estimate (4.18) in terms of ‖ξ1 − ξ2‖E . Let us recall the405
expressions of g and h:406

(4.19) g(t) = eα2

∫ t
0
w2−w1 ds, h(t) = α1

∫ t

0

(
1− eα2

∫ s
0
w2−w1 dr

)
e−α2

∫ t
s
w1 dr ds.407

To continue, we must first bound these terms in a crude way. First, note that408

g(t) ≥ e−α2

∫ t
0
|w2−w1| ds ≥ e−2tα2(1+w(0)).409

This gives410

(4.20)
1

g(t)
≤ e2tα2(1+w(0)).411

On the other hand, we have412

(4.21)
|h| ≤ α1

∫ t

0

∣∣∣1− e−α2

∫ t
s
w1 dr

∣∣∣ ds
≤ α1t(1 + eα2t(1+w(0))).

413
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16 P. AMORIM

To begin the bound of (4.18), consider that using (4.20),(4.21), we find414

α+
α+ |h|
g

≤ α+ e2tα2(1+w(0))
(
α+ α1t

(
1 + eα2t(1+w(0))

))
≤ α+ αeCt + CteCt,

415

for a constant C depending only on α1, α2 and w(0). Therefore, after using (4.20)416
again, (4.18) becomes417

(4.22) (4.18) ≤ e−kt
(
α|g − 1|+ |h|

)
CeCt(1 + t+ α),418

with C still depending only on α1, α2 and w(0).419
To proceed, we must bound e−tk|g−1| and e−tk|h|. with the mean value theorem420

and ‖wi‖∞ ≤ 1 + w(0), we get421

|g(t)− 1|e−kt ≤
∣∣eα2

∫ t
0
w2 ds − eα2

∫ t
0
w1 ds

∣∣e−kt
≤ α2e

α2t(1+w(0))

∫ t

0

|w1(s)− w2(s)|e−kse−k(t−s) ds

≤ α2e
α2t(1+w(0)) sup

s∈(0,t)
|w1(s)− w2(s)|e−ks 1

k
.

422

We see that it is necessary to bound |w1(s)−w2(s)|, and we provide such a bound in423
the Appendix: using the estimate (A.4), we find424

(4.23) |g(t)− 1|e−kt ≤ C

k2
eCt‖ξ1 − ξ2‖E .425

Similarly, we have426

(4.24)

|h(t)|e−kt ≤ α1e
−kt

∫ t

0

∣∣eα2

∫ s
0
w2 dr − eα2

∫ s
0
w1 dr

∣∣ ds
≤ α1e

−kteα2t(1+w(0))α2

∫ t

0

∫ s

0

|w1 − w2| dr ds

≤ C

k2
teCt‖ξ1 − ξ2‖E .

427

The purpose of these estimates was to bound (4.18), using (4.22). We find from428
(4.23),(4.24)429

e−kt
(
α|g − 1|+ |h|

)
CeCt(1 + t+ α) ≤ C

k2
eCt‖ξ1 − ξ2‖E(α+ t)(1 + t+ α)

≤ C

k2
eCt‖ξ1 − ξ2‖E(1 + t2 + α+ α2),

430

where C may change from line to line. This is the estimate for (4.18), which we now431
plug into (4.17) to find after some simplification432

A1 ≤ θ1(t)

∫
R+

|ρ′0(α)| C
k2
eCt‖ξ1 − ξ2‖E(1 + t2 + α+ α2) dα

≤ θ1(t)C
(1 + t2)eCt

k2
‖ξ1 − ξ2‖E

∫
R+

|ρ′0(α)|(1 + α+ α2) dα.

433
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Recalling that 1 = β(0) = maxz β(z), we find from (4.14)434

(4.25) θ1(t) ≤ eα3t,435

and so, for a different C,436

A1 ≤
C(1 + t2)

k2
eCt‖ξ1 − ξ2‖E

∫
R+

|ρ′0(α)|(1 + α+ α2) dα.437

Therefore we restrict k to ensure438

(4.26)
C(1 + T 2)

k2
eCT

∫
R+

|ρ′0(α)|(1 + α+ α2) dα ≤ 1/4,439

which gives440

(4.27) A1 ≤
1

4
‖ξ1 − ξ2‖E , ∀t ≤ T.441

Now we proceed to estimate A2 from (4.16). We have from (4.23),(4.25),442

A2 = θ1(t)e−kt
∣∣∣eα2

∫ t
0
w1 ds − eα2

∫ t
0
w2 ds

∣∣∣ ∫
R+

ρ0(λ↓t2 )(1 + λ) dλ

≤ C

k2
eCt‖ξ1 − ξ2‖E×

×
∫
R+

(
1 + α1

∫ t

0

e−α2

∫ t
s
w2 dr ds+ λe−α2

∫ t
0
w2 ds

)
ρ0(λ) dλ

≤ C

k2
eCt‖ξ1 − ξ2‖E

∫
R+

(
1 + α1t+ λ

)
ρ0(λ) dλ

≤ C(1 + t)

k2
eCt‖ξ1 − ξ2‖E

∫
R+

(1 + λ)ρ0(λ) dλ.

