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resumo

® motivacado fisica

® computacdo quantica com estados ndo-ortogonais
® estados coerentes nao-lineares

® deformacoes da distribuicao binomial

® deformacao assimetrica

® deformacado simetrica

® volta a computagdo quantica



coherent states



Erwi
von
Nati

CS i
rese

corr

Harr

The Continuous Transition from Micro-
to Macro-Mechanics

(Die Naturuissenschaften, 28, pp. 664-666, 1926)

BuiLping on ideas of de Broglie ! and Einstein,? I have tried to show 3
that the usual differential equations of mechamcs which attempt
to define the co-ordinates of a mechamcal system as functions of the
time, are no longer applicable for “small” systems; instead there
must be introduced a certain parizal difierential equation, which
defines a variable i (“ wave functlon '} as a function of the co-
ordinates and the time. As in the differential equation of a vibrating

string or of any other wbratmg system, i is given as a superposntlon
of pure time harmonic (z.e. * sinusoidal ) wbratlons the frequencies

of which agree exactly with the spectroscopic term frequencies ” of
the micro-mechanical system. ¥or example, in the case of the linear

Planck oscillator ¢ where the encrgy function is
mdg\2
(1) —2-(39 + 2wy mg?,
when we put, instead of the displacement ¢, the dimensionless variable

(2) x=q.2n\ =
we get \b as the superp051t10n of the followmg proper vibrations : ®

"4y 4.4, ein Massenpunkt von der Masse m, der, auf  Realteil zu nehmen.
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coherent states

N2

: : 1
Harmonic oscillator Hpyo = fm | §mw2§32 = hw(aTa +1/2)
N =da'a
R LU S -
“ T\ 2 (x mwp) N, GJT_ = a/
g i — [bA=ih — [N =—a
a'lny=vn+1|ln+1)
ny =+/nln— 1) 1212 o= 2"
) =e7 )

N|n) = nln) 2 ol n) zeC
(n > 0) / A .
z) = D(2)[0) = &=~ |0}

alz) = z|z)

CS are not orthogonal



coherent states - mathematical definition

i) normalizability:

(z]z) =1
ii) continuity in the label:
z =2 =0, |[]z) =[] =0

iii) resolution of the identity:
/d2zw(z) (e = 1

A - can be defined for any quantum system



coherent states - applications

n!
50 1 1 1 1 1 1 1 1 1
medn =1
medan=35
10 mean = 1D
: =
:__30 L]
!
= =
= 2
i g
™ = -
N I [ - 2
_—r— k-
o I'_ _\ﬂ—\ﬁl )
- - .8 1 1 1 1 1 1 1 1
0 2 4 3 g h 12 X 1z 14 16 15 20 i > 4 ‘ = 1 17 14 14 18
numher nf phntnns time (0. u.)

Roy Glauber, Noble Prize for Quantum Optics Theory, 2005. Quantum state of a laser

2n






quantum communication



quantum states for information
binary communication

® nonorthogonal quantum states - codewords (po and pq)
® measurements - operators Mo and M; (POVM)

p(molp1) = Tr[Mop1]

Mo+ M, =1
p(mi|po) = T'r[M;ipo] ’ :

® error probability

£o : probability to send the state pg

&1 : probability to send the state p;

p(Mo, My) = o p(ma1|po) + &1 p(molp1)



p(Mo, My) = &o p(m1|po) + &1 p(molp1)

p(Mo, My) =& +Tr[M;T] I'=&opo — &1p1

® minimizing the error in receiver measurement over all
possible POVM's (Mo e M;) -> Helstrom bound

PH — ]\?Ol,iﬁl p(M(), Ml) — 51 -+ IIJ\le;fLTT‘[Ml F]

' = Z An|Vn) (Yn

Tr|M; T = Z A (n| M1 |vn)

® projector operator on all
Py =& + Z A1 eigenstates |\,) with negative
An <0 A,



Helstrom bound for coherent states

aser > |a) = e“/zg%w (n) = a?
A =1{]0), |a)} po = 0)(0 p1 = |a) (]

superposition ->  (0]a) = e~ 191°/2 — ¢=(n)/?

