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Model 1: zero range processes

e T :{1,,L}
@ State space N'z

@ configurationsn ={n, :x € T}
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Dynamics

@ g: N>R,y ¢g(0)=0 gk)>0 0<p<l1

@ r—x+1atrate pg(n,) x—x—1atrate (1 —p)g(n:)
@ g(k) =k independent random walks

@ g(k) =1{k >1} queues and servers

@ g | sticky
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Model 2: Random walks among random traps

@ {Gy:N>1} Gy=(Vn,EN) finite graphs
@ Gy = T?\f {0, 1}N

@ Random d-regular graphs  Super-critical Erdos-Rényi
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Model 2: Random walks among random traps

©

{Gny:N>1} Gy = (Vn,EN) finite graphs
Gy =T¢  {0,1}V

©

@ Random d-regular graphs  Super-critical Erdos-Rényi
e {(WVN:k>1} iid.

@ Basin of attraction a-stable 0 < a <1

o PWN >t = %f) t>0

@ L(t) slowly varying at infinity
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Model 2

@ {Gy:N>1} Gy=(Vn,EN) finite graphs
Q Wj > 0 ZW] < X0

j>1
e N 2, ... ,xf}QM random permutation of Vy
N _ .
Q Wx;\, =W;

@ XN randomwalkon Gy mean WX exp. times
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Model 2

@ {Gy:N>1} Gy=(Vn,EN) finite graphs
Q Wj > 0 ZW] < X0

j>1
e N 2, ... ,xf}QM random permutation of Vy
N _ .
Q Wx;\, =W;

@ XN randomwalkon Gy mean WX exp. times

@ (ENN)@) = G i DU

y~x

@ deg(x) degree of x
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Model 3: Kawasaki dynamics

e T, = {—L,...,L}2
Q QL = {0,1}TL

@ n={n(x):zeTr}, n) =1 n(x)=0
@ Inverse temperature 3 1 oo

= B -
1 e~ P e 2P
N e
1 [ -.l |

I

\_"1
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Model 1: Stationary states

N number of particles

Ern={neN . > ver, e = N}
{n(t) : t > 0} irreducible

e P PP

Exists unique stationary state ur,
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Model 1: Stationary states

N number of particles

Ern={neN . > ver, e = N}
{n(t) : t > 0} irreducible

e P PP

Exists unique stationary state ur,

Equivalence of ensembles:

@ Cylinder function f  f = f(n_m,---,0m)
e lim E,, ,[f]=E,I[f]

L—o0
N/L—p

@ N% stationary state (Grand canonical)

@ Number of particles conserved, {v,:p>0} E, [n]=p
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Grand canonical stationary states

@ Partition function: Z(p) = kzzogg(pk)! , >0
e gO)! =1, gk)! = g(1)---gk)
e g(1)=1 g(k):(%f k>2 a>0 g(k)!=k°

@ * < oo radius of convergence of Z p* =1
@ p<p* D, product measure on N~

P Sk
Qe V‘P{n'nm—k} - Z(go)g(k)'
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Equivalence of ensembles

e PP P PP

©

Do{n i ne =k} = (1¢)g(k) 0<p <o

R(p) = Ep,[no] = 1@ Z: SDZZ(/Q(;;) zsoélog Z(p)
R(0) =0 R strictly increasing

p* =limyp- R(p) R:[0,9") = [0,p*) @=R"

0<p<p* V,="Vgy)

E, o] = By ] = R(®(p)) = p

Cylinder function f p < p* Jim - E fl = E, | f]

00
N/L—p

Local central limit theorem (Kipnis - L)
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Critical density

d d
@ p"= lim R(p)= li —log Z(p) = ¢ lim —logZ
pr = Jim R(p) = lim o7-logZ(p) =¢" lim 2-log Z(p)

@ g(1)=1 g(k)z(—)a k>2 a>0 g(k)! =k sticky

> >
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Phase transition

a<l Zp*) =00 p"=o
l<a<2 Zp)<oo pf=ox

a>2 Zp*)<oo pf<oo

e P PP

Problem: urp. n i N/L=p>p*?
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Phase transition

a<l Zp*) =00 p"=o
l<a<2 Zp)<oo pf=ox

a>2 Zp*)<oo pf<oo

e P PP

Problem: urp. n i N/L=p>p*?