443

Taking k so large that444

(4.28)
C(1 + T )

k2
eCT

∫
R+

(1 + λ)ρ0(λ) dλ ≤ 1/4,445

we conclude that A2 ≤ 1
4‖ξ1 − ξ2‖E . This estimate together with (4.27) gives that446

(4.29) A ≤ 1

2
‖ξ1 − ξ2‖E .447

It remains to estimate B in (4.15). Recall that448

B =
∣∣θ1(t)− θ2(t)

∣∣e−kteα2

∫ t
0
w2(s) ds

∫
R+

ρ0(λ↓t2 )(1 + λ) dλ,449

and we have already estimated450

eα2

∫ t
0
w2(s) ds ≤ eCt451

and452 ∫
R+

ρ0(λ↓t2 )(1 + λ) dλ ≤ CR(1 + t).453
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It remains to bound |θ1(t)− θ2(t)|e−kt. We have with the mean value theorem454

|θ1(t)− θ2(t)|e−kt ≤ etα3

∫ t

0

α3

∣∣β(z[ξ1](s))− β(z[ξ2](s))
∣∣e−kt ds

≤ eCtα3‖β′‖∞
∫ t

0

∣∣z[ξ1](s)− z[ξ2](s)
∣∣e−kt ds.455

In the Appendix we provide the estimate (A.1) which gives the bound456

|θ1(t)− θ2(t)|e−kt ≤ CeCt‖ξ1 − ξ2‖E
∫ t

0

e−k(t−s) ds

≤ C e
Ct

k
‖ξ1 − ξ2‖E .

457

The estimate for B is thus (for a C depending only on the data of the problem and458
T )459

B ≤ C e
Ct

k
‖ξ1 − ξ2‖E .460

Now add the constraint to k that461

(4.30) C
eCT

k
≤ 1/4462

to get463

(4.31) B ≤ 1

4
‖ξ1 − ξ2‖E .464

Finally, taking the estimates of A and B (4.29) and (4.31) together in (4.15), we465
conclude that466

‖ρ1 − ρ2‖E ≤
3

4
‖ξ1 − ξ2‖E ,467

which gives that the mapping Φ is a contraction on E , as long as k is large enough468
that (4.12),(4.26) and (4.30) hold. By the Banach fixed point Theorem, there exists469
a unique solution of the problem (4.4) on [0, T ], with T > 0 chosen arbitrarily. The470
C1 property of w follows easily. This finishes the proof of Theorem 4.3.471

5. Asymptotic behavior for the transport equation. In Section 2, we de-472
duced a system of ODEs, system (2.1), which governs the evolution of integral quan-473
tities associated to a solution ρ(t, λ) of (1.4). In this section, we will prove that when474
u0, w0, z0 lie in the basin of attraction of the equilibrium (2.2), then any solution of the475
transport equation (1.4) with initial data ρ0, w0 such that u[ρ0] = u0 and z[ρ0] = z0476
tends to a Dirac delta concentrated on the point λ = 1. In this way, we see that at477
least for those initial data, the long-time dynamics of the solution to the transport478
equation (1.4) is completely described by the long-time behaviour of the ODE (2.1).479
This may be a useful result, since the numerical simulation of a solution approach-480
ing a Dirac delta in the hunger variable λ is challenging, as the spatial resolution of481
any method will eventually be superseded. In these cases, the study of the ODE will482
provide, according to our result, all the information about the solution for large times.483

Theorem 5.1. Suppose that the initial data ρ0, w0 are such that (w0, u0, z0) lies484
in the basin of attraction of the equilibrium (2.2). Then, the solution ρ(t, λ) converges485
to the delta distribution ρ∞ = u∗δλ=z∗ as t→ +∞.486
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The proof will rest upon the following Lemma, stating that when the equilibrium487
point is asymptotically stable, all the characteristic curves of the equation essentially488
end up concentrating on λ = 1.489