Pg=§& + A= % (1 — /1 —4§0€1K0|OK>\2>

Helstrom bound for perfect detection (efficiency n = 1)

Pp =& + ). = % (1 — /1 - 4§0§1G_<">>



Helstrom bound for imperfect detection
(efficiency n < 1)

probability to detect n-photons using a non-ideal
photodetector (n < 1)

polm = > ()= " = 1)
pn(ﬁ) _ Ui |:;4'| 6—"7|Oé|2
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Figure 2. Measured probability of error versus mean photon number for both direct photon counting (red squares) and the CMG
closed-loop measurement interpreted using a Bayesian estimator that assumes application of the optimal closed-loop control policy (blue
circles) and one that accounts for experimental imperfections (green triangles). All data points were obtained from ensembles of 100000
measurement trajectories, with error bars that reflect the sample standard deviation.
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Abstract

Part of the difficulties in implementing communication in quantum information stems from the
[ragihity ol Schridinger’s cat-hike superpositions. A recent experiment in quantum opucs by
Cook et al (2007 Nature 446 774) has proved the feasibility ol a feedback-mediated quantum
measurement for discriminating between optical coherent states under photodetection.
Minmimizing the error in receiver measurement over all possible POVMs leads (o the so-called
quantum error probability or “Helstrom bound’, and CMG measurements validate the
theoretical prediction by Helstrom, Dolinar and Geremia concerning this bound. In this work,
we present some preliminary theoretical and numerical explorations concerning the properties
of the Helstrom bound in binary (or multibinary) communication involving non-Poissonian

or nonlinear coherent states.




- Glauber coherent states -> Poissonian number distribution

- real lasers -> better discribed by states that lead to
almost or non-Poissonian distributions

- binomial distribution -> Poisson distribution

- deformed binomial distribution -> non-Poissonian distribution



4. NLCSs for binary communication

We now turn to families of states for a one-mode
electromagnetic quantum field that have the following form
in the corresponding Fock space:

"

del o ,
w, X) = ln). (12)
Z \/N(Iul 2) V/x,!

n—A()

State |n7) 1s a number eigenstale, i.e. an eigenslate ol the
photon number operator N = a'a, Nn) = |n). The *[actorial’
X, ! means

def .
X =x1x0 ---x,, x! =1, (13)

wherethe x,’s,n =1,2, ..., . form, with x; = 0, the sequence
ol posilive numbers,

def
X =(xg=0, x1, X2, ..., X, ...).

States (12), denoted more simply by |a) in the sequel,
are normalized, {«|o) = 1. which means that the function
N appearing in their expression reads as the ‘exponential’
associated with the factorials (13):

oo n

N(t) = —. (14)

|
n=0 A



Helstrom bound for nonlinear coherent states

o x) = n) N =S
2 P Va 2o
A= {]0), s )} e
(Ola; x) = — S R VM

N (1)

Helstrom bound for perfect detection (efficiency n = 1)

1 1
PE =3 (1 — \/ 1 — 4606 N(t)) (n) = t%ln/\/(t)



Mandel parameter

Poisson (t = |al?)
(ny =1t
((An)?) =t

sub-Poissonian Qs < 0

super-Poissonian ()5 > 0

Qr =0 (Poisson) — {



independent systems



uncorrelated system - binomial distribution

@® n independent trials with two possible outcomes -

“*win” or “loss”
n € |0,1]

py” (n) = ( . > A=)t = _n,i)! S (L=n)"

probability to lxave k wins in n trials - regardless
the order

n T — n—1 n n
=) =0t 1-n"" = @ =w F e

Leibniz triangle rule



Pascal and Leibniz rules



n -> 0 - Poisson

nis large and n n -> t (cte)




p (n) finite - Gaussian

n,nn,n(1-n) are large

(Z) j=na (f) - mm;@ — exp[n(~wlogla] = (1 - o) log{1 — )

" (1 —n)"U ") — exp [n (zlog [n] + (1 — z)log [1 — n])]

(1)t~ e [ (e 5] - 0o =5

n 1

A AC I K n 9y ! expnf(x
,;(k)n (L= iemna 0 ! V2mnz(l — x) plnf(@,m)

