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Central Question: What spatial patterns can emerge on the plasma membrane solely through
protein-protein interaction and diffusion? What is the simplest mathematical model that exhibits
heterogeneous protein distribution?
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Model Assumptions

e U volume component

e A, membrane oligomer of size J j=12,--- N
e Chemical reactions: U S A; (membrane binding/unbinding)
A +A =— A, (reversible oligomerization)

e {2 bounded region (cellular domain) with smooth boundary ' = QX

e Concentration variables:  u(z,t) : Q2 x (0, 7] = R (mol/um?)

aj(z,t) : T x (0, T] =R (mol/um?)
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Governing Equations

In the cytosol and boundary conditions
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Conclusions

e Bulk-surface model for protein aggregation with a positive feedback exhibits a spatial
heterogeneous single-patch steady-states.

e Under homogeneous perturbations, bistability is promoted by a combination of mass conservation
and positive feedback.

e Feedback rate (kb) must be strong enough to promote a diffusion driven instability. If the rate is low,
then the system converges back to the spatially homogeneous steady-state (theorem for N=2,
conjecture for N>2)

e The single-patch steady-states consistently appears for a range of parameter regions of instability. A
rich gets richer mechanism seems to explain that fact.
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Stability Analysis: Numerical
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Stability analysis

(k’o -+ kbag)
2]

O.a1 = Aay + { [/\/10 — / (a1 + 2as) ds} — a1 — 2kpa® + 2ksas }
r

Gtag = dgACLQ + 7y {kmCL% — ]CQ&Q}

dan; || 1) Unique steady-state
ko[Tl, === 2) No diffusion-driven
instability

e Theorem: ky < —— min
M



Steady-state analysis

aal (9aj

— = Aay +yFi(ar,a. .. ,ay)  —= =d;Aa; +vF;(ar,az...,aN), J

ot ot

e Spatially Homogeneous Steady-states: a* = (aj, a3, a3, ..

]—"j(a*) =0 —— at = Cj((lf{)j

J
*

Fi(a)=0 — Pnla;) =0
N-—1 '
Pn(ay) = —koMo + (| + ko|l'|) a] + kolL'| ZjCj(aD]

=2
N .
+|C (ko|T|N — Moky) (a})V[+ ke|T|Cw | ) §Cy(ah)N™

j=1

> (0 == 1 steady-state

<0 —) ?77?

0.4

N =2

N

ay) st Fi(a) =0

1.5

3.5



Stability Analysis: Overview

N—

1 N
8ta1 = Aa1 = {(ko I kbaN)Z/{[al, a9, ...,CLN] —a) — kaa% -+ 2]@’2@2 — kgal (Z aj-) 4 Z kja'j} :
j=3

=2
@ag = dgACLQ —+ 6. (kma% — kgag — kgCLlCLQ —i kQCLg) ;

Oaj = djAaj + v (kgaraj—1 — kja; — kgara; + kjp1a541) , J=3,..., N

(9taN = dNACLN = ¥ (kgCLlCLN_l — kiNCLN)

e Homogeneous Perturbations:
OF;

dCLj ]
dai |1 jen

aj =a;+5;(t) —— —r=9F(a,a. . a) —> j[a*]zvl

e Arbitrary Perturbations:

Different

g N
Ula,] = — Z/F%'ds =0 Jinearization!!!
j=1

s = a; + 8 @j(x,t) —b =

s=0
/gpjds =0
r




Stability Analysis: Overview (cont.)

e Invector notation, §,d = DAP + j(a*)q) , Dy =d;

° —Awl — NW; Eigenmodes where O=mno<m<1m < ...

dA -
o P=Ajwo+ ZAZ- wi(x) — d—tl = [—mD + %7(3*)} A
IEN

[=0,1,2,...

e Dispersion relation h(l> .= Inax (RG(A(W))) > (0 — Diffusion-driven
Instability



Our model: properties and reduction

e Mass conservation: M(t) ::/ ;L )dw 4+ Z{ /aj x,t)ds } const.

-3 [

J

e Non-local functional:
D, — o© U(.@,O) = U —) Z/l[al,ag, ...,CLN](t) =

\Q\

e Non-dimensional reduced system:

N-1 N
atal = ACLl - Y {(/fo -+ kbaN)U[al, Ay <oy aN] —a; — 2kmaf + 2k2a2 - kgCLl (Z Clj> + Z kja]} ;

=2

Oras = doAas + 7y (kma% — koay — kgayag + kgag) :

: kqR*
8taj = deClj =t Y (k:galaj_l = ijLj — kgalaj -+ kj+1aj+1) y J = 3, s s ,N — g

Dy

oan = dyAan + g (k:galaN_l = ]fNCLN)