Lemma 5.2. With the assumptions of Theorem 5.1, we have for all λ ∈ R (cf.490
(4.1))491

(5.1) lim
t→+∞

λ↑t = 1.492

Proof. We can easily believe the result, since if w(t) ≡ w∗, then the above limit is493
computed explicitly and gives 1. More generally, supposing that the initial data is in494
the basin of attraction of the equilibrium (2.2), then we have that limt→∞

∫ t
0
w(s) ds =495

+∞, since w(t)→ w∗ > 0. Then, the first term of496

λ↑t = λe−α2

∫ t
0
w(s) ds + α1

∫ t

0

e−α2

∫ t
s
w(r) dr ds497

goes to zero regardless of the value of λ. It remains to check that the second term498
goes to 1. First, note that it is bounded, and bounded away from zero. Indeed, this499
follows easily from the fact that w is continuous on [0,+∞) and has a limit, and so is500

uniformly bounded. For this reason, we can multiply and divide α1

∫ t
0
e−α2

∫ t
s
w(r) dr ds501

by etα1 and use l’Hôspital’s rule. Note that etα1 = eα2

∫ t
0
w∗ dr and so the numerator502

in l’Hôspital’s rule is503

etα1α1

∫ t

0

e−α2

∫ t
s
w(r) dr ds = e−α2

∫ t
0
(w(r)−w∗) drα1

∫ t

0

eα2

∫ s
0
w(r) dr ds.504

Therefore,505

d

dt

(
α1e

tα1

∫ t

0

e−α2

∫ t
s
w(r) dr ds

)
= −α1α2(w(t)− w∗)e−α2

∫ t
0
(w(r)−w∗) dr

∫ t

0

eα2

∫ s
0
w(r) dr ds

+ α1e
−α2

∫ t
0
(w(r)−w∗) dreα2

∫ t
0
w(r) dr,

506

while, for the denominator in l’Hôspital’s rule, (etα1)′ = α1e
tα1 = α1e

α2

∫ t
0
w∗ dr. So,507

after simplifying, we get508

lim
t→∞

α1

∫ t

0

e−α2

∫ t
s
w(r) dr = lim

t→∞

α1e
tα1
∫ t
0
e−α2

∫ t
s
w(r) dr

etα1

= lim
t→∞

α2(w(t)− w∗)e−α2

∫ t
0
w(r) dr

∫ t

0

eα2

∫ s
0
w(r) dr ds+ 1

= lim
t→∞

α2(w(t)− w∗)
∫ t

0

e−α2

∫ t
s
w(r) dr ds+ 1.

509

Since the integral appearing in this expression is bounded (as we have seen), and510
limt→∞ w(t) = w∗ by assumption, the above limit is 1, as we wished to prove.511

Proof of Theorem 5.1. It it easy to see from the definition of u that limt→∞ ρ(t, λ) =512
u∗δλ=1 is equivalent to513

lim
t→∞

ρ(t, λ)

u(t)
= δλ=1.514
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Therefore, according to distribution theory, it is enough to show that515

(5.2) ∀a > 0, lim
t→∞

1

u(t)

∫ 1+a

1−a
ρ(t, λ) dλ = 1.516

Let 1 > ε′ > 0, and M0 :=
∫
R ρ0 dλ. Since ρ0 is integrable, we can find λ′ > 0517

large enough that
∫ λ′
−λ′ ρ0 dλ > M0(1 − ε′). Now, from (4.3) and (4.4), we have for518

any t > 0519 ∫ λ′

−λ′
ρ0 dλ = e−α3

∫ t
0
β(z(s)) ds

∫ (λ′)↑t

(−λ′)↑t
ρ(t, λ) dλ.520

Next, take t′ large enough that for any t > t′ we have

((−λ′)↑t, (λ′)↑t) ⊂ (1− a, 1 + a);

this is possible due to Lemma 5.2. Then, recalling that from (4.4) we know that521

u(t) = M0e
α3

∫ t
0
β(z(s)) ds, we find522

1 ≥ 1

u(t)

∫ 1+a

1−a
ρ(t, λ) dλ ≥ 1

u(t)

∫ (λ′)↑t

(−λ′)↑t
ρ(t, λ) dλ

=
1

u(t)
eα3

∫ t
0
β(z(s)) ds

∫ λ′

−λ′
ρ0 dλ

=
1

M0

∫ λ′

−λ′
ρ0 dλ >

M0(1− ε′)
M0

= 1− ε′.