X

o ~-s2] -5

ff(z*,n)=0=2"=n  f(z,0)|s=n=—



1

Z (Z) 77k(1 B n)n—k S by T 0 dx \/27”1;(1 — expnf(x,n)]

(k = nx)

|

Laplace's method — \/27m:(1 = /_OO dx exp [— 20— 1) (z — 77)2] =1

= P = (Z) (1 —n)" " = \/%m?l(l ) [_ 21( ; )(x E 77)2]

limit distribution is a Gaussian



binomial case - Ssg

n T "y " .
v = n"(1—n)""* nel01] S =1
k k=0
(n) n
w/(fn) = fif =n*(1—n)"" Z <Z> kw/in) (n) =nn =<k >
(%) d

Spa(n) = — Z (k) " log(w, ") Z‘B log(w\™)

k=0

Spa(n) = —(< k>logn+ <n—k >log(l —n))
= —n[nlogn+ (1 —n)log(l —n)] < Spa(1/2) = nlog?2

Sac IS extensive



binomial case - Renyi entropy

- )

f (Z) (wl@ (n))q = Xn: (Z) N (1 — )=k — (pa 1 (1 — p)9)"

k=0 k=0
= exp [nlog (n? + (1 —n)?)]
SOy — " oen? 4 (1 —n)] < S9(1/2) = nlog 2
= (1) og n?+ (1 —n) <SR (1/2) = nlog

(0<qg<1)
Sr is extensive as well!




correlation -> deformation



deformations and correlations

® in most of realistic models in physics one must take
correlations into account: events which are usually presented
as independent, like in a binomial Bernoulli process, are
actually submitted to correlative perturbations.

® these perturbations lead to deformations of the
mathematical independent laws.

® for instance, the deformation of the Poisson distribution upon
which is based the construction of Glauber coherent states
In quantum optics leads to the so-called nonlinear coherent
states. The realization of a special class of these states,
adapted to this deformation, has been proposed in the
quantized motion of a trapped atom in a Paul trap.



deformed binomial distribution =>
correlation between events



Laplace - de Finetti modification
of the binomial law

Laplace (1774)
(n) _ (n) ()
k L k

binomial — w,in) = n*(1 -7

)n—k

de Finetti (1937)8

() . () =) -
o= )@ binary correlated system

1 1
&, ¢=/ dyyk(l—y)”_ where / dyg(y) =1
0 0

O z%,i”_l) — z’ifﬁ”) + %1(4721 Leibniz friangle rule

® binary exchangeable stochastic process



limit distribution and extensivity

@® Boltzmann-Gibbs entropy is extensive

Hanel, Thurner, Tsallis, EPJIB (2009)
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two microscopic enfropies are extensive
for the Laplace-de Finetti case

H Bergeron, EMFC, JP Gazeau, Ligia MCS Rodrigues, Physica A 441 (2016) 23



"more correlated” systems



correlated events - deformed binomial

@® n correlated trials with two possible outcomes -
"win” or “loss”

LOy L1y L2y L3y " yLn, """ To = U Tn > Tn—1

o) =x129 -2, X! =1

Py (n) =

Ln—k-L

deformed probability to have k wins in n trials -
induced by correlations

vn € N, Zp(n) (T — 1 = qx — ")



probabilistic interpretation

g1 (1) has to be nonnegative for all n € [0, 1]



program

- choose a sequence: Xo, Xi, X2, «. , Xn,

- construct the generalized exponential N(t)

- construct the functions gn(n) using

=l 90(77)
gn(N) + gn(1 — 1) = ];) <k> ar (M) qn—x(1 —n) 0 (n)

- construct the function px((n)

- this procedure does not work in general!



example of the wrong route

xo=0,r1=1—€,29=2—¢,--- .2, =N —¢€, ++-

a2(n) -




solving the positiveness problem by
means of generating functions

T,

pr (1) P k(1) qn—k(1 —n)
n—1-mn k—n—k + symmetric distributions



Vn,k €N, Wne(0,1], py(n) >0

Gty = Y Wy (N(t) -y ;f,)
n=0 =" n=0 """
- n Tp!
S =1 o) = —— () gn—r(1 —n)
P n—k-Lk-

kEK+m—n




vn.k €N, VYnel0,1], p.(n) >0

Gty =3 Wi Gt G- mit) = N
n=0 n
G(n;t) = £/ N (t)e®m1=mt) (N(t) = i ;:,)

