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Enrico FERMI              Thermodynamics (Dover, 1936)  
 

The entropy of a system composed of several parts is very 

often equal to the sum of the entropies of all the parts. This 

is true if the energy of the system is the sum of the energies 

of all the parts and if the work performed by the system 

during a transformation is equal to the sum of the amounts 

of work performed by all the parts. Notice that these 

conditions are not quite obvious and that in some cases 

they may not be fulfilled. Thus, for example, in the case of a 

system composed of two homogeneous substances, it will 

be possible to express the energy as the sum of the 

energies of the two substances only if we can neglect the 

surface energy of the two substances where they are in 

contact. The surface energy can generally be neglected 

only if the two substances are not very finely subdivided; 

otherwise, it can play a considerable role.  
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TYPICAL SIMPLE SYSTEMS:  
     Short-range space-time correlations 

     Markovian processes (short memory), Additive noise 

     Strong chaos (positive maximal Lyapunov exponent), Ergodic, Euclidean geometry 

     Short-range many-body interactions, weakly quantum-entangled subsystems 

     Linear and homogeneous Fokker-Planck equations, Gausssians 

                       ! Boltzmann-Gibbs entropy (additive) 

           ! Exponential dependences (Boltzmann-Gibbs weight, ...) 

TYPICAL COMPLEX SYSTEMS: 
     Long-range space-time correlations 

     Non-Markovian processes (long memory), Additive and multiplicative noises 

     Weak chaos (zero maximal Lyapunov exponent), Nonergodic, Multifractal geometry 

     Long-range many-body interactions, strongly quantum-entangled sybsystems 

     Nonlinear and/or inhomogeneous Fokker-Planck equations, q-Gaussians 

            ! Entropy Sq (nonadditive) 

               ! q-exponential dependences (asymptotic power-laws) 

e.g.,  ( )  ( 1)N
W N µ µ∝ >

e.g.,  ( )  ( 0)W N N
ρ ρ∝ >



-  Additive versus Extensive 

-  Nonlinear dynamical systems 

-  Central Limit Theorem 

-  Predictions, verifications, applications 
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      SYSTEMS   ENTROPY SBG 

      (additive) 
ENTROPY Sq (q<1) 
    (nonadditive) 
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Long-range 
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NONEXTENSIVE 
 

      EXTENSIVE 

quarks-gluons, plasma, curved space ...?  



-  Additive versus Extensive 

-  Nonlinear dynamical systems 

-  Central Limit Theorem 

-  Predictions, verifications, applications 
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LOGISTIC MAP: 
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(weak chaos, i.e., zero Lyapunov exponent) 

C. T. , A.R. Plastino and W.-M. Zheng, Chaos, Solitons & Fractals 8, 885 (1997)                                   
M.L. Lyra and C. T. , Phys Rev Lett 80, 53 (1998)                                                                                    

V. Latora, M. Baranger, A. Rapisarda and C. T. , Phys Lett A 273, 97 (2000)                                                                                                

E.P. Borges, C. T. , G.F.J. Ananos and P.M.C. Oliveira, Phys Rev Lett 89, 254103 (2002)         

F. Baldovin and A. Robledo, Phys Rev E 66, R045104 (2002) and 69, R045202 (2004)   
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E. Mayoral and A. Robledo, Phys Rev E 72, 026209 (2005), and references therein 
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EDGE OF CHAOS OF THE LOGISTIC MAP: 
                                     (Using result in  http://pi.lacim.uqam.ca/piDATA/feigenbaum.txt)  

 
q = 
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(1018 meaningful digits) 

 





SENSITIVITY TO INITIAL CONDITIONS, ENTROPY            
AND ESCAPE RATE AT THE ONSET OF CHAOS 
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M.A. Fuentes, Y. Sato and C. T., Phys Lett A (2011), in press 



U. Tirnakli, C. T. and C. Beck     
Phys Rev E 79, 056209 (2009) 

LOGISTIC MAP: EDGE OF CHAOS 

odd 2n 

q=1.63 

beta=6.2  

even 2n 

q=1.70 

beta=6.2  

U. Tirnakli, C. Beck and C. T.               
Phys Rev E 75, 040106(R) (2007) 
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KURAMOTO MODEL:  (N nonlinearly coupled oscillators) 