{NL:L21} NL/L%p>p* ,LLL’NT_lNl/p*
a>1 L fixed

1 K KN < N th_mO /LL7N{maX1§x§L M Z N — fN} =1

e P P P

Let N 1t oo, up NT™ 1 — Ve
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Model 2 and 3: Stationary states

@ Model 2: vy (z) ~ deg(x)WH (x)
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Model 2 and 3: Stationary states

Q

Model 2: vy (z) ~ deg(x)WH (z)

Model 3:

Irreducible sets:

QL =€) cr, nlz) =K}
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Ground states

@ limy_yoo pir, N{MaxXi<y<r Ny > N — Uy} =1
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Ground states

@ limy_yoo pir, N{MaxXi<y<r Ny > N — Uy} =1

e vy(z) ~ deg(x)Wh ()

e vy(xl,. ... zd) =1
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Ground states

Q

Imy oo pr N{maxi<z<z Nz > N —Un} =1

vn(z) ~ deg(z)WH (z)

N

1 G

K =n?

pe(l) — 1

i) — 1

L >2n

U

X

I

{n*:xeTr}
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Questions

@ {n(t):t=>0}
a &Y,....&Y meta-sets

@ Suppose n(0) € EN
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Questions

@ {n(t):t>0}
EY,...,EY meta-sets

©

@ Suppose n(0) € EN

@ Ty =inf{t>0:n(t) € Uj;éz‘gjj'v}
@ Order of T'\?

@ Pln(Ty) €&
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Metastability/Tunneling

@ &y 1<z<kpy

Q 51\]: Ug]a\:[ EL,N = 51\[ UAN

r=1

o
|’ O ;l
@ o
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Metastability
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@ (M1) Starting from £%;, the process thermalizes on £%; before
leaving this set.

@ (M2) On an appropriate time scale, process jumps from &% to £%; at
exponential times.

@ (M3) On that time scale, the time spent on Ay is negligible.
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A martingale approach to Metastability
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Trace

@ nt~(t)trace of {n(t) :t >0} on &y =J
e T(t) = fot 1{n(s) € En}ds

@ S(t)=sup{s:T(s) <t}

@ 1~ (t) = n(S(t)) Markov process on £y

K
T

N €T =
&
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Asymptotic Markovian Dynamics

@ 7t~ (t)trace of {n(t):t>0}onéx =Y, &5

Q.\IJN:gN—>{1,...,I€N} \IJN(U):ZCifoESJxV
@ Xn(t) = Uxn(n*N(t)) may not be Markovian

| ®
@ o

(M2): X (t0n) — X(t) Markov processon {1,...,kn}-
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Martingale approach

o XN =TU(nf(toy)) — X,
@ Tightness X}V

@ X, solves martingale problem F:{1,...,x} - R

o F(Xt)—F(XO)—/t([,F)(XS)ds

e F(Xy)—F(Xo)— | Y r(Xow)[Fly) — F(X,)]ds
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Martingale approach

a F(X,)— F(Xo) - / S H(Xay) [F(y) — F(X.)]ds

0N

o MY = F(XY) — F(U(£(0))) - / Lo (F o W) (5 (s)) ds

[Le(FoW)](n) = > R (1,6 {(FoW) (&) — (FoW)(n)}

E€EN
= 3 F) - F@)] Y R 0.6 1(n € £)
zy=1 EEER

KN

= Y [F(y) — F(2)] R®(n, &%) 1{n € &%}

x,y=1
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Metastable ergodicity
@ F(XN) - F(X{') = SaN_i[F(y) — F@)] [3°N REN (n(s), £X) Ln(s) € £} ds

z,y=1

@ G.u(n)=RN(n,E4)1{n € &Y}

t0n
o / Gy (n(s)) ds

@ P=0{%:1<2<kn} Gay=Eu[Gsy®n)|P]

