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Turbulence

1500 - “Doue la turbolenza dellacqua rigenera, doue la turbolenza 
 dellacqua simantiene plugho, doue la turbolenza dellacqua siposa"





A metáfora de Lorenz



Turbulência 
(uma torre de metáforas)
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Estruturas coerentes Leis de parede
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Can we actually hope to find a good model for turbulence ?



One-dimensional statistics



Stationarity





Osborne Reynolds 
1842-1912 



Re =
⇢UL

µ



⌧ = µ

dU

dx

[µ] =
M

LT



Re =
⇢UL

µ





The Longest Experiment - 1927->

"The mountains  
flow  

before the Lord" 

Deborah, Book 
 of Judges, Cap.5, vers. 5

Como escoar 
mel ?

Re =
⇢UL

µ
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Euler Equations

SW = �
Z

@W
grad p dV

BW =

Z

@W
⇢b dV

⇢
Du

Dt
= �grad p+ ⇢b

O mundo sem viscosidade- EULER, 1757



Viscosidade e transferência de momento





Adimensional





A viscosidade vai sempre te lembrar da parede



Escoamentos incompressíveis 
viscososEquações de Navier-Stokes!Equações de Navier-Stokes incompressíveis

⌫ =
µ

⇢



Non-Dimensional Incompressible 

Navier-Stokes

Reynolds Number

Re =
UL

⌫

Non-dimensionalization and scaling  
of the Navier–Stokes equations

r · u = 0
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Definições/Notações

⇢(s) =
hu(t)u(t+ s)i

u(t)2

Autocorrelation
R(s) = hu(t)u(t+ s)i

Autocovariance

⌧̄ ⌘
Z 1

0
⇢(s) ds

Integral timescale

E(!) ⌘ 1

⇡

Z 1

�1
R(s)e�i!s ds

Frequency spectrum

Z !b

!a

E(!) ds

Contribution to the variance  
of all modes within this range

R(0) = hu(t)2i =
Z 1

0
E(!) d!



a) Turbulent Flow

b) Turbulent Flow 
(higher Reynolds)

c) Gaussian Process 
(same spectrum as (a))

d) Ornstein -Uhlenbeck 
(same integral time-scale 
as (a) )

e) Jump Process 
(same spectrum as (d))



Spectral signature -> Power Law  
(Self-similarity / Phase-transition)

Inertial 
Range



Big whorls have little whorls 
That feed on their velocity. 

And little whorls have lesser world 
And so on to viscosityLewis Fry Richardson 

1881-1953

[✏] ⇠ [U ]2/[T ] ⇠ [U ]3/[L]

Energy Dissipation Rate

Does wind have a velocity ? 
Self-similarity



Richardson cascade



Spectral signature -> Power Law  
(Self-similarity / Phase-transition)

Dissipative 
Range



~

Top of the Inertial Range

Richardson cascade



Intermittency

(c) G.P.

(a)

high-pass 
Filtering
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Jean-Leray

Soluções Fracas 
(Turbulência = singularidade ?)





CLAY MILLENNIUM PROBLEMS 
Uma maneira bem difícil de ficar rico



Escalas Espacias 
Definições/Notações

Two-point correlation

velocity spectrum spectrum tensor

Decomposition of the covariance 

Rij(r,x, t) ⌘ hui(x, t)ui(x+ r, ti

�ij(k, t) =
1

(2⇡)3

Z Z Z
e�ik·rRij(r, t)dr

Rij(0, t) = huiuji =
Z Z Z

�ij(k, t)dk



Escalas espacias 
Definições/Notações

E(k, t) =

Z Z Z
1

2
�ii(k, t)�(|k|� k)dk

Energy Spectrum Function

Z 1

0
E(k, t)dk =

1

2
Rii(0, t) =

1

2
huiuii

Decomposition of turbulent kinetic energy



Energy spectrum



�vk(r, l) = [v(r + l)� v(r)] · l

|l|

Longitudinal velocity increment

Spatial Scaling

S2(`) = h(�vk(`))2i
Second order longitudinal Structure Function



Kolmogorov 4/5 law

h(�vk(`))3i
`

= �4

5
✏

In the limit of high Reynolds Number

Onsager conjectured that the physical solution of the Euler equations 
must have Holder regularity not greater than 1/3. Moreover, regularity 
1/3 should imply anomalous dissipation.