523

Since ε′ > 0 was arbitrary, we have proved (5.2). This completes the proof of Theo-524
rem 5.1.525

6. Numerical results. In this section, we present some numerical simulations526
of the transport equation (1.4), as well as the associated ODE (2.1). In particular,527
we show evidence of a Hopf bifurcation and we illustrate numerically the asymptotic528
result of Section 5.1.529

6.1. Numerical evidence of a Hopf bifurcation. In this numerical example,530
we present evidence of a Hopf bifurcation. We consider the ODE system (2.1), with531
the simplest functional responses532

(6.1) β(z) = 1− z, γ(z) = z.533

In Fig. 5, we present two simulations showing the formation of a limit cycle as the534
parameter α3 is changed. It is known that predator-prey systems with functional535
responses of Holling type can exhibit Hopf bifurcations [18]. Here we can see that536
(numerically at least) a Hopf bifurcation occurs as the parameter α3 passes a critical537
value. It is interesting to note that this bifurcation occurs even in the case of the very538
simple functional responses (6.1). It should be possible to determine this critical value539
and parameter regimes which give the presence of limit cycles, although we leave that540
detailed analysis for future work.541

As the parameter α3 gets larger, we can see in Fig. 6 that the limit cycle gets542
closer to the coordinate planes, and the solution presents rapid “pulses” interspersed543
by long periods of stagnation, where the predator population is very close to zero.544
This phenomenon is related to the so-called “paradox of enrichment” [6], where a545
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z(t)

w(t)

u(t)

t

t

Fig. 5. Solutions and phase portrait of the system (2.1) with (6.1), for the values α1 = 2, α2 =
3, with α3 = 3/2 (top) and α3 = 5 (bottom). We can see the formation of a limit cycle. The phase
portraits include several trajectories.

change in some parameter which would seem to benefit the predator (in this case,546
increasing α3, which raises the efficiency of the predator; classically, raising the prey547
carrying capacity) can actually lead to its extinction – or, in the case of continuous548
models, to very small values, as observed here.549

6.2. Numerical results for the transport equation and asymptotic be-550
haviour. We use an upwind, first order finite volume scheme (with a simple quadra-551
ture rule to compute the nonlocal terms) to simulate the transport equation (1.4). To552
avoid boundary terms, we consider only initial data ρ0(λ) which are vanishingly small553
outside of a bounded set (the interval [0, 3] in our simulations), and we ensure that554
the same remains true for positive times, as suggested by the concentration properties555
of the characteristic curves in Lemma 5.2.556

We compare the simulation of the PDE (1.4) with the solution of the correspond-557
ing ODE (2.1). In particular, we are interested in illustrating the asymptotic result558
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z(t)

w(t)

u(t)

t

Fig. 6. Solutions and phase portrait of the system (2.1) with (6.1), for the values α1 = 2, α2 =
3, with α3 = 18.

from Section 5. The numerical experiment is reported in Fig. 7. We can see that as559
the spatial discretisation is refined (i.e., in the variable λ) – here from 75 up to 300560
points on the interval λ ∈ [0, 3] – the integral quantities u and z computed from the561
solution of the PDE (1.4) get increasingly closer to the solution of the ODE (2.1). In562
the bottom picture, where a limit cycle occurs, we see that the PDE generates a limit563
cycle which is close, but not equal, to the limit cycle of the ODE.564

Note that in this last situation, the interior equilibrium point is not stable, and so565
is out of the scope of the asymptotic result in Theorem 5.1. Nevertheless, we observe566
numerically that the solution ρ(t, λ) still concentrates on a Dirac delta, but this time567
concentrated along the limit cycle instead of the equilibrium. Thus, we suspect that568
Theorem 5.1 can be generalised to the case where a limit cycle exists. We present569
in Fig. 8 the solution ρ at time T = 40 of a situation with the same parameters as570
in Fig. 7 (top), as well as the initial data ρ0, consisting of two bumps. We can see571
that the solution becomes increasingly concentrated around λ = 1, as predicted by572
Theorem 5.1.573

6.3. Biological interpretation of parameter values used. As mentioned574
earlier, the simulations in this paper serve primarily to illustrate the possible be-575
haviours of the solutions, and so deeper biological consequences would require a more576
in-depth study which falls outside the scope of this work. However, it is still interest-577
ing to interpret the parameters used in the above simulations in terms of the original578
biological parameters, as shown in Table 1. In this way, at least some biological579
insights may be gained even from these illustrative simulations.580