143N
/O {Co(n) = Gy () }ds — 0 (c1)
A 1
e G, = REN (), EY) =: rey
o) = ey 2 MR ) = e )
t PN
o F(X')-F(Xg)~ 0 > Onren (X, y) [Fy) — F(XJ,)] ds
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Asymptotic behavior of rates

t KN
o F(XN) - F(X) / D ey (X250 1) [Pl3) = FX, ) d
2 f'agN(aj y — REN 77>5y)
negw
QNTSN(x7y) — T(Qf,y) (C2)
¢
lim sup EN{/ 1{n(sn) € AN}ds} =0 (C3)
N—)oonegN 0

@ Nothing is said if n(0) € Ay.

An approach to Metastability — p.22/42



1

@ Th (Beltran, L.): Sufficient conditions for a ergodic Markov process
on a countable space to be metastable.

Martingale approach

@ All conditions are expressed in terms of the measure i, y and
capacities.
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Potential Theory, Capacity

@ Markov process {n(t):t >0} on E
@ Rates R(n,§) A(n) = >_ey, R(0,6)  M(n) = p(n) A(n)

@ Hitting and return times

Hiy=inf{t >0; n(t) € A}
HT =inf{t >0; n(t) € A s <t n(s) #n(0)}

@ Capacity A, BCE,ANB=go

cap(A,B) = Y M(n)Py[Hf < HJ]
neA
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Dirichlet principle

@ Generator L, Dirichlet form D(f) = ((—=L)f, f).

V An approach to Metastability — p.25/42



Dirichlet principle
@ Generator L, Dirichlet form D(f) = ((—=L)f, f).

@ Reversible

@ cap(A,B) = inf (F,(~L)F), = D(Vap)
Q@ Fa=1,Fp=0

Q VA,B(U) — Pn[HA < HB].
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Dirichlet principle

Q

Q

Generator L, Dirichlet form D(f) = ((—=L)f, f).

Reversible
cap(A, B) = inf (F,(~L)F), = D(Vap)
Fi=1,Fg=0

Vag(n) =P, Ha < Hp|.

Non-reversible (Pinsky, Doyle, Gaudilliere-L.)

cap(4, B) = irﬁ;f sgp{2<F, LH), — <H,(—L)H>u} :

Fa=1Fg=0 Hs=Cy, Hg=0
Fap=Q/2{Vas+Vig} Hap=Vas
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Thomson principle

Q Reversible

— inf 2
- Cap(A B ln % (7775)

@ & unitary flow from A to B:

a Flow: (I)(nag) — _(1)(5777)
o Divergence free: Vng AUB ) . ®(n,¢§) =0

@ Unitary: > 4D ega ®(n.€) =1
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A. Condition (C1): Process visits points
tOnN A
/O {Gx,y(nf) — Gx,y(nf)} ds — 0 (C1)
@ Vo T eEy

lim inf PV [H(gm) <H(Uy¢x8§<,)] -1

N—oonely,
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A. Condition (C1): Process visits points

tOn
[ {Gaattf) = Guyid) s —0 )
0

@ Vz JTeE

lim inf PV [H(ﬁ”) <H(Uy¢x8§<,)] -1

N—oonely,

copn (€5, Uy 025

lim sup =0
N—oo pegn capy (1, &%)
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Condition (C1): General case

)

< 24TE [(V—N)2 > we(EX) grn (fs fhm

7, T ]
N € reS

sup|/f (sOn))ds

t<T

Q N

@ g, ., Spectral gap of reflected process on £%;
@ Ve Y cer i(n) f(n) =0
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Capacity and mean rates, Condition (C2)

n) RN (n, EX)

Qe rgN('r y —
neey,

On ey (T, y) — r(x,y) (C2)