lim
⌫!0

✏⌫ ! ✏ > 0

Anomalous dissipation ?
✏ ⌘ ✏⌫ = ⌫hh

���ru(⌫)
���
2
ii



Lars Onsager

“…in three dimensions a 
mechanism for complete 
dissipation of all kinetic 

energy, even without the aid 
of viscosity, is available.” 

           L. Onsager (1949)



Convolution of all scales

Multi-scale phenomena

The effect of the nonlinear term

⇧ =

Z
(u ·r)u · u dx

=0 (smoothness)

Energy equation d

dt

1

2
kuk22 = �⌫ kruk22



“Inviscid” limit

Incompressible Navier-
Stokes Equations

Incompressible Euler 

Equations

?

Can we recover enough of turbulence

from Euler Equations ?



Minimum regularity

The Onsager Conjecture

⇧ =

Z
(u ·r)u · u dx

⇧ ⇠
Z

(|r|1/3u)3 dx
Arguing as Littlewood-Paley

If u has Holder regularity 1/3, we can 
at least make sense of the flux

Any better regularity yields:⇧ = 0



Singular Limits

Sir Michael Berry



Constantin, Titi, E 
Eyink 
1994 Besov spaces

Conservation of energy 

Wild solutions of 3 Euler Equations 
Scheffer


 
Schnirelmann 


De Lellis, Székelyhidi 

Energy not conserved
L2 \ L1

Classical results - Onsager’s conjecture

L3(0, T, B↵
3,1), ↵ > 1/3

What do we know ?



Unidimensional Gas 
Burgers Equations

J.M. Burgers. 


Mathematical examples illustrating relations

occuring in the theory of turbulent fluid motion. Verhand.

Kon. Neder. Akad. Wetenschappen, Afd. Natuurkunde,

Eerste Sectie, 17:1–53, 1939.



Inviscid Burgers Equations

Peter Lax


u
t

+ uu
x

= 0



Back to Burgers

Inviscid 

Burgers

Singularities



Burgers Equations  
The singularity smile

⌫ ! 0

E
(k
).
k
2



“'All right,' said the Cat; and this time it vanished quite 
slowly, beginning with the end of the tail, and ending 
with the grin, which remained some time after the rest of 
it had gone.” - Alice in the Wonderland 

(by Marshall Slemrod)



Convergence of attractors 
and physical invariant measures 

with increasing Re number

Wild solutions of 
Euler equations 

in the limit support ?

supp µ⌫1000

supp µ⌫1

supp µE

F.Otto,F.R. (Burgers)



3D->2D->1D 
(other inviscid invariants)

Solutions are well-posed

⌘ ⌘ ⌘⌫ = ⌫hh
���r

⇣
r⇥ u(⌫)

⌘���
2
ii lim

⌫!0
⌘⌫ ! ⌘ > 0

No anomalous dissipation of enstrophy 
with linear damping (Constantin, F.R. CMP 2007)



• Turbulence and transition 

• Equations of motion and wall effects 

• Spectrum and Inertial range 

• singularity signature and singular limits 

• Reynolds decomposition and Prandtl revolution 

• Non-newtonian rheology and drag reduction 

• Kolmogorov meets Prandtl

OUTLINE





Reynolds Decomposition

Incompressible  
Navier-Stokes

ui = ūi + u0
i

⇢

Dui

Dt

= � @p

@xi
+ µ

✓
@

2
ui

@xj@xj

◆

⇢


@(ūi + u

0
i)

@t

+ (ūj + u

0
j)
@(ūi + u

0
i)