O(z,y;t) = —P(y, x5 ¢)

simplest case:  P(x,y;t) = (x — y)p(t)
G(0:;t) =1 < G(1;t) = N(t)
N(t) = 2®(1,0it) _ o2¢(1) G(n;t) = e(Cme(t) (N(2))"

00 4n
n=0 n:



definitions

definition 1: 2o is the set of entire series f(z) = X,-0 an z" possessing a

non-vanishing radius of convergence and verifying the conditions
ao=0,a>0and ¥ n2 2, an 2 0.

Lemma 2.1. Ya,b > 0, Va € [0, 1], the functions F defined as F(t) = e* — 1,

. 1 + abt
F(t) = —aln(l —bt), F(t) = aln 1+ CZ(

Proof. It is straightforward to show that the series expansions verify the required
conditions.

belong to Y.

L]

Some simple properties of Xg are interesting for our purpose:

Proposition 2.1. Properties of ¥,
1. VF,G € Xo, F' + G € X,
2. Yo 18 a convex set,
3. VFeXy Ve |[-1,1,t— F(t)—F(nt) € Egandt — F(t)+F(—nt) € &y,
4. VE,.G € Xy, Va >0, (a+ F)G € X,
2. VI, G € X, FFoG € Xp.



definition 2: X is the set of entire series N(t) = 2.0 an " possessing a
non-vanishing radius of convergence and verifying the conditions
ao=1,and ¥ n 21, an > 0.

Proposition 2.2. The set X verifies the following properties:
1. VM, N2 €. N1+ N —1€ X,
2. X 18 a convex set.

YN N €8, MMNS, € X

VI EYy, teseF® ey

o

SN



definition 3: 2, is the set of entire series N(t) = -0 an t" possessing a
non-vanishing radius of convergence, verifying the conditions

ao =1, and v n 21, a, > O and satisfying N(t) = exp[F(t)] where F(t)
belongs to the set 2o

main theorem:

S ={NeX|¥nel0,1], gu(n) >0} = {e" | F € 5o}

Proposition 2.3. The set ¥ defined in Eq.(16) satisfies the following proper-

l1es:
1. VAT, No €, . NN, € X,

2. VE €Y, t—el®ey, .



solving the positiveness problem by
means of generating functions

M () = —2 g ()gar(1— 1)
n—1-—n k—mn—k ~ symmetric distributions

N(t) =1+ ait + ast” + -

D all a,, >0, n>1

main theorem:

i = {N €|V € [0,1], gu(n) > 0} = { | F € 5}
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example 1 - g-Gaussian

~\

N(t):(1—§>_a, a > 0 (N(t)

J




n), (7 ['(«) I'na+ kK)I'((1—n)a+n—k)
0= (4) tara e Do+ 1)

Polya-Markov distribution

G. Polya (1923): urn scheme. From a set of b blue balls and
r red balls contained in an urn one extracts one ball and
return it to the urn together with ¢ balls of the same color.

The probability to selec’r in the urn K blue balls after the n-
th trial is given by pk ( ) with

b b+ r
Oé:
b+ r C

77:

(special cases: c=0; ¢= —1)



1.0

0.8

q1(n) =n

02(1) = (1 + 5) (o =
q3(n) 24—1277(1 +5n)(2 + 5n)

q4(n) Z%n(l +5n)(2 + 51)(3 + 57)

5(7) ==L+ 57) (2 + 5) (3 + 5n) (4 + 5)

3024

1.0



asymptotic behavior at large n

1 ()11 — z)*Ud=1=1T[q]

pr_ o~ x € |0, 1]
- n [[an] Dje(l — n)]
n 1

PRETEE n/ dzp;”,, = 1

k=0 0

limiting distribution affter centering

pr %(Q_Q)

n

pn/2

~ 21— e (- 47

Wigner law -> g-Gaussian (q=(«-4)/(«-3) and B=2(x-2))