G. Miritello, A. Pluchino and A. Rapisarda, Physica A 388, 4818 (2009) 

(N=20000; K=2.53) (N=20000; K=0.6) 





M. Leo, R.A. Leo and P. Tempesta, J Stat Mech P04021 (2010) 



q=1.463 

M. Leo, R.A. Leo and P. Tempesta, J Stat Mech P04021 (2010) 



-  Additive versus Extensive 

-  Nonlinear dynamical systems 

-  Central Limit Theorem 

-  Predictions, verifications, applications 
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Particular case q = 1: 

q-GENERALIZED INVERSE FOURIER TRANSFORM: 

M. Jauregui and C. T., Phys Lett A 375, 2085 (2011) 



M. Jauregui and C. T.       

Phys Lett A 375, 2085 (2011)

q - Gaussian

Hilhorst function



WHAT IS THE PHYSICAL MEANING OF q-INDEPENDENCE?  
IS IT CONSISTENT WITH (STRICT OR ASYMPTOTIC) SCALE 

INVARIANCE?       IF YES, IS IT SUFFICIENT? NECESSARY? 

CANDIDATE MODELS FOR q-INDEPENDENCE: 
 

1) N compact-support continuous variables with correlation introduced          
      through a N-variate covariance matrix          (strictly scale-invariant)  
         W. Thistleton, J.A. Marsh, K. Nelson and C. T., Cent. Eur. J. Phys. 7, 387 (2009)                                  
                      (see H.J. Hilhorst and G. Schehr, J Stat Mech (2007) P06003) 
 
2) N binary variables with correlation introduced through the q-product 
                                                                                (strictly scale-invariant) 
             L.G. Moyano, C. T. and M. Gell-Mann, Europhys Lett 73 (2006) 813 
                        (see H.J. Hilhorst and G. Schehr, J Stat Mech (2007) P06003) 
 
3) N binary variables with correlation introduced through a family of    
      triangles generalizing the Leibnitz one         (strictly scale-invariant) 
            A. Rodriguez, V. Schwammle and C. T., J Stat Mech (2008) P09006 

            R. Hanel, S. Thurner and C. T., Eur Phys J B 72, 263 (2009) 
 

4) N-binary-discretized q-Gaussians          (asymptotically scale-invariant) 
            A. Rodriguez, V. Schwammle and C. T., J Stat Mech (2008) P09006  
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-  Additive versus Extensive 

-  Nonlinear dynamical systems 

-  Central Limit Theorem 

-  Predictions, verifications, applications 
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EXTENSIVE 
SYSTEMS 

NONEXTENSIVE 
SYSTEMS 

dipole-dipole 

Newtonian gravitation 

V (
!
r ) ∼ −

A

r
α

     (r→∞)        (A> 0,   α ≥ 0)

                        integrable if       α / d >1       (short-ranged )

                non-integrable if  0 ≤α / d ≤1        (long-ranged )

-  modelXYα



L.J.L. Cirto, V.R.V. Assis and C. T. (2011) 

1   XY  modeld α= −
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q=1.15      
T=0.145 
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1) New representation of Dir
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ac delta: 
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∫

M. Jauregui and C. T., J Math Phys 51, 063304 (2010) 

q-PLANE WAVES: 



2) New representation of :π

M. Jauregui and C. T., J Math Phys 51, 063304 (2010) 

        Archimedes 

(c. 287 BC – c. 212 BC)  



( ) | |   (| | ;  )f x A x x Rλ λ→∞ ∈!

A. Chevreuil, A. Plastino and C. Vignat, J Math Phys 51, 093502 (2010) 
M. Mamode, J Math Phys 51, 123509 (2010) 

A. Plastino and M.C. Rocca, 1012.1223 [math-ph] 

standard                                        
Dirac delta  

max

1
1q

λ
−!

M. Jauregui and C. T., Phys Lett A 375, 2085 (2011) 