@xj

�
= �@(p̄i + p

0)

@xi
+ µ

@

2(ūi + u

0
i)

@xj@xj

Reynolds Equations

⇢


@ūi

@t

+ ūj
@ūi

@xj

�
= � @p̄

@xi
+

@

@xj

✓
µ

@ūi

@xj
� ⇢u

0
iu

0
j

◆

Total Shear  
Stress

Reynolds stress tensor
⌧R = ⌧ 0ij = ⇢u0

iu
0
j



ICM Plenary Speaker 1904 
(invited by D. Hilbert)

According to our current on-line database, 
 Ludwig Prandtl has 87 students and 3483 descendants. 

“Your talk was the most beautiful one 
 of the whole conference” - F. Klein



What is the most dramatic kinematic effect  
of a high Reynolds Number?

Large deviations of velocity gradients,  
mainly near the boundary



Total Shear Stress⌧ = ⇢⌫
dhUi
dy

� ⇢huvi

@hpi
@x

=
dpw

dx

Wall shear stress⌧w ⌘ ⌧0 = ⇢⌫
dhUi
dy

� ⇢huvi

�dpw

dx

=
⌧w

�

Momentum balance



Friction Coefficient

Cf ⇠ 1

Re1/4

Blasius

Cf =
⌧w

⇢hUi2



Friction 
Velocity

Wall 
Units

Wall velocity

�⌫ =
⌫

u⌧

Wall viscous 
length-scale

Comparing Life far from and near the wall 
Prandtl’s Revolution



Singularity again?

Drag coefficient for rough walls

Nikuradse

Nikuradse





W

High 
Momentum

Low 
Momentum

A Traveling vortex carrying momentum imbalances

v0 = ud

Inspired on 
G. Gioia and P. Chakraborty 

P.R.L. 2006

A new phenomenology: Kolmogorov meets Prandtl

u0 = U

⌧ = ⇢⌫
dhUi
dy

� ⇢huvi



A Brand New Phenomenology

⌧w ⇠ ⌧R|W ⇠ ⇢Uv0 ⇠ ⇢Uud

⌧ = ⇢⌫
dhUi
dy

� ⇢huvi
WW



Friction coefficient

f =
⌧w

1
2⇢U

2 ⇠ ⇢Uud
1
2⇢U

2
⇠ ud

U
⇠ 1

Re1/4

Blasius Friction Law

For higher  
Reynolds 

this law fails
Prandtl’s  
log-law
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Newton

⌧ = µ

dU

dx



Complex Flows - Drag Reduction



Voigt viscoelastic regularization 
(Titi, Levant, F.R.)



Non-Newtonian Rheology

by D. Dennis



Viscosity is a function of the flow





Xanthan gum

sodium 
carboxymethyl 

cellulose 
(CMC)



Dodge&Me(ner+Relation1

f =
⌧w

1
2⇢U

2
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Kolmogorov’s*scaling**
for*Power3law*flows5



Generalized*Blasius’*
Friction*Factor3

H. Anbarlooei, A. P.S. Freire, D. Cruz, F.R. 
PRE, 2015

Cf =
0.316

Re
1

2(n+1)



Generalized*Blasius.
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H. Anbarlooei, A. P.S. Freire, D. Cruz, F.R. 
PRE, 2015

Cf =
0.316

Re
1

2(n+1)



Comparison*with*Previous*
Empirical*Relations6
Hanks*and*Rick’s*(1975)*6

f*=6

Generalized*Blasius*6

Cf =
0.316

Re
1

2(n+1)
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Blasius Domain of validity



Domain of validity 
Comparing Prandtl (wall) and Kolmogorov(smallest eddy) scales



Similar results hold for other 
complex flows

• Bingham 

• Viscoelastic 

• Herschel-Buckley 

• Annular flows (other geometry) 

• Transpiration walls (other boundary conditions)



"Prandtl was able to see the solutions of 
differential equations without calculating them." 

                            W. Heisenberg



Muito obrigado