ACKCE pw(A)rg (A, K\ A) = cap(A, K\ A)
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Capacity and mean rates, Condition (C2)

@ Reversible: A BCKCFE ANB=©

2u(A)rg(A,B) = cap(A, K\ A)+cap(B, K\ B)—cap(AUB, K\ [AUB]|)
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Capacity and mean rates, Condition (C2)
@ Reversible: A BCKCFE ANB=Y
2u(A)rg (A, B) = cap(A, K\ A)+cap(B, K\ B)—cap(AUB, K\ [AUB])

@ Non-reversible: A BCKCFE ANB=yY

inf sup{2<F, LH), — (H, (—L)H>u}

Fog
@ Fa=1,Fp=0C1, Fin(aup)=0 Ha=0Cs, Hg = Cs,
Hg\aup) =0
Q. Fopt Hopt
H%pt _ TK(BaA)

rx(B, K\ B)
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Condition (C3) L

@ Assume asymptotic process has no absorbing points. For all x:

lim 'LLN(AN)

= 0
N—oo fin(ER)
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Theorem

@ Condition (C1)

@ R%Y rates of the trace process on €y

(0, EX)

Ten (aj y —
negm

lim Onrey(z,y) = 7(z,9) (H2)

N — o0

@ Assume that process with rates r has no absorbing points

I pn(AN)
im
N —o0 ,LLN((C/‘JJ)

= 0 (H3)
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Zero range dynamics

/ 1+a(k—1)

N \
Q Nita > 0

@ Ex={n:n>N—{n}
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Zero range dynamics

/ 1+a(k—1)

N \
Q Nita > 0

@ Ex={n:n>N—{n}

e inf PY[H( < H o = 1
Jnf Py Hig < Heys\(op
Q Xg\]oc—{-l _>Xt

T
Q Efy[/o 1{77N(3No‘+1)EAN}dS] — 0.
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Zero range dynamics

/ 1+a(k—1)

N \
Q Nita > 0

@ &y ={n:m >N —In}

e inf PY[H( < H o = 1
Jnf Py Hig < Heys\(op

N
Q XtNO‘+1 — Xt

T
Q Efy[/o 1{77N(3No‘+1)EAN}d8] — 0.

capg(z,y) uniform measure
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Kawasaki dynamics

e 7(0) =7n"

@ ((t)traceofn(t)on'={n*:xec Ar}
e X(n*)=x

@ X(t) = X(£(1))
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Kawasaki dynamics

@ 7(0) =

Q ()traceofn()onF:{nX:xeAL}
@ X(n*) =

@ X(t) = X(&(t))

@ n'L*{n3e P+ LeP? = 0

@ Foreveryd >0 n2L2e0L/" 5 g
@ ZP(t) = X(tL%*03)/L

e Z°P(t) — B(t)
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Kawasaki dynamics

n

ﬁezﬁ < 0 < Con? e?P

Q (g
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Kawasaki dynamics

n
Q coﬁezﬁ < 0 < Con? e?P

Q AIQLJ(\F
@ n’L*(L*+nd)e? = 0

Q ng [/t 1{n(sL*03) € A} ds] =0
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Random walks among random traps

{X,, : n > 1} embedded discrete time chain
X,, random walk on Gy

Stationary state 7 7V (2) ~ deg(x)

e P PP
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Random walks among random traps

e P PP

©

{X,, : n > 1} embedded discrete time chain
X,, random walk on Gy

Stationary state 7 7V (2) ~ deg(x)

tmix << hitting times

= vliev = 5 3 n(a) — va)|

eV

1
— 1 . Pn , ) — . < _}
trix = min {n s macx | Po(, ) = w(-)lrv < 7
Hp = inf{in>0:X,€ B} BCVy
HY = inf{n >1:X, € B}