Concerning the observations in Section 6.1, we notice that a Hopf bifurcation581
is observed when the parameter α3 is increased, while keeping α1 and α2 constant.582
Consulting Table 1, we see that increasing α3 corresponds to increasing the value of583
β0, which is the fully sated predator’s growth rate. In the simulations of Figure 5, the584
values of α3 range in (3/2, 5), which means that β0 ranges in (3r/2, 5r), and that gives585
a relation between the predator’s (sated) growth rate and the prey’s natural growth586
rate r, within which (keeping other parameters constant), we expect to find a Hopf587
bifurcation. I general, one can say that increasing the predator’s sated growth rate588
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z(t)

w(t)

u(t)

t

t

Fig. 7. Comparison of solutions of the system (2.1) (black, using (6.1)) with w(t) and the
integral quantities u(t), z(t) (red) computed from the solution of the transport equation (1.4), for 75,
150, 200 and 300 spatial points (in the variable λ) and α1 = 2, α2 = 3. Top: α3 = 3/2. Bottom:
α3 = 4.

may have a destabilising effect on the equilibrium. Supposing further that the time589
scale is already adjusted so that r = 1, the chosen value of α1 = 2 means that (again590
using Table 1) the intrinsic hunger increase per unit time a1 is 2zc, where zc is the591
critical mean hunger. On the other hand, α2 = 3 means that, in these experiments,592
the natural speed of hunger decrease from predation is 50% larger than the natural593
hunger growth speed, at least for ranges of hunger and prey density close to unity. Of594
course it would be interesting, in future works, to provide more exact correspondences595
between parameter values and specific ecological situations.596

7. Conclusions, limitations and further work. In this work, we have pre-597
sented and analysed a modelling framework which aims to include hunger effects in598
predator-prey dynamics. We have shown its relation to existing models (Section 2),599
and presented in Section 3 simulations that suggest possible applications to role-600
reversal ecological situations, in particular the possibility of explaining bistability601
phenomena which have been observed in [2]. Of course, we do not at present provide602
a thorough analysis of this possible application, with accurate parameter values, as603
that would require very careful biological considerations which fall outside the scope604
of this paper. Here, we content ourselves with showing how our modelling framework605
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ρ

λ

Fig. 8. Solution ρ of the system (1.4) at T = 40 (solid line), using (6.1) α1 = 2, α2 = 3,
α3 = 1, with 300 spatial points, for initial data consisting of two bumps (dashed line). Notice the
formation of a Dirac delta.

allows (in a way that, we believe, is somewhat more natural than what was presented606
in [17]) the emergence of such phenomena, and leave to future work the detailed607
analysis of such a claim.608

As described in the Introduction, we use as a starting point of our discussion609
the dynamics given by the system (1.1) (in particular the prey equation featuring610
logistic growth), in which the functional responses are very simple. Of course, many611
more models have been proposed, see for instance [3, 7, 8, 9, 12, 15, 16]. Some more612
detailed descriptions have even been derived from first principles [5]. In this work,613
though, the discussion remains mostly descriptive: for instance, the precise form of614
the transport term in (1.4) was introduced as conveniently as possible to be coherent615
with our heuristic description, and still allow for the “closing” of the system needed to616
deduce the ODEs in (2.1). Still, it is possible to envision a more accurate formulation617
of the transport terms. In the same vein, it would be interesting to generalise the618
analysis and the modelling to some of the more general functional responses of the619
prey.620

Another observation is that throughout this work the term “hunger” remains621
ill-defined and purely descriptive. Indeed, we use the term as a proxy for some be-622
havioural aspect of the predator which may or may not consist purely of what is623
intuitively known as hunger. It may represent something more biologically mean-624
ingful such as stomach contents, nutrients ingested, body mass, or a combination of625
those, and is also consistent with the intuitive notion of “weakness”. We make no626
attempt to make this precise, in part to keep the model general, but also to keep it627
relatively simple. Again, more refined models could be developed.628

The careful study of the ODE system (2.1) will also be postponed to future work.629
It is expected that results on the existence and stability of the equilibrium can be630
obtained, as well as the proof of a Hopf bifurcation result. Global stability results631
may also be considered as in [10, 19].632

Our numerical experiments indicate that the asymptotic results of Section 5 may633
hold even in the case where there is a limit cycle in system (2.1) and the interior634
equilibrium is unstable. It would be interesting to generalise Theorem 5.1 to this case635
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as well.636
Finally, it should be possible to generalise the well-posedness results in Section 4637

to include less regular initial data, for instance in appropriate Sobolev spaces.638