<k>n — N

Leibniz triangle rule
Is strictly obeyed

Zp(") S (Z) wy =

k=0

n—1 n n

Wy = Wk + Wt

1

n=1000, 2000
and Wigner



Boltzmann-Gibbs and Sq entropies

n n Pén) !
zn: o™ g LT > =0 (i) ((Z))
Spa = — ( ) log —"— Sin) —
—0 k) (%) (1) ! q—1
| x=3,1n=I72

20 |

20 40 60 80 100
n

Spa ~n _w(a) —np(an) — (1 —=n)Y(a(l —n)) — é

Spa ~ 0.552961n (a=3;n=1/2) Sp ~nln?2



example 2 - Abel-type polynomials

N(@t) =e eW=tla) >0

W) e ® =¢  W-Lamberts function

Ckn_l
| —
Tn! =N (n—l—a)”_l
no ( 1 )nQ .
Ty = 1 — lim x,, = a/e
n 4+ « n—+ « 7 — 00

(n+2)""

gn(n) =n - q(n) =1, q1(n) =7
(1+7%)




This site is supported by donations to The OEIS Foundation.

L 2¢
¢+ 36, 45 SS, 66.

7. The On-Line Encyclopedia

s. 14, @, 132, 429, 1430, 4862 16796

| esnon 000 Of Integer Sequences

Jr iin 19 v N. J. A Sloane

I]O. ' t

Many excellent designs for a new banner were submitted. We will use the hest of them in rotation.

(Greetings from The On-Line Encyclopedia of Integer Sequences!)

A063170 Schenker sums with n-th term. 10

$I
%5
T
U
&N
&C

$C

&C

D

D

%D

$H

1,2,10,78,824,10970,176112,3309110,71219584,1727242866,46602156800,
1384438376222,44902138752000,1578B690425731402,59805147699103744,
242B475127395631750,105224992014096760B32,4845B665918596268695010

Schenker sums with n-th term.

Urn, n balls, with replacement: how many selections if we stop after a ball is chosen that
was chosen already? Expected value is a(n)/n"n.

Conjectures: The exponent in the power of 2 in the prime factorization of a(n) (its 2-adic

valuation) equals 1 if n is odd and equals n - A000120(n) if n is even. - _Gerald McGarvey ,
Nov 17 2007, Jun 29 2012
Amdeberhan, Callan, and Moll (2012) have proved McGarvey's conjectures. - _Jonathan Sondow_,

Jul 16 2012

T. Amdeberhan, D. Callan and V. Moll, Valuations and combinatorics of truncated exponential
sums, INTEGERS 13 (2013), #Aa2l.

D. E. Knuth, The Art of Computer Programming, 3rd ed. 1997, Vol. 1, Addison-Wesley, p. 123,
Exercise Section 1.2.11.3 18.

Helmut Prodinger, An identity conjectured by Lacasse via the tree function, Electronic
Journal of Combinatorics, 20(3) (2013), #P7

T. Amdeberhan, D. Callan, and V. Moll, <a



asymptotic behavior at large n

(ny 1 an(l—mn)
k=nx n3/2 /[ 13/2 (1 . $)3/2
n 1 1—¢
1 an(l—mn) . dzx
— dr ~ 1
];) n/o XL large n nl/2 \/ﬂ 651% ) r3/2 (1 _ x)3/2
N i 2on(l —n) 1
large n .5 V2r  +/ne
A 8(an(l —n))? n
€= — A= - (large n) n d:v ‘B,(C )m =

limiting distribution affter centering

() 1 1

large n ~ —
(large n) SBS})Z 8[x(1 — x)]3/2 —y+1/2 (1—4y2)3/2



(1)

50 f
40 n = 20000

a = 20
¥ n=1/2
20

: (n) 1
m p), S
07 “““““““““““““““

00 0.2 04 0.6 0.8 1.0

€T

Leibniz triangle rule is asymptotically obeyed, large n

Zp<”) f: (Z) o = 1

(large n) w, N W, + W




extensive entropies
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On a Generalization of the Binomial Distribution and Its
Poisson-like Limit
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Symmetric deformed binomial distributions:
An analytical example where the Boltzmann-Gibbs
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back to Helstrom bound

FIGURE 1. The Mandel parameter @) for nonlinear co-
herent states associated with the sequence (92) for s = 2

(red line), s =5 (blue line) and s = 10 (black line).
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