T tmx = O(N?) H, =O(N%) d>3
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Q_{Wj]21} WJZO Wy >Wy > ... Zjo<OO

e N 2k, ... ,xf}’M random permutation of Vy
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{WjijZl} W]ZO Wy >Wy > ... Zjo<OO
vy, 73 ..., Ty, | random permutation of Vi
My too Ay ={ay,...,z3 }
En
s
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@ Mytoo An={Z1,...,Tmy}

@ /yToo B(xjn)
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MNTOO AN:{Jfl,...,Z’MN}
Iy Too B(zj,ln)

B(x;,¢n) do not overlap

2 d UB(:EJ-,KN) X,, mix before hitting Ay
j

T

£k
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vey (z) = P, [H(B(z,n)°) < H| escape probability z e Ay
MN(x) = #{X,, visits = before escaping } J(z) > 1
N(x) ~ geometric P, [N(z) = 1] = vy, (7)

H(B(z,tn)¢)
/ 1{X; =z}ds mean W, /v, (z) exponential
0
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vey (z) = P, [H(B(z,n)°) < H| escape probability z e Ay
MN(x) = #{X,, visits = before escaping } J(z) > 1
N(x) ~ geometric P, [N(z) = 1] = vy, (7)

H(B(z,tn)¢)
/ 1{X; =z}ds mean W, /v, (z) exponential
0

P.|H(Ay) = H,, |

J

P, H(Ay) = Hy, | ~qn(z5) 2 ¢ UB(%afN)

)

2
8

<
I

qn () ~ deg(z) vey (7)
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vey (z) = P, [H(B(z,n)°) < H| escape probability z e Ay
MN(x) = #{X,, visits = before escaping } J(z) > 1
N(x) ~ geometric P, [N(z) = 1] = vy, (7)

H(B(z,tn)¢)
/ 1{X; =z}ds mean W, /v, (z) exponential
0

qN(ZL'j) — Pﬁ [H(AN) — ij]
P, H(Ay) = Hy, | ~qn(z5) 2 ¢ UB(ﬂfiafN)

qn () ~ deg(z) vey (7)

Pseudo-transitive: ~ P[(r, B(x, £n)) # (9, B(y,£x))] — 0
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Q \I/NZVN—>N @N(my)ZJ
e Uy (X}V) Markov process on {1,...,|Vy|}
@ KN trace of U (XY)on {1,..., My}
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\I/N:VN—>N \IJN(J?éV)Zj
¥ N (X;V) Markov process on {1,...,|Vx|}
KN trace of Un(XV)on {1,..., My}

Mean Wy /vy, (zr) ~ Wy /ve, (x1) €xponential times
pN(i,j) ~ P [H(AN) — H:z:j] — C]N(-Tj) ~ deg(xj) (22N, (ij)
pn (2, J) ~ 1/Mn
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\I/N:VN—>N \IJN(J?éV)Zj
¥ N (X;V) Markov process on {1,...,|Vx|}
KN trace of Un(XV)on {1,..., My}

Mean Wy /vy, (zr) ~ Wy /ve, (x1) €xponential times
pN(i,j) ~ P [H(AN) — H:z:j] — C]N(-Tj) ~ deg(xj) (22N, (ij)
pn (2, J) ~ 1/Mn

By = vy (x1)7 !

K} converges K-process (Wi, Wa,...),(1,1,...)

T
/ ]_{X35N QAN}CZS—>O
0
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K processes

Markov process on NU {0}
{ur : k> 1} entrance measure

Q
Q
@ {Z;:k>1} mean exponential times
Q

Zuka<oo Zuk:oo

k>1 k>1

Fontes-Mathieu 2008 wu; = 1
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K processes

Markov process on NU {0}
{ur : k> 1} entrance measure

Q
Q
@ {Zy:k>1} mean exponential times
Q

Zuka<oo Zuk:oo

k>1 k>1

Fontes-Mathieu 2008 wu; = 1

Mean Z;, exponential time
Jumps to co Immediately returns to N
Afinite P[Hjp = Hp] = <&

ZjeA Uuj

e P PP

U — Y Uk
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