Appendix A. Estimates used in the proof of Theorem 4.3. Here we prove639
a few estimates which are used in the proof of Theorem 4.3.640

Estimates involving |z1−z2|. The first is an estimate on the difference |z1(s)−641
z2(s)|, where we write zi(t) = z[ξi](t). We find from (4.6),(4.7)642

∣∣z1(s)− z2(s)
∣∣ =

∣∣∣ ∫R λξ1 dλ ∫R ξ2 dλ− ∫R λξ2 dλ ∫R ξ1 dλ∣∣∣∫
R ξ1 dλ

∫
R ξ2 dλ

≤
∫
R |λ||ξ1 − ξ2| dλ∫

R ξ1 dλ
+

∫
R |λ|ξ1 dλ

∫
R |ξ1 − ξ2| dλ∫

R ξ1 dλ
∫
R ξ2 dλ

≤ eks

R0
‖ξ1 − ξ2‖E(1 + z1(s)).

643

But according to (4.8) z1 ≤ R1, and so644

(A.1)
∣∣z1(s)− z2(s)

∣∣ ≤ eks

R0
‖ξ1 − ξ2‖E(1 +R1) ≤ Ceks‖ξ1 − ξ2‖E ,645

with C depending only on the data of the problem and T . For future reference, we646
find also that647

u1(s)
∣∣z1(s)− z2(s)

∣∣ ≤ ∫
R
|λ|ξ1 dλ−

∫
R |λ|ξ2 dλ∫
R ξ2 dλ

∫
R
ξ1 dλ

≤
∫
R
|λ||ξ1 − ξ2| dλ+

∫
R
|λ|ξ2 dλ

(∫
R ξ1 dλ∫
R ξ2 dλ

− 1
)

≤
∫
R
|λ||ξ1 − ξ2| dλ+

∫
R |λ|ξ2 dλ∫
R ξ2 dλ

(∫
R
|ξ1 − ξ2| dλ

)
648

and so, using (4.8), we have649

(A.2) u1(s)
∣∣z1(s)− z2(s)

∣∣ ≤ (1 +R1)eks‖ξ1 − ξ2‖E .650

Estimates involving |w1 − w2| . We have from (4.9)651

(w1 − w2)′ = w1(1− w1)− w2(1− w2)− w1u1γ(z1) + w2u2γ(z2)

= w1 − w2 + (w2 − w1)(w1 + w2)

− (w1 − w2)u1γ(z1) + w2

(
u1γ(z1)− u2γ(z2)

)652

and so, integrating on (0, t), multiplying by sgn(w1(t) − w2(t)), using that w1(0) =653
w2(0) and that ‖wi‖∞ ≤ max(1, w(0)) ≤ 1 +w(0), and discarding a nonpositive term654
−|w1 − w2|u1γ(z1), we get655

(A.3)
|w1(t)− w2(t)| ≤

∫ t

0

|w1(s)− w2(s)|
(
3 + 2w(0)

)
ds

+ (1 + w(0))

∫ t

0

∣∣u1(s)γ(z1(s))− u2(s)γ(z2(s))
∣∣ ds.656
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For the second integral of (A.3) (evaluated at s), we have from (A.2) and (4.5)657 ∣∣u1(s)γ(z1(s))− u2(s)γ(z2(s))
∣∣ ≤ |u1 − u2|γ(z1) + u2|γ(z1)− γ(z2)|
≤ C‖ξ1 − ξ2‖Eeks,

658

with C depending on Lγ , Cγ and R1. So, (A.3) becomes659

|w1(t)− w2(t)| ≤
∫ t

0

|w1(s)− w2(s)|
(
3 + 2w(0)

)
ds

+

∫ t

0

C‖ξ1 − ξ2‖Eeks ds

≤ C
∫ t

0

|w1(s)− w2(s)| ds

+
C

k
‖ξ1 − ξ2‖E(ekt − 1),

660

or661

|w1(t)− w2(t)| ≤ C
∫ t

0

|w1(s)− w2(s)| ds

+
C

k
‖ξ1 − ξ2‖E(ekt − 1),

662

with C depending on Lγ , Cγ , R,w(0), and R1. Using Gronwall’s Lemma, we get663

|w1(t)− w2(t)| ≤ C

k
‖ξ1 − ξ2‖E(ekt − 1)eCt,664

and finally665

(A.4) |w1(t)− w2(t)|e−kt ≤ C

k
‖ξ1 − ξ2‖EeCt.666